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Abstract

We investigate autoregressive approximations of multiple frequency I(1) processes,
of which I(1) processes are a special class. The underlying data generating process
is assumed to allow for an infinite order autoregressive representation where the co-
efficients of the Wold representation of the suitably differenced process satisfy mild
summability constraints. An important special case of this process class are VARMA
processes. The main results link the approximation properties of autoregressions for
the nonstationary multiple frequency I(1) process to the corresponding properties of
a related stationary process, which are well known (cf. Section 7.4 of Hannan and
Deistler, 1988). First, error bounds on the estimators of the autoregressive coeffi-
cients are derived that hold uniformly in the lag length. Second, the asymptotic
properties of order estimators obtained with information criteria are shown to be
closely related to those for the associated stationary process obtained by suitable
differencing. For multiple frequency I(1) VARMA processes we establish divergence
of order estimators based on the BIC criterion at a rate proportional to the logarithm
of the sample size.
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1 Introduction

This paper considers unit root processes that admit an infinite order autoregressive repre-
sentation where the autoregression coefficients satisfy mild summability constraints. More
precisely the class of multiple frequency I(1) vector processes is analyzed. Following Bauer
and Wagner (2004) a process is called multiple frequency I(1), briefly MFI(1), if the in-
tegration orders corresponding to all unit roots are equal to one and certain restrictions
on the deterministic components are fulfilled (for details see Definition 2 in Section 2).
Processes with seasonal unit roots with integration orders equal to one fall into this class,
as do I(1) processes (where in both cases certain restrictions on the deterministic terms
have to be fulfilled, see below).

VARMA processes are a leading example of the class of processes considered in this
paper. However, the analysis is not restricted to VARMA processes, since we do not restrict
the analysis to rational transfer functions. On the other hand long memory processes (e.g.
fractionally integrated processes) are not contained in the discussion.

Finite order vector autoregressions are probably the most prominent model in time
series econometrics and especially so in the analysis of integrated and cointegrated time
series. The limiting distribution of least squares estimators for this model class is well
known, both for the stationary case as well as for the MFI(1) case, see i.a. Lai and Wei
(1982), Lai and Wei (1983), Chan and Wei (1988), Johansen (1995) or Johansen and
Schaumburg (1999). Also model selection issues in this context are well understood, see
e.g. Potscher (1989) or Johansen (1995).

In the stationary case finite order vector autoregressions have been extended to more
general processes by letting the order tend to infinity as a function of the sample size and
certain characteristics of the true system. In this respect the paper of Lewis and Reinsel
(1985) is one of the earliest examples. The properties of lag length selection using infor-
mation criteria in this situation are well understood. Section 7.4 of Hannan and Deistler
(1988), referred to as HD henceforth, collects many results in this respect: First, error
bounds that hold uniformly in the lag length are presented for the estimated autoregres-
sive coefficient matrices. Second, the asymptotic properties of information criteria in this

misspecified situation (in the sense that no finite autoregressive representation exists) are
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discussed in a rather general setting.

In the I(1) case autoregressive approximations have been studied i.a. in Saikkonen
(1992), Saikkonen (1993) and Saikkonen and Liitkepohl (1996). Here the first two papers
derive the asymptotic properties of the estimated cointegrating space and the third one
develops the asymptotic theory for all autoregressive coefficients. In these three papers,
analogously to Lewis and Reinsel (1985), a lower bound on the increase of the lag length is
imposed. This lower bound depends on characteristics of the true data generating process.
Saikkonen and Luukkonen (1997) show that for the asymptotic validity of the Johansen
testing procedures for the cointegrating rank this lower bound is not needed. Instead only
convergence to infinity is needed.

For the seasonal integration case analogous results on the properties of autoregressive
approximations and the behavior of tests developed for the finite order autoregressive case
in the case of approximating an infinite order VAR process do not seem to be available in
the literature. It is one aim of this paper to contribute to this area.

In most papers dealing with autoregressive approximations the order of the autore-
gression is assumed to increase within bounds that are a function of the sample size and
typically the lower bounds are dependent upon system quantities that are unknown prior to
estimation, see e.g. Assumption (iii) in Theorem 2 of Lewis and Reinsel (1985). In practice
the autoregressive order is typically estimated using information criteria. The properties
of the corresponding order estimators are well known in the stationary case, see again
Section 7.4 of HD. For the I(1) and MFI(1) cases, however, knowledge seems to be sparse
and partially incorrect: Ng and Perron (1995) discuss order estimation with information
criteria for univariate I(1) ARMA processes. Unfortunately (as noticed in Liitkepohl and
Saikkonen, 1999, Section 5) their Lemma 4.2 is not strong enough to support their conclu-
sion that for typical choices of the penalty factor the behavior of the order estimator based
on minimizing information criteria is identical to the behavior of the order estimator for the
(stationary) differenced process, since they only show that the difference between the two
information criteria (for the original data and for the differenced data) for given lag length
is of order 0,(T~'/2), whereas the penalty term in the information criterion is proportional
to CpT 1, where usually Cp = 2 (AIC) or Cp = logT (BIC) is used. The asymptotic prop-

erties of order estimators based on information criteria are typically derived by showing
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that asymptotically the penalty term dominates the estimation error. This allows to write
the information criterion as the sum of a deterministic function Ly (that depends upon
the order and the penalty term C7, see p. 333 of HD for a definition) and a comparatively
small estimation error. Subsequently, the asymptotic properties of the order estimator
are linked to the minimizer of the deterministic function (see HD, Section 7.4, p. 333,
for details). In order to show asymptotic equivalence of lag length selection based only
upon the deterministic function and the information criterion, therefore an O,(CyT 1)
bound that holds uniformly in the lag length has to be obtained for the estimation error.
A similar problem occurs in Lemma 5.1 of Liitkepohl and Saikkonen (1999), where only
a bound of order o,(Kr/T) is derived, with K7 = o(T"'/?) denoting the upper bound for
the autoregressive lag length. Again this bound on the error is not strong enough to show
asymptotic equivalence of the order estimator based on the nonstationary process with the
order estimator based on the associated stationary process for typical penalty factors Cr.

This paper extends the available theory in two ways: First the estimation error in au-
toregressive approximations is shown to be of order Op((log T/T)/?) uniformly in the lag
length for a moderately large upper bound on the lag length given by Hy = o((T'/ log T)'/?).
This result extends Theorem 7.4.5 of HD, p. 331, to the case of MFI(1) processes. Based
upon this result we show in a second step that the information criteria applied to the
untransformed process have (in probability) the same behavior as the information criteria
applied to a suitably differenced stationary process. This on the one hand provides a rigor-
ous proof for the fact already stated for univariate I(1) processes in Ng and Perron (1995)
and on the other hand extends the results from the I(1) case to the MFI(1) case. In par-
ticular in the VARMA case it follows that the BIC order estimate increases proportionally
to logT" to infinity.

The paper is organized as follows: In Section 2 some basic definitions, assumptions
and the class of processes considered are presented. Section 3 discusses autoregressive
approximations for stationary processes. The main results for MFI(1) processes are stated
in Section 4 and Section 5 briefly summarizes and concludes. Two appendices follow the
main text. In Appendix A several useful lemmata are collected and Appendix B contains
the proofs of the theorems.

Throughout the paper we use the notation Fr = o(gr) for a random matrix sequence
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Fr € RXT if limg oo maxi<i<ap1<j<by | Fijrl/9r = 0 a.s., where F; ;7 denotes the (i, 5)-
th entry of Frr. Also Fp = O(gr) means limsupy_, . maxi<i<ap1<j<by |Fijr|/97 < M < o0
a.s. for some constant M. Analogously Fr = op(gr) means that maxi<;<a, 1<j<by |Fijr|/9r
converges to zero in probability and Fr = Op(gr) means that for each € > 0 there exists a
constant M () < oo such that P{maxi<i<u,1<j<b, |Fijrl/9r > M ()} < e. Note that this
definition differs from the usual conventions in that the maximum entry rather than the
2-norm is considered. In case that the dimensions of Fr tend to infinity this may make
a difference since norms are not necessarily equivalent in infinite dimensional spaces. We

T—j . 1T
i

furthermore use (ay, by) =7

a:b}, where we use for simplicity the same symbol
for both the processes (a;)iez, (bt)iez and the vectors a; and b;. For simplicity we use

(ag, by) == (as, b))}, 1, when used in the context of autoregressions of order p.

2 Definitions and Assumptions

In this paper we are interested in real valued multivariate unit root processes (y;)i ez with
yr € R®. Let us define the difference operator at frequency w as:

Au(l) = { (11 —eeiflz,)(lw—eei(i)“:zi w e (0,7). (1)
Here L denotes the backward-shift operator such that L(y:)icz = (Y4—1)tez. Somewhat
sloppily we also use the notation Ly; = y,_1. Consequently for example A, (L)y; = vy —
2cos(w)ys_1 + Ys_o,t € Z for w € (0, 7). In the definition of A, (L) complex roots €™, w €
(0,7) are taken in pairs of complex conjugate roots in order to ensure real valuedness of
the filtered process A, (L)(y;)iez for real valued (y;)iez. For stable transfer functions we
use the notation v, = c(L)e;, = 372 cjer—;. We also formally use polynomials in the
backward-shift operator applied to matrices such that c(A) = Z?:o ¢;A? for a polynomial

(L) = 3¥_yc;L7. Using this notation we define a unit root process as follows:
Definition 1 The s-dimensional real process (y;)icz has unit root structure
Q= (w1, h1), - (W, )

with 0 <wy <wp < ... <wy <mh € NJE=1,...,1, if with D(L) := Al*(L)--- Al(L)
1t holds that
D(L)(y:—T;) = v, t€ZL (2)

bt

EUI WP ECO 2005/9



Dietmar Bauer and Martin Wagner

for v, = Z]oio cj€i—j,c; € R¥% 5 >0, corresponding to the Wold representation of the
stationary process (vi)iez, where for c(z) := 372 ¢z, z € C with Y3772 [|ej]| < oo it holds
that c(e™*) #£ 0 for k = 1,...,1. Here (g)iez,c: € R® is assumed to be a zero mean weak
white noise process with finite variance 0 < Eee; < 0o. Further (1})iez is a deterministic
process.

The s-dimensional real process (yi)iez has empty unit root structure Qg := {} if there exists
a deterministic process (Ty)iez such that (y, — Ti)iez is weakly stationary.

A process that has a non-empty unit root structure is called a unit root process. If fur-
thermore ¢(z) is a rational function of z € C then (y;)iez s called a rational unit root

process.

See Bauer and Wagner (2004) for a detailed discussion of the arguments underlying this
definition. We next define an MFI(1) process as follows:

Definition 2 A real valued process with unit root structure ((wy,1),...,(wi, 1)) and (T})ez

solving TI'_| A, (L)T; = 0 is called multiple frequency I(1) process, or short MFI(1) process.

Note as already indicated in the introduction that the definition of an MFI(1) process
places restrictions on the deterministic process (73)iez. E.g. in the I(1) case (when the
only unit root in the above definition occurs at frequency zero) the definition guarantees
that the first difference of the process is stationary. Thus, e.g. I(1) processes are a subset
of processes with unit root structure ((0,1)). For the results in this paper some further

assumptions are required on both the function ¢(z) of Definition 1 and the process (&;)icz.

Assumption 1 The real valued process (y;)iez is a solution to the difference equation
D(L)ys = Ay (L) - Ay, (L)ye = v, teE€Z (3)

where v, = Zj‘io cjer—1 corresponds to the Wold decomposition and it holds, with c(z) =
do2oci?’, that dete(z) # 0 for all |z| < 1 except possibly for z, = e“*, k = 1,...,1.
Here D(L) corresponds to the unit root structure and is given as in Definition 1. Further
> e 33 |¢j|| < oo, with H := Zﬁc:l(l +1(0 < wy, < 7)), where I denotes the indicator

function.
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Assumption 2 The stochastic process (&;)iez 18 a strictly stationary ergodic martingale
difference sequence with respect to the o-algebra Fy; = o{ey,€4-1,€1-2, .. .}. Additionally the
following assumptions hold:

E{gt | ft—l} = 0 3 ]E{Etg; | ‘E—l} = Egtgg — E > 07
Ee} log, (lerj]) < oo , j=1,....5,

(4)
where €, ; denotes the j-th coordinate of the vector ¢, and log, (x) = log(max(z, 1)).

The assumptions on (&;)sez follow Hannan and Kavalieris (1986), see also the discussion
in Section 7.4 of HD. They exclude conditionally heteroskedastic innovations. It appears
possible to relax the assumptions in this direction, but these extensions are not in the
scope of this paper.

The assumptions on the function ¢(z) formulated in Assumption 1 are based on the
assumptions formulated in Section 7.4 of HD for stationary processes. However, the allowed
nonstationarities require stronger summability assumptions (see also Stock and Watson,
1988, Assumption A(ii), p. 787). These stronger summability assumptions guarantee that
the stationary part of the process (see Theorem 1 for a definition) fulfills the summability
requirements formulated in HD.

In the following Theorem 1 a convenient representation of the processes fulfilling As-
sumption 1 is derived. The result is similar in spirit to the discussion in Section 2 of Sims

et al. (1990), who discuss unit root processes with unit root structure ((0,h)) with h € N.

Theorem 1 Let (y;)icz be a process fulfilling Assumption 1. Denote with ¢, the rank (over
C) of the matriz c(e™*) € C*** and let ¢ == ¢x(1 +1(0 < wy, < )). Further let
Ick , Wk = 07

Ji = I, , wp=m, with Sy :=
Sp®@IL; , else,

coSwy  sinwy
—sinwy, coswy

(5)

Then there exist matrices Cy, € R¥*% K, € R*%*5 k = 1,...,1 such that the state space
systems (Jx, K, Cy) are minimal (see p. 47 of HD for a definition) and a transfer function
ce(2) = 2275, cj,zj,z;?ioj:g/zﬂcj’.” < oo,detce(2) # 0,|z] < 1 such that with x4y =
Jexry + Kper € R%*, there exists a process (Yun)iez where D(L)(Yen)iez = 0 such that
Y = 22:1 Crer + Z;io CjoEt—j + Yt = Ut + Ye.n, Where this equation defines the process
(Ut)eez-
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Proof: The proof centers around the representation for ¢(z) given in Lemma 2 in Ap-
pendix A. In the proof we show that for appropriate choice of ¢,(z) fulfilling the assump-
tions the corresponding process (9 ):ez defined above is a solution to the difference equation
D(L)y; = v;. Once that is established D(L)y;, = D(L)(y: — 9:) = 0 then proves the theo-
rem. Therefore consider 7, = 22:1 Crreg + Z;io ¢ject—;. Note that for 0 < wj, <7

(1 — 2cos(wg)L + L2)xt,k = Jevi1 g + Kieror — 2 cos(wi) (Jpxi—o gk + Kier—2) + Tk
= (J} —2cos(wp)Jp + I )xe—og + Kyero1 + (Ji — 2 cos(wg) Lo, ) Krer—o
= Kpei1 — J]/gKkEt72

using I, — 2 cos(wy)Jy + JZ = 0 and —J; = J, — 2 cos(wy)I,,. Then for ¢t > 1
D(L)Qj’tyk = Dﬁk(L)Awk (L)Jﬁt’k = Dﬁk(L)(KkEtfl — J,;Kkat,g]l(wk ¢ {O,W})

with D_y (L) = D(L)/A,, (L). For wy, € {0, 7} simpler evaluations give z; y—cos(wg)Ti—1 5 =
Kie,_1. Therefore for ¢t > 1

D(L)jj; = Z Cy D (L) [Kper—1 — JpKper_ol(wy, ¢ {0,7})] + D(L)co(L)e; = ¢(L)e,

where the representation of ¢(z) given in Lemma 2 is used to define ¢,(2) and to verify its

properties. Therefore (;)cz solves the difference equation D(L)g, = vy, O

This theorem is a key ingredient for the subsequent results. It provides a representation
of the process as the sum of two components. The nonstationary part of (g;)ez is a linear
function of the building blocks (24 )tez, which have unit root structure ((wg, 1)) and are
not cointegrated due to the connection between the rank of c(e™*) and the dimension of
Ky. If ¢(z) is rational the representation is related to the canonical form given in Bauer
and Wagner (2004). In the I(1) case this corresponds to a Granger type representation.

Note that the representation given in Theorem 1 is not unique. This can be seen
as follows, where we consider only complex unit roots, noting that the case of real unit
roots is simpler: All solutions to the homogenous equation D(L)y;, = 0 are of the form
Yth = 22:1 Dy, . cos(wit) + Dy s sin(wgt) where Dy s = 0 for wy € {0,7}. The processes

(deg)tez = ([—sin(wgt), cos(wit)])iez and (dig2)iez = ([cos(wyt), sin(wit)] )iez are easily

8
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seen to span the set of all solutions to the homogeneous equation d;; = Sid;_1 for
wy & {0,7}. If for Cy, = [Ch., Cp ] with Cy, Ck.s € R**%* we have

Dk,c - Ck,c Ck:,s o

Dk,s N _Ck,s Ck,c (8%
for a; € R%*1 4 = 1,2, it follows that in the representation of (y;):cz given in Theorem 1
there exist processes (1 x)tez such that the corresponding (y:p)tez = 0. In this case there

is no need to model the deterministic components explicitly. Otherwise the model has to

account for deterministic terms. These two cases are considered separately.

Assumption 3 Let (y;)iez be generated according to Assumption 1, then we distinguish

two (nonexclusive) cases:

(i) There exists a representation of (y¢)iez of the form y, = G+yep as given in Theorem 1,

such that (ysp)iez = 0.

(i1) It holds that y, = y, + T}, where Gy is as in Theorem 1 and (T})iez is a deterministic
process such that D(L)(T})iez = 0.

Note that the decomposition of (y;)iez into (7:)icz and (1}):ez also is not unique due to
non-identifiability with the processes (z;)icz as documented above. In particular (7})icz
of the above assumption does not necessarily coincide with the process (7};)ez as given in

Definition 1.

Remark 1 The restriction D(L)(T})iez = 0 is not essential for the results in this paper.
Harmonic components of the form ([Asin(wt), B cos(wt)|')iez with arbitrary frequency w

could be included. We refrain from discussing this possibility separately in detail.

3 Autoregressive Approximations of Stationary Pro-
cesses

We recall in this section the approximation results for stationary processes that build the
basis for our extension to the MFI(1) case. The source of these results is Section 7.4 of

HD, where however the Yule-Walker (YW) estimator of the autoregression is considered,
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whereas we consider the least squares (LS) estimator in this paper, see below. This neces-
sitates to show that the relevant results also apply to the LS estimator (which are collected
in Theorem 2).

In this section we consider autoregressive approximations of order p for (v;)scz defined

as (ignoring the mean and harmonic components for simplicity)
uy(p) == v + Q) (v + ... + ) (p)vep.

Here the coefficient matrices @;( j), j =1,...,p are chosen such that u;(p) has minimum
variance. Both the coefficient matrices ®}(j) and their YW estimators &Dg(j ) are defined
from the Yule-Walker equations given below: Define the sample covariances as G*(j) :=
(U, 0-5) 5, for 0 < j < T, G(j) := G¥(—j) for =T < j < 0 and G*(j) := 0 else. We
denote their population counterparts with I''(j) := Evv;_ ;. Then ®}(j) and (i;(]) are
defined as the solutions to the respective YW equations (where ®)(0) = I, ci>;;(0) = I):

p
S eurG—i) = 0, i=1,....p,
j=0

P
S eHE(G i) = 0, i=1,....p.
J=0

The infinite order Yule-Walker equations and the corresponding autoregressive coefficient
matrices are defined from (the existence of these solutions follows from the assumptions

on the process imposed in this paper):
e e}
Y UG —i) = 0, i=1,...,00.
§=0

It appears unavoidable that notation becomes a bit heavy, thus let us indicate the
underlying logic here. Throughout, superscripts refer to the variable under investigation
and the subscripts indicate the autoregressive lag length, as already used for the coefficient
matrices ®)(j) above. If no subscript is added, the quantities correspond to the infinite
order autoregressions.

As indicated we focus on the LS estimator in this paper. Using the regressor vector
Vip =iy, v ) fort =p+1,...,T, the LS estimator, (:);j, is defined by

Oy 1= — [®2(1), ..., Bp(p)| = (00 Vi) Vi Vi)™

10
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where this equation defines the LS estimators i);(j), j = 1,...,p of the autoregressive

coefficient matrices. Define furthermore for 1 < p < Hy (with 33 := G*(0)):

~ ~

P
S0 = (v — O,V v — O,Vi), Thi= > @r()I())
j=0

and note the following identity for the covariance matrix of (g;);cz provided the infinite

sum exists which will always be the case in our setting:
S =Eee, =y ()HI().
j=0

Thus, i]f, denotes the estimated one-step ahead prediction error. The lag lengths p are
considered in the interval 0 < p < Hy, where Hy = o((T/log T)'/?). Lag length selection
over 0 < p < Hyp, when based on information criteria (see Akaike, 1975) is based on the
quantities just defined and an ‘appropriately’ chosen penalty factor C'r. These elements
are combined in the following criterion function:

Or

T

IC?(p; Cr) := log det f]z + ps® 0<p<Hrp (6)

where ps? is the number of parameters contained in @z Setting C = 2 results in AIC and
Cr =logT is used in BIC. For given C7 the estimated order, p say, is given by the smallest

minimizing argument of IC"(p; Cr), i.e.
p = min (arg ming,<y, IC"(p; Cr)) . (7)

Section 7.4 of HD contains many relevant results concerning the asymptotic properties of
autoregressive approximations and information criteria. These results build the basis for
the results of this paper. Assumption 1 on (¢(L)e;)sez is closely related to the assumptions
formulated in Section 7.4 of HD. In particular HD require that the transfer function ¢(z) =
Yo7’ is such that Y72 5'/2]l¢;]| < oo and det¢(z) # 0 for all [2| < 1. However, for
technical reasons in the MFI(1) case we need stronger summability assumptions on ¢(z), see
Lemma 3. In the important special case of MFI(1) VARMA processes these summability
assumptions are clearly fulfilled. Theorem 2 below presents the results required for our
paper for the LS estimator. Note again that the results in HD are for the YW estimator.
The proof of the theorem is given in Appendix B.

11
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Theorem 2 Let (vi)iez be generated according to v, = c(L)ey, with c(z) = Y2 ¢;2,
co = I, where it holds that Y32 j?|l¢;|| < oo, dete(z) # 0, 2] < 1 and (e1)iez fulfills
Assumption 2. Then the following statements hold:

(i) For 1 <p < Hp, with Hy = o((T/logT)"/?), it holds uniformly in p that

U\ BV A o 1/2
max [|2;(j) — @, (5)|| = O((log T/T) ™).
(i) For rational c(z) the above bound can be sharpened to O((loglogT/T)Y?) for 1 <
p < Gr, with Gy = (log T)* for any a < oc.

(111) If (v¢)iez is not generated by a finite order autoregression, i.e. if there exists no po

such that ®¥(j) = 0 for all j > pg, then the following statements hold:

— For Crp/logT — oo it holds that

ps?

IC?(p; Cr) = log det 3 + {?(CT — 1)+ tr [2_1(25 — 3)] } {1+0(1)},

with ¥ == T~! ZtT:l g€y and the approzimation error is o(1) uniformly in 0 <

p < Hrp.

— For Cr > ¢ > 1 the same approzimation holds with the o(1) term replaced by
Op(l).

(iv) For rational c(z) let c(z) = a~*(2)b(z) be a matriz fraction decomposition where
(a(2),b(2)) are left coprime matriz polynomials a(z) = > 77" A2, Ag =I5, Ay # 0,
b(z) = >y Bj#’, Bo = I, By #0,n >0 and deta(z) # 0, detb(z) # 0 for |2| < 1.
Denote with py > 1 the smallest modulus of the zeros of det b(z) and with pgic the
smallest minimizing argument of 1C”(p;logT) for 0 < p < Gr. Then it holds that

Y 2pB1c 1og po
im —

=1 as.
T—oo  logT e

(v) Let P, € R™5, r < s denote a selector matriz, i.e. a matriz composed of r rows of

I;. Then, if the autoregression of order p — 1 is augmented by the regressor psvt_p

12
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results (i) to (iv) continue to hold, when the approzimation to IC"(p; Cr) presented
in (111) is replaced by:

— . 2

IC (p;Cr) < logdetX + {Z%(CT ~D+tr[27NE, - D) } {1+0(1)},

P

jZ’”(p; Cr) > logdet + {1%2(6& — 1)+ tr[Z7H(ZY - D) } {I+0(1)}

p

for Cr/logT — oo. Again for Cr > ¢ > 1 the result holds with the o(1) term replaced
by op(1). Here fév(p; Cr) denotes the information criterion from the regression of

order p — 1 augmented by Psvt_p.

(vi) All results formulated in (i) to (v) remain valid, if

l
v =c(L)er+ Y (Dccos(wit) + Dy, sin(wyt))
k=1

for 0 < wy <, i.e. when a mean (if w; = 0) and harmonic components are present,

when the autoregressions are applied to

by = v = (v, de)y ({(de, di)y) ey,

cos(wyt)
sin(wyt)
dyi=[d,,...d;).

where dyp == ) for 0 < wy < 7 and dy, := cos(wyt) for wy € {0,7} and

The theorem shows that the coefficients of autoregressive approximations converge even
when the order is tending to infinity as a function of the sample size. Here it is of particular
importance that the theorem derives error bounds that are uniform in the lag lengths. Uni-
form error bounds are required because order selection necessarily considers the criterion
function IC"(p; Cr) for all values 0 < p < Hp simultaneously. Based upon the uniform
convergence results for the autoregression coefficients the asymptotic properties of informa-
tion criteria are derived, which are seen to depend upon characteristics of the true unknown
system (in particular X7, which in the VARMA case is closely related to pg, see HD, p.
334). The result establishes a connection between the minimizing order of the information
criterion and the deterministic function Ly (p; Cr) := ps* =L +tr [S7Y(ZY — )]. The ap-
proximation in loose terms implies that the order estimator p cannot be ‘very far’ from the

optimizing value of the deterministic function (see also the discussion below Theorem 7.4.7
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on p. 333-334 in HD). This implication heavily relies on the uniformity of the approxima-
tion. Here ‘very far’ refers to a large ratio of the value of the deterministic function to its
minimal value. Under an additional assumption on the shape of the deterministic function
(compare Corollary 1(ii)), results for the asymptotic behavior of p can be obtained (see
Corollary 1 below). In particular in the stationary VARMA case it follows from (iv) that
pprc increases essentially proportional to logT" as does the minimizer of the deterministic
function. The result in item (v) is required for the theorems in the following section, where
it will be seen that the properties of autoregressive approximations in the MFI(1) case are
related to the properties of autoregressive approximations of a related stationary process
where only certain coordinates of the last lag are included in the regression. The final
result in (vi) shows that the presence of a non-zero mean and harmonic components does

not affect any of the stated asymptotic properties.

4 Autoregressive Approximations of MFI(1) Processes

In this section autoregressive approximations of MFI(1) processes (y;)icz are considered.
The discussion in the text focuses for simplicity throughout on the case of Assumption 3(i)
without deterministic components (i.e. without mean and harmonic components), however,
the theorems contain the results also for the case including these deterministic components,

i.e. under Assumption 3(ii). Parallelling the notation in the previous section define

u(p) =y + L5(1)ys—1 + ... + @4 (p)yr—p-

The LS estimator of ®¥(j),j =1,...,p is given by

A

@p = — (i)g(l), R ,Ci)g(p) = <ytaYt;}><Y_ Yt;?>_1

t,p?
with Y, == [y;_y,..., ;). Furthermore denote ig = (y; — (;)th;, Y — égY;;} and, also

as in the stationary case, for 0 < p < Hyp

o C
1C¥(p; Op) := log det XY +pS2TT’

where again Cr is a suitably chosen penalty function. An order estimator is again given

by p := min (arg ming.,<y, 1CY(p; Cr)).

14
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The key tool for deriving the asymptotic properties of @g is a separation of the sta-
tionary and nonstationary directions in the regressor vector Y, ,. Define the observability

index ¢ € N as the minimal integer such that the matrix

Ch C
ChJh CJ,
a-= : :
Cy gt CJt

has full column rank. Due to minimality of the systems (Ji, K, Cy) for k = 1,...,1 this
integer exists (cf. Theorem 2.3.3 on p. 48 of HD).

Lemma 1 Let (y;)1ez be generated according to Assumption 1 and Assumption 3(i). De-
note with C .= [C4,...,C)] € R®*°, K := [K],..., K[| € R™*, J := diag(Jy,...,J;) € R*€
and v = [T}y, ..., 7;) € R where ¢ := 2221 ¢k, with Cy, Ky, Ji and x4y as in Theorem 1.

Denote furthermore with e; := co(L)e;. Hence y, = Cxy + ;.

(i) If ¢ =1 define C' .= [CT,C*], with CT := C(C'C)™" and C*+ € R¥*6~9 s such that
(cHyct=1,_., C'C+ =0. Define

I. 0 0
0 Iy O
I. 0 —J 0
T,:=Q, (I, C),where Q,:= 0 0 I (8)

and
ze 1+ (CTY ey
(CH)er
th_g + (CT)IGt_l — J(C’T)’et_g
(CH)ers

Zip =Ty,
K€t73 + (CT)let,Q — J(CT),et,;g

D tp

(CH) ey
With the quantities just defined it holds that

K&“tfl + (CT)let — J(CT)let,1

Yt — CJ(CT)/yt—l = [Cu CL} (C’l)’et

15
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Define the transfer function

i =~ Kz + (I —2J)(CMYeo(2)
- - L
@)= 2 6 = (0.0 (C4yenl2)
]:
and let €, := ¢4(L)ey. The transfer function ¢.(z) has the following properties:

G(0) = I, 32720 7%2||Esell < 00 and hence éu(z) has no poles on the closed unit
disc. Furthermore ¢4(z) has no zeros on the unit disc, i.e. detée(z) # 0 for all

|z| < 1.

(i) If ¢ > 1 define Gy == (Y}, Yi1>- - Yirg1) € R®, with § := sq. Then for each i =

1,...,q, the sub-sampled process (Gigii)tez 1S generated according to Assumption 1

and by construction the observability index corresponding to this process is equal to 1.
Thus, for the processes (Yig+i)tez part (i) of the lemma applies with £ = Esq)(Lq)ét
and it follows that there exists a matriz T; € RPFP such that in Z,;, = T;Y, 5,
the first ¢ coordinates are unit root processes while the remaining components are

stationary.

The proof of the lemma is given in Appendix B. The lemma is stated only under As-
sumption 3(i), however, it is obvious that it also applies under Assumption 3 (ii) in which
case e; := Co(L)e; + T;. The idea is, as stated above, to separate the stationary and the
nonstationary directions in the regressor vector, which is achieved in Z; ,. Only the first ¢
components are unit root processes which are independent of the choice of the lag length
p- Only the stationary part of the regressor vector Z; , depends upon p. Therefore, for this
part the theory reviewed for stationary processes in the previous section is an important
input.

Note that in the important I(1) case it holds that ¢ = 1 (due to minimality) and thus
the simpler representation developed in (i) can be used and no sub-sampling arguments
are required. As is usual in deriving the properties of autoregressive approximations an

invertibility condition is required.

Assumption 4 The true transfer function c(z) is such that det éo(z) # 0, |z| = 1, for ée(2)
as defined in Lemma 1. Note that in case (ii) of Lemma 1 this assumption has to hold for

the correspondingly defined transfer function, 6£q)(zq) say, of the sub-sampled processes.
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For q = 1 it follows that y; — CJ(CT)y,_; = ¢ (L)e; and hence under Assumption 4 we
obtain ¢,(L)"1(I — CJ(CTY L)y, = &; showing that (y;)icz is the solution to an infinite
order autoregression. Letting ®(z) := G, (2)"1(I — CJ(CT)2) = >y ®¥(j)27 we have
> e 73/%||®Y(5)|| < co. For ¢ > 1 as similar representation can be obtained.

The following bivariate example shows that Assumption 4 is not void. Let Ag(L)y, =

c(L)ey, with
1 15— 2
)=\ 1, 052-052 |

which for simplicity is not normalized to ¢(0) = I,. The determinant of ¢(z) is equal to
detc(z) = —1.5(1 — 2)? and hence z = 1 is the only root. Furthermore, ¢(1) = C; K] is
non-zero and equal to [1,0]'[1,0.5]. Now, using the representation of ¢(z) as derived in

Lemma 1 we find

c(z) = zC1 K1 + (1 — 2)ce(2)

with
1 15
alz) = { 1 052 ] '

Thus, det ce(z) = 0.5z — 1.5 and hence det ¢,(z) has its root outside the closed unit circle.

However, if one considers ¢,(z) for this example, given by

o[-

evaluated at z = 1 one obtains

. 1 05 ]
C°(1>—[1 0.5 |

from which one sees that det é,(1) = 0. This example shows that indeed the assumption

is not void. However, since all entries in K; are free parameters, Assumption 4 is not
fulfilled only on a ‘thin set’, i.e. on the complement of an open and dense subset. Similar
considerations also apply to the general case, but we abstain from discussing these issues
here in detail.

It follows from the distinction of the two cases (¢ =1 or ¢ > 1) in the above Lemma 1
that the following theorems concerning autoregressive approximations have to be derived
separately for these two cases. The first case is dealt with in Theorem 3 and the second is

considered in Theorem 4.
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Assume again for the moment that Assumption 3(i) holds (for simplicity only, since as
already mentioned the results are also derived when Assumption 3(ii) holds) and consider

the case ¢ = 1. Note that for any choice of the autoregressive lag length p it holds that

O = (Yo, Y )Y, i) ™ = (e Zi) 2,

t,p? t,p’

Z )T, = 077,

PP
where this equation defines (:); Now, since y, = CJ(C")'y;_1 + & and (CT)'y;_; is equal to
the first ¢ components of Z; , we obtain

O:=[CJ 0 ... 0]+ (& Z )2,

t,p’

Zip) ™

and thus it is sufficient to establish the asymptotic behavior of the second term on the right
hand side of the above equation. Now, let Z, , := [z{,(Z,,,)"]’, where z € R® contains
the nonstationary components and Z; ,, contains the stationary components. The proof
of the following Theorem 3 given in Appendix B shows that the asymptotic behavior of

the estimator (:)g is governed by the asymptotic behavior of

@; 1= (€ Zypa){Zipos Z;p72>_1’

i.e. by the asymptotic distribution of an autoregression including only stationary quanti-
ties. It is this result that shows that the asymptotic behavior is in many aspects similar
in the stationary and the MFI(1) case. Note here also that Z, ,, is a linear function of the
lags of €;. Given that all quantities are stationary we can define

) = Eé(Z;,2) (BZip0(Zpy2) )

Ps2

and analogously ©¢ as the solution to the corresponding infinite order population YW
equations. Finally, as in Section 3 define ¥° and Zi as the population innovation vari-
ance of the process (& )iz and the best one-step ahead prediction error achieved using an
autoregressive approximation of order p. Then, the next theorem states the properties of

autoregressive approximations for MFI(1) processes with ¢ = 1.

Theorem 3 Let (y;)iez be generated according to Assumptions 1, 2, 3(i) and /4 such that
g=1andlet0<p< Hr.
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(i) Then it holds that

= Op((log T/T)"?),

1

max
I<p<Hr

- (e[(1) )

where ||.||1 denotes the matriz 1-norm.

(ii) For Cr > ¢ > 1 the following approximations hold
. 52 ~ ~ ~
Icy(p; CT) < logdet X+ {%(OT — 1) + ir [(Ze)—1<22_1 — Ee)} } {1 + Op(l)},
. 52 ~ ~ ~
ICY(p; Cr) > logdetX + {%(CT — 1)+ tr [(Ee)_l(E; — Ee)] } {1+o0p(1)}.
The error term here is op(1) uniformly in 0 < p < Hr.

(111) All statements remain valid if Assumption 3(ii) holds with Ty = Dd; and the autore-
gressive approzimations are performed on 9, defined as §; = yi—{(ys, de)T ((ds, dp)T) " dy,

with d; as defined in Theorem 2.

Here (i) is the analogue to Theorem 2(i), the only difference being that the result is stated
in probability rather than a.s. This shows that the existence of (seasonal) integration does
not alter the estimation accuracy of the autoregression coefficients. Result (ii) is essentially
the analogue of Theorem 2(iii), where however due to the fact that in the considered re-
gression components of é_, are omitted (since only (C*)'e;_,, is contained in the regressor
vector Z; ,,) lower and upper bounds similar to the bounds derived in Theorem 2(v) are
developed. As in the stationary case the result provides uniform bounds for the informa-
tion criterion (in the range 0 < p < Hr) given by the sum of a deterministic function and
a noise term. These results imply that the asymptotic behavior of the autoregressive ap-
proximation essentially depends on the properties of the stationary process (é;)ez: Except
for the first block all blocks of (:)IZ) converge to blocks of the matrix @;"; which correspond
to an autoregressive approximation of the stationary process (€;);ez. The uniform bounds
on the information criterion also provides a strong relation to the information criterion
corresponding to autoregressive approximations of (&;)cz. Corollary 1 below uses this as
the basis to show that the asymptotic properties of order estimators are similar in some

aspects for the stationary and the MFI(1) case.
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For ¢ > 1 the sub-sampling argument outlined in Lemma 1 shows that similar results
can be obtained by resorting to ¢ time series of dimension § = ¢s, with time increment ¢
that are combined for estimation. Focusing on the first block of this stacked process then
leads to the results analogous to those obtained for ¢ = 1 in Theorem 3 for (y;):cz when

qg>1.

Theorem 4 Let (y;)icz be generated according to Assumptions 1, 2, 3(i) and 4, assume
q>1andlet0<p=pqg < Hp,p e NU{0}. Let C:= [C",J'C',... (JT71)CT € RS,
Further let C := [Ct,CH) where (CH)'CH = I;_.,C'Ct = 0 and Ct := C(C'C)™" and use T,

as defined in Lemma 1.

(i) Defining I, = [I,,09@=Ds] it holds that

. e J s -
o (e[() )

(ii) Further letting now p := |p/qlq for Cr > ¢ > 1 the following approximations hold

= Op((log T/T)'?).

1

max
1<p<Hr

(where again the op(1) term holds uniformly in 0 < p < Hr)
(P +1)gs”
T

. 9] 2 ~ ~ ~ ~
ICY(p;Cr) > logdet+ {]%(CT — 1)+ tr |25 - 2O } {1+o0p(1)}.

ICY(p;Cr) < logdety + { (Cr—1)+tr [2—111(2;;_1 - zé)i;} } {1+o0p(1)},

(111) All statements remain valid if Assumption 3(ii) holds with Ty = Dd; and the autore-
gressive approzvimations are performed on 4, defined as §; = yi— (s, de)T ((ds, dp)T) " dy,

with d; as defined in Theorem 2.

Compared to the results in case that ¢ = 1, the results obtained when g > 1 are weaker. The
approximation results in (i) are only stated for p being an integer multiple of ¢, although
it seems to be possible to extend the uniform bound on the estimation error to p € N. The
bounds on the information criterion are also related to the closest integer multiple of q.
Nevertheless, as p tends to infinity this difference might be considered minor.

We close this section by using the results derived above in Theorems 3(ii) and 4(ii)

to study the asymptotic properties of information criterion based order estimation. In

20



Autoregressive Approximations of Multiple Frequency I(1) Processes

the approximation to the information criterion (discussing here the case corresponding to
Theorem 4), the deterministic function
pgs”

Lo(p; Cr) == tr [z—ﬁs(zg - zé)i;] + 5 -

has a key role. If we assume that C7/T — 0, then it follows that the minimizing argument
of this function, I7(Cr) say, tends to infinity unless there exists an index pg, such that
Ef) = ¥¢ for p > po, which is the case if the process is an autoregression of order p,. The
discussion on p. 333-334 of HD links l7(Cr) and p(Cr) minimizing the information crite-
rion /CY(p; Cr). The main building block is the uniform convergence of the information
criterion to the deterministic function ET(p; Cr). The lower and upper bounds on the
information criteria as established in (ii) above are sufficient for the arguments in HD to
hold, as will be shown in Corollary 1 below.

We also consider the important special case of VARMA processes, where the underlying
transfer function ¢(z) is a rational function. Recall from Theorem 2(iv) in Section 2 that for

stationary VARMA processes the choice of Cr = logT (i.e. using BIC) leads to the result

2ppiclog po

that limp_, o T

= 1 almost surely. Here we denote again with pgrc the smallest
minimizing argument of the information criterion BIC and by py the smallest modulus of
the zeros of the moving average polynomial. This result is extended to the MFI(1) case,
however, only in probability and not a.s. in item (iii) of Corollary 1 below. The above
discussion concerning lag length selection based on information criteria is formalized in the

following corollary, whose proof is given in Appendix B.

Corollary 1 Let (y;)iez be generated according to Assumptions 1, 2, 3(i) and 4. Assume
that for all p € N U {0} it holds that X5 > X°, i.e. (é)ez has no finite order VAR
representation. Denote with p(Cr) the smallest minimizing argument of 1CY(p; Cr) over
the set of integers 0 < p < Hp, Hr = o((T/logT)Y?) and assume that Cp > ¢ > 1 and
Cr/T — oo. Then the following results hold:

(1) P{p(Cr) < M} — 0 for any constant M < cc.

(i) Assume that there exists a twice differentiable function 0(p) with second deriwative

0" (p) such that lim,, ., tr [Zflfs(Ei - Eé)fg] /0(p) = 1 and liminf,_ . |p*0" (p)/0(p)| >
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0. Then p(Cr)/(qlr(Cr)) — 1 in probability, where q denotes again the observability

index and lp(Cr) is as defined above the formulation of the corollary.

(111) If (yt)tez is an MFI(1) VARMA process, then 2plogpo/logT — 1 in probability,
where po = min{|z| : z € C, det 6@(2‘7) = 0}, with 69)(2) = Co(2).

(i) All statements remain valid if Assumption 3(ii) holds with T = Dd; and the autore-
gressive approzimations are performed on 4, defined as §; = yr—{(ys, de)T ({dy, dp)T) 7 dy,

with d; as defined in Theorem 2,

Note finally that as in the stationary case also almost sure results can be obtained for a
sharper bound on the admitted lags given by Gr = (logT')* for some a < oo and stronger
assumptions on the errors. In particular for ii.d. errors (;)icz with the same moment
restrictions as formulated in Assumption 2 it is possible to derive the a.s. counterparts of
(i) of Theorems 3 and 4 for 1 < p < G under the additional assumption that all unit root
frequencies are rational multiples of 7. Also the smaller bounds on the estimation error
provided in Theorem 2(ii) for VARMA processes are straightforward to generalize to the
MFI(1) setting. However, the practical relevance of these results might be doubted and

hence no details are given.

5 Summary and Conclusions

In this paper we have studied the asymptotic properties of autoregressive approximations
of multiple frequency I(1) processes. These are defined in this paper as processes with unit
roots of integration orders all equal to one and with rather general assumptions on the un-
derlying transfer function (and certain restrictions on the deterministic components). The
only assumptions on the transfer function are that the coefficients converge sufficiently
fast (see Assumption 1) and that an appropriate invertibility condition (see Assumption 4,
which is standard in autoregressive approximations) holds. These assumptions imply that
we do not restrict ourselves to VARMA processes (where the transfer functions are re-
stricted to be rational), but exclude long memory processes (e.g. fractionally integrated
processes). Also the assumptions on the noise process are rather standard in this literature,

and essentially allow for martingale difference sequence type errors with a moment assump-
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tion that is slightly stronger than finite fourth moments. The innovations are restricted to
be conditionally homoskedastic.

The main insight from our results is that the properties of autoregressive approxima-
tions in the MFI(1) case are essentially driven by the properties of a related stationary
process, (&7 (L7)&,)iez in the notation used throughout. This observation is important,
since the approximation properties of autoregressions are well understood for stationary
processes (compare Section 7.4 of HD). Thus, based on the above insight we obtain uniform
convergence of the autoregressive coefficients when the lag lengths are tending to infinity
at a rate not faster than o((7/logT)'/?). The obtained bound on the estimation error,
which is of order Op((logT/T)"/?), appears to be close to minimal, being slightly larger
than 7-1/2,

The convergence results are used in a second step to study the asymptotic properties of
order estimators based on information criteria. It is shown, establishing again a similarity
to the stationary case, that the autoregressive approximation order obtained by minimizing
information criteria typically behaves as a deterministic function of the sample size and
certain characteristics of the data generating process. One particularly important result
obtained in this respect is that for MFI(1) VARMA processes order estimation according to
BIC leads to divergence (in probability) of the order proportionally to log T". This result is a
generalization of the almost sure result stated for stationary processes in Theorem 6.6.3 in
HD. This result closes an important gap in the existing literature, since previously available
results (e.g. Lemma 4.2 of Ng and Perron, 1995) do not provide sharp enough bounds on
the error terms, which imply that such results can only be used in conjunction with overly
large penalty terms. Thus, even for the fairly well studied I(1) case the corresponding
results in this paper are new.

This paper does not analyze estimators of the autoregressive approximations that are
based on estimated orders in detail (e.g. no limiting distributions are provided in this
paper, see e.g. Kuersteiner, 2005 in this respect for stationary processes), since we only
derive uniform error bounds. Of particular importance in this respect seems to be the
extension of the estimation theory for seasonally integrated processes from the finite order
autoregressive case dealt with in Johansen and Schaumburg (1999) to the case of infinite

order autoregressions. This includes both extending the asymptotic theory for tests for
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the cointegrating ranks to the infinite autoregression case (analogous to the results in
Saikkonen and Luukkonen, 1997) as well as providing asymptotic distributions for the
estimated coefficients. This is left for future research, for which important prerequisites

have been established in this paper.
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A  Preliminaries

In this first appendix several preliminary lemmata are collected. We start with Lemma 2,

which discusses a specific factorization of analytic functions useful for Theorem 1.

Lemma 2 Let c(2) = > 2 ¢/, ¢; € R j > 0, be analytic on |z| < 1. Assume
that there exists an integer L > H for H = 22:1(1 + (0 < wr < m)) such that
> o203 P lesll < oo. Denote with 0 < wy < --- < wy < 7w a set of frequencies and
denote again with D(z) := Ay, (2) ... Ay (2). Further define Dy (2) := []; 4, Au;(2). De-
note with ¢, the rank of c(e™“*) = Cp K}, € C¥** with C), € C*%, K € C&*s qnd with
cp = C(14+1(0 < wy, < m)). Further define Ji and Sy as in (5). Then there exist matrices
Cr € R Ky € Rk =1,...,1 and a function co(2) = 372, ¢je?, cja € R, such
that:

(1) 3520 3P ejull < 00 . Thus, co(2) is analytic on the closed unit disc.

(ii) The function c¢(z) can be decomposed as

c(z) = Z 2D_1(2)Cp(I — 2J,1(0 < wy < m))Kg + D(2)ce(2). 9)

k=1

(11i) Representation (9) is unique up to the decomposition of the products Cy[Ky, —J; K].

Proof: For algebraic convenience the proof uses complex quantities and the real represen-
tation in the formulation of the lemma is derived from the complex results at the end of
the proof.

Thus, let 0 < w; < ... < wy < 27 be the set of frequencies where we now consider
complex conjugate frequencies separately. We denote the unit roots corresponding to the
frequencies with z, := e™*. The fact that unit roots appear in pairs of complex conjugate
roots follows immediately from the fact that the coefficients ¢; of c(z) are real valued.

Denote with D_y := D(z)/(1 — 2%).
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The proof is inductive in the unit roots. Thus, let

where ¢ (z2) = (1 — zz1)...(1 — 2z.)cd”(2) is such that ¢(z) = Py Oc( )29, with
0o r r r T zD—,
P o JYAL- ||c( || < 00. Now consider 1 (z) = ¢{”(z) — W%CTHKTH/[(I -

221) ... (1—22,)]. By inserting it follows immediately that ¢+ (z,77) = 0, and we can thus

write 60+ (2) = (1= 22,41)c5 1 (2). Also, since 67V (2) and ¢l (z) differ only by a polyno-

. .. . . A(r41 o 0o A(r—&-l)
mial they have the same summability properties. We can write ¢+ (z) = 3°° i=0Cj
1) . . . 1
(L= 2z41) D00 cgrf )27 and using a formal power series expansion we obtain: cg::r ) =1,
1) Ar+1 .
and ¢; (i) — C(TJr ) ¥ 2o c( ﬁz, which implies
( 5: }j:( ) Ej:( ) 50: (r+1)
r+1 A(r+1) _j—i _ _j A(r+1 7 J A(r+1 ')
r—i—l G Rrl = Rrtl G Rr4l = TRp11 G Zr+1
i=0 =0 =0 i=j+1
o Al () N0 A D)
using ¢ (Z57) = >i=0¢  Zrr’ = 0. Therefore
[e.e] [e.@]
1/24L—r—1) (r+1) _ 1/24+L—r—1 J A(r+1) i
E J ||C | = § J / 1 E G TEr
j=0 i=j+1
00 o'} oo 1—1
1/24+L—r—1)| a(r+1) 1/24+L—r—1)| A(r+1)
< YN &l < j &l
J=01i=j+1 i=1 j=0
oo
. . —r— ~ 1
< D= DY) < oo,
i=1

using the induction hypothesis. Setting r = 0 and ¢(”(2) = ¢(z) starts the induction and

the above arguments show the induction step. For r = H the following representation is

obtained v -
D_x(2) ~ =
c(z) = D(z)ce(2) + = Z %Ckl(k.
— T D-x(Zk)
Evaluating the above representation at z,, k = 1,..., H shows uniqueness up to the de-

composition C’kf( k-
What is left to show is how to obtain the real valued decomposition from the above
decomposition formulated for complex quantities. In order to do so note first that terms

corresponding to complex conjugate roots occur in complex conjugate pairs, i.e. for each
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index k£ < [ corresponding to a complex root, there exists an index j > [ such that z; = z;

and it holds that

since Cy Ky, = ¢(Z) = ¢(%;) = C;K;. Noting that D_;(z) = D-;(2)(1 — 22) we obtain

CrK(1 — 22)) CiK;(1 — zz,)
(- 25D | (1-2)5D4F) |
To obtain the real valued expression given in the formulation of the lemma define for
complex roots:

IR(K}) ]

Cr = |RA=C/[(1 = D)), T{aCi/[( = 2)Ds(E)]} ] L K= [ 2T ()

where R and Z denote the real and the imaginary part of a complex quantity. For real
roots define Cj, = Cy/(2xD-x(2)), K = K} noting that for real roots D_y(z) = D—_y(z)
holds. Note finally that due to the fact that the coefficients ¢;(z) and D(z) are real, also

the coefficients ¢; 4(z) are real, which completes the proof of the lemma. [

Lemma 3 Fork=1,...,0 let v4y11 1 = Jpw s+ Kier, where x1, = 0. Here Jy, corresponds
to zp = e“* and is defined in equations (5) and (g¢)iez fulfills Assumption 2. Assume
furthermore that [Ky, JyKy] has full row rank. Let v, := c(L)e; for c(z) = X222 ¢z with
> 2205 lejll < 0o, hence c(2) is analytic on the closed unit disc.

We denote the stacked process as x, := [a}, ... ,x;’l}/ and define G*(j) := (v, ve—j) 14,
forj=1,...,T=1, G*(j) :== G*(—j) forj=—-T+1,...,—1, G*(j) :== 0 for |j| > T and
I(j) := Buw,_;. Introduce furthermore the following notation: Hy = o((T/logT)*?) and
Gr = (logT)* for 0 < a < oc.

(i) Then we obtain:

v\ T[4 — 1/2
Jmax [[G*(7) =) O((log T/T)*?), (10)
T Yo,z % W, (11)
Jmax (e v )Tall = Op(1). (12)
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Here it holds that W > 0 a.s. and thus it follows that [Tz, z)T] = O,(1),

where % denotes convergence in distribution.
(ii) If ¢(2) is a rational function, then maxo<;<c, ||G*(5)=T?(j)|| = O((T~'loglog T)Y/?).

(111) If the processes (x4)iez, and (vy)iez are corrected for mean and harmonic components,
the above results remain true for the processes (Zy)iez defined analogously to (0¢)iez
in Theorem 2. The definition of W in (11) has to be changed appropriately in this

case.

Proof:

Proof of (i): Equation (10) follows immediately from Theorem 7.4.3 (p. 326) in HD.
The assumptions concerning summability and the supremum required in that theorem are
guaranteed in our framework since we require summability with a factor 73/ and also our
assumptions on the noise (g¢):ez are sufficient.

The second result (11) follows from Theorem 2.2 on p. 372 of Chan and Wei (1988)
and the continuous mapping theorem. Chan and Wei (1988) only consider univariate
processes, however, the Cramer-Wold device allows for a generalization to the multivariate
case. Using the notation of Chan and Wei (1988), the required components ¢y, ...ty
of the random vector X, (u,v,ty,...,ty) are essentially equal to \/52221 sin(0s)es and
V234 cos(Ors)es. Now,

t—1 t—1 t—1
v = Y T Ke = I T Ke = I T Ke,
s=1 s=1 s=1
-1
I cos(wys) — sin(wys) : ul
= Zl ([ sin(wgs)  cos(wgs) © Iz, u? )’

where [(u}), (u?)') = Kye,. Thus, for any = # 0, 2'J} 2, is composed of the terms
collected in X,, of Chan and Wei (1988). Therefore the Cramer-Wold device combined
with Theorem 2.2 of Chan and Wei (1988) shows convergence of J. 'z, , when scaled by
T2, to a multivariate Brownian motion.

For establishing non-singularity of the limiting distribution it is sufficient to look at each
unit root separately (cf. Theorem 3.4.1 of Chan and Wei, 1988, p. 392, which establishes

asymptotic uncorrelatedness of the components corresponding to different unit roots). In
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case of real unit roots non-singularity follows immediately from full rank of K}, in that case.
For complex unit roots the arguments are more involved and the proof proceeds indirectly.
Chan and Wei (1988) show that the sine and cosine terms (for any given frequency wy,) are
asymptotically uncorrelated, irrespective of the properties of the noise process. This implies
that the diagonal block of the limiting variance of the Brownian motion that corresponds

to a given unit root (i.e. that corresponds to J,i_txtk) is singular, if and only if there exists

2

/ .
a non-zero vector x’ =[x/, x}]" such that the variances of both z{u! + z}u?

(corresponding

1

to the cosine terms) and of zju? — zhu!

(corresponding to the sine terms) are zero. This
is equivalent to z’ [K}, J; K] = 0. The latter matrix has full rank by assumption and thus
the contradiction is shown.

Now the continuous mapping theorem can be applied to show that
T
TNy, a)] =T T 2y /VT) (VT () 4w,
t=1

The a.s. non-singularity of W follows from the non-singularity of the limiting covariance
matrices of J'~x,/v/T. Since W is a continuous function of a Brownian motion, it has a
density with respect to the Lebesgue measure (i.e. it is absolutely continuous with respect
to the Lebesgue measure). Therefore, for each n > 0 there exists an ¢ > 0, such that
P{\nin(W) > e} = P{||[W 1|2 > e '} <, where A\, (W) denotes a minimal eigenvalue
of W. Due to the convergence in distribution it holds that P{\,, (T (zs, 2)T) > e} —
P{A\pnin(W) > €} showing that [Tz, z,)T]71 = Op(1).

The bounds formulated in (12) are derived for each k separately. Thus, fix k for
the moment and assume that 0 < w, < m, since for real unit roots the result follows
analogously and is thus not derived separately. Applying Lemma 2 with [ = 1 to ¢(z)
and using 22 = A,, (z) — 1 + 2cos(wy)z we obtain ¢(z) = a; + ez + Ay, (2)ce(z), where
Ce(2) = Y720 ¢je70 is such that 3~ 5'/2(l¢c;a]] < oo. Using this decomposition we obtain
vy = c(L)er = aney + aver—g + Ay, (L)vf, with vf := co(L)e;. Hence

j—1

(@) = @ gr o)+ Y (e, v )
=0

= @ik Vi) f1 + O(i(og T/T)'?) + O(1).

Here the first equality stems immediately from the definition of z; ;. The second equality

follows from (g4—;—1,v1—;)T,; = O((log T/T)"/?) for i < j — 1 and (g,—;,v—;)7,; = O(1).
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This last result follows from the uniform convergence of the estimated covariance sequence,
i.e. by applying (10) to the stacked process ([e},v})")icz. Here it has to be noted that
the difference between (g,_j,ve—;)7,, and (g;,v¢)] is of order O((log T/T)'?). Now, the
assumption that 0 < j < Hyp implies that the two O(.)-terms above are uniformly O(1)
for 0 < 5 < Hp. This shows that the essential term that has to be investigated further is
T ZtT;lj 21 ,v;. This term can be developed as follows:

T—j T—j

1
— Tt kvg = f g xt,k(algt + Qgr1 + Awk(L>U:>,
t=1 t=1

T—j3 T—3 T—j
_ 1 IV 1 ! ! 1 * ) * * /
- T Lt k€ + = Lt,k€¢—102 + = xt,k(lvt - Cos(wk)vtfl + Uth) :
T t=1 T t=1 T t=1

Chan and Wei (1988) show in their Theorem 2.4 that random variables similar to the first
two terms above converge for j = 0, i.e. when summation takes place from 1 to T (see
also Theorem 6 of Johansen and Schaumburg, 1999). Thus, concerning the first two terms
above it remains to characterize the behavior for 1 < 7 < Hp. Note again that ¢; denotes
the dimension of z,; and consider the difference between the expressions for 7 = 0 and

j # 0, which is for the first term equal to 7! ZZ’:TfjH xypepy. We obtain that

r sc T
_ V/SCk
E max [T > vec(ziey)li < max Y (E|lze|7,) "
1<j<Hrp ‘ T 1<j<Hr .
t=T—j+1 t=T—j+1
T
SC
< V% a3 (@l Ele)
<j<Hr f
t=T—j+1
T T
< %max Z t1/2§% Z tl/zﬁﬁ—’&
1<j<Hr t=T—j+1 t=T—Hp4+1 VT

where we have used the inequality E||z;xe}l|%, < E|z¢x|/3E|/e]|3, which follows from
E{ewci| Fio1} = X using Bllzyreills, = E(2]aineiee) = Elx) ,zoptr(ewe))]. Therefore we
have established uniform convergence in 0 < j < Hp of T} Zf:_lj xy €y to a random vari-

able. Similar arguments apply to the second term above and thus only the third term has
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to be investigated further. The third term is equal to
i T (V] = 2eos(weviy +v1y)" = £ X wen(v]) = 2cos(@r)ain(vi) + wes(viy)
7 wege(vf) = 2cos(wi) 7 20, wep(via) + 7 2y wek(vis)'

T wx(07) — 2cos(@i)k S m () + £ ST s (07) + o(1)
_i_9
7T (@ — 2 co8(Wi) o1k + Tegok) (V)

7 (oo (Vi) + or—(vp_ ;) — 2cos(wi)rr—jk (V)] + o(1)

= L3 T (K — JpKge) (v;) + o(1).

I ==
Sl==1==1= ]
il

~

RN INSINg
TSI

Here the first o(1) term comes from the omission of three initial terms and the second
o(1) term holds uniformly in 0 < j < Hp, as can be shown as follows: Due to the law
of the iterated logarithm (see Theorem 4.9 on p. 125 of Hall and Heyde, 1980) T 'zy =
O((T~'loglog T)/?) and vi = o(T*/*) due to ergodicity and the existence of the fourth
moments of &, and thus of v;. This together implies that T ar_; 1 (vr_;*) = o(THT —
7)3/4\/loglog(T — 7)) = o(1). In the sum in the final line above only stationary quantities
appear. Therefore, using (10) this term is O(1) uniformly in 0 < j < Hp, which concludes
the proof of (12).

Proof of (ii): The sharper result for the case of rational transfer functions is given in
Theorem 5.3.2 (p. 167) in HD.

Proof of (iii): Recall the definition of the variable #; = x;— (s, d;)T ((ds, d)T) " dy, with d;
defined in Theorem 2. Note first that it follows from the law of the iterated logarithm (see
e.g. Theorem 4.7 on p. 117 of Hall and Heyde, 1980) that (v;,d;)T = O((T~'loglogT)"/?).
This fact allows to derive equation (10) also for v; and furthermore this observation also
allows to derive the stronger bound (which is of exactly this order) in item (ii) of the
lemma.

Let us next turn to establishing equation (11) for Z;. This result follows from the
observation that for all £ = 1,...,[ it holds using the continuous mapping theorem and
the results achieved in the proof of (i) that T-'/2(J'z;,d; ;)T = Op(1). Nonsingularity
of the limiting variable W follows from nonsingularity of W in (ii) and the properties of
Brownian motions. For details see Johansen and Schaumburg (1999).

We are thus left to establish (12) for ; and 0;_;. In order to do so note that
(4, @t—j>jT+1 = (y, Ut—j)?:,_l + (@, 0y—j — Ut—j>JT+1 + (T — @4, @t—j>gr+1-

The first term above is dealt with in item (i). Next note v;_;j—0;_; = (vy, di)T ({dy, di)T) ;.

As just mentioned above (v, d;)T = O((T~'loglog T)'/?) and it furthermore holds that
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TY2{v,,d,)T converges in distribution (to a normally distributed random variable). It is
easy to show, analogously to max ||z, vi—;)T, || = Op(1), that also max T~/2|[(z;, dy_;)T, || =
Op(1). This implies that the second term above fulfills the required constraint on the order
and we are left with the third term, which can be rewritten as —(z, di)] ((d¢, de) 1) " (ds, D—j) T4 1.
From above we know that T~V%(z;,d;)T = Op(1) and also ((d;,d,)T)™' = O(1). Using
(di, 0)7 = 0 and dy = J7d,_; we obtain TY2(dy, b, ;)T = =T~Y2J9 Y[ . .| dyi;. Now

T T
~1/2 75 N ~1/2 .
max T2 Z dol|| < T > 1o
t=T—j+1 t=T—Hp+1
since ||J7]] < 1 and ||d;|]] < [ by definition. Since E|t;]] = O(1) as is easy to verify

Hyp/TY? — 0 shows that this term is uniformly in j = o((T/logT)'/?) of order op(1).

Therefore we have established maxo<j<p, [|{Z¢, 0e—j)1 4[| = Op(1). O

Remark 2 Although in the formulation of the lemma we assume x1 ) = 0, it is straight-
forward to verify that all results hold unchanged if x; is instead given by any random

variable.

We present one more preliminary lemma without proof, the well known matrix inversion

lemma, for convenience of reference.

Lemma 4 For any nonsingular symmetric matrix X € R™™ and any partitioning into
blocks A, B,C it holds that

. A B1' Jo o I a1 _
XIZ[B, C} :{0 0_1}+{_0_IB}(A—BC B (1, —BC].

Furthermore X s invertible if and only if C' and A — BC™'B’ are. In this case also the

following inequality holds true:

1o —1 _ _
[ (A=BCTB) " [ <[ X7 Hl2 + [C7 o (13)

B Proofs of the Theorems

In this appendix the proofs of the theorems in the main text are given.
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B.1 Proof of Theorem 2

The proof of the theorem is based on the theory presented in Chapters 6 and 7 of HD. The
difference is that HD consider the YW estimator, whereas we consider the LS estimator.
The general strategy of the proof is thus to establish that the results apply also to the LS
estimator by showing that the differences that occur are asymptotically sufficiently small.
As a side remark note here that HD use the symbol ‘ 7’ for the YW estimator, whereas we
use it for the LS estimator. In this paper the YW estimators carry the symbol . Note for
completeness that this symbol is also used in other contexts, where, however, no confusion
should arise.

Proof of (i), (ii): In Theorem 7.4.5 (p. 331) of HD it is shown that max;< <, ||®,(j) —
®,(j)|| = O((logT/T)"?) uniformly in p = o((T/log T)*/?). The tighter bound for the
case of rational ¢(z) is derived in Theorem 6.6.1 (p. 259) of HD. Thus, to establish the
results also for the LS estimator it has to be shown that the difference between (fp(j)
and ép(j) is ‘small enough’ asymptotically. For example for the first bound this means
that we have to show that max; <)<, max;<;j<, [|[®4(j) — (i);;(j)H = O((log T/T)"/?) and
the correspondingly tighter bound for the rational case. In order to show this we consider
the difference between the YW and the LS estimator. In the LS estimator @;’,, quantities
of the form (v;_;,v;_;) = T ZtT:pH vev;_; fori,j = 1,...,p appear, whereas the YW
estimator uses G¥(j —i) = T~ Y, +j_i Vs, for j > i and the corresponding similar
expression for j < i. Thus, the difference between these two terms is given (discussing here

only the case j > i; with the case i > j following analogously) by:

o . 1 p—i 1 T
(Vp—iy vp—g) — GY(J — 1) = T Z Ut“i—m T Z Ut“é—m-
t=14j—i t=T—i+1
We know from equation (10) in Lemma 3 that 7-' 3"/, v, —I"(r) = O((log T/T)"/?)
uniformly in 0 < 7 < Hp. This directly implies (v;_;,v;;) — G¥(j — 1) = O((log T/T)*/?)
uniformly in 0 < i,j < Hy and 1 < p < Hp. Next note that [[(V;},Vi,) 'l and

[ (ve, Vip)lloo are uniformly bounded in 1 < p < Hy, which follows from the bound derived
above, equation (10) and max;<,<p,. [[(EV;,(Vi,)) oo < 00 and maxi<p< g, [[Eve (V) [|oe <
00, see Theorem 6.6.11 (p. 267-268) in HD. This shows (i) by calculating the difference
between the YW and the LS estimators.
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In case of rational ¢(z), the same type of argument as above but using Lemma 3(ii)

instead of (i) leads to the tighter bound (v, ;,v;_;) — G*(j — i) = O((loglog T/T)Y/?) for
p < Gr = (logT)* for a < oo. This proves the bounds on the estimation error for @Z(])
given in the theorem.
Proof of (iii): The approximation results to IC"(p; Cr) as stated in Theorem 7.4.7 (p. 332)
of HD, which is based upon Hannan and Kavalieris (1986), are formulated for the YW
estimator. Again a close inspection of the proofs of the underlying theorems forms the
basis for the adaption of the results to the LS estimator.

Some main ingredients required for Theorem 7.4.7 are derived in Theorem 7.4.6 (p. 331)
of HD (also dealing with the YW estimator). Inspection of the proof of this theorem
shows that the key element is equation (7.4.31) on p. 340. It is sufficient to verify that
this relationship concerning the properties of autoregressive approximations also holds for
the LS estimator. In other words, if this equation is verified for the LS estimator, then
Theorems 7.4.6 and 7.4.7 of HD stated for the YW estimator also hold for the LS estimator.

Therefore, denote as in HD §(j, k) == TS v v, and 4y == TP 321 g0 .

Then we obtain

p
- _ D .
G0 K) = gy ver) + T v vl = (v v r) + (5 R
t=1 T
uniformly in j, k < p, which follows from the assumption of finite fourth moments of (v;);ez.

Further p=' 377 ( ?Zl((i);j(j) — ®(j))vi—s)v;_;, = O(1) is easy to verify from the conver-

-1 P

gence of ®7(j), the summability of ®”(j) and the uniform boundedness of p —p

(OR0A
(which follows from ergodicity of (v;);ez). This implies due to the assumptions concerning
the upper bounds on the number of lags, the uniform error bound on the autoregressive

coefficients and &, = 3 72, ®*(j)v;—; that:

z: (é;(j) - (I)”(j)) GG, k) = 2: (ff)}j(j) - <1>“(j)> (vi—j, viei) + o(T7?)
— e ) + ‘iﬂ @”(j)% t:,.iﬂ Vet + o(T™Y?)
= —ip+ 21 ®°(5) (9, k) + o(pi"*T™H)] + o(T~?)
35

EUI WP ECO 2005/9



Dietmar Bauer and Martin Wagner

due to Z;’;ljl/ZH(I)”(j)H < oo and p/T*? — 0 by assumption. This establishes HD’s
equation (7.4.31) also for the LS estimator. Thus, their Theorem 7.4.6 continues to hold
without changes also for the LS estimator. Since the proof of Theorem 7.4.7 in HD does
not use any properties of the estimator exceeding those established in Theorem 7.4.6 it
follows that also this theorem holds for the LS estimator. Only certain assumptions on the
noise (&¢)iez (see the formulation of Theorem 7.4.7 for details), which hold in our setting
(cf. Assumption 2), are required.

Proof of (iv): The result is contained in Theorem 6.6.3 (p. 261) of HD for the YW esti-
mator. Inspection of the proof shows that two quantities have to be changed to adapt the
theorem to the LS estimator. The first is the definition of F' on p. 274 of HD, which has
to be modified appropriately when using the LS instead of the YW estimator. The second
is the replacement of G} in the proof by (V,

tp> Vip), Where our V, corresponds to HD’s

y(t,h). All arguments in the proof remain valid with these modifications.

Proof of (v): This item investigates the effect of including components of v;_, as regres-
sors in the autoregression of order p — 1, which is equivalent to the exclusion of certain
components of v,_, in the autoregression of order p. This evident observation is exactly
what is reflected in the results. Denote with f/t;, the regressor vector V, ,_; augmented by
]-Z’svt,p. Note that in this proof "7 is used to denote quantities relating to the augmented
regression and not to the YW estimators. Using the block-matrix inversion formula and
(13) from Lemma 4 (with the blocks corresponding to V;, ; and P,_,) it is straightfor-
ward to show that ||(V,,, V;,) 7! < oo and [[(Vi,, V;;) "!lee < 00 a.s. for T large enough,
uniformly in 1 < p < Hp This can be used to show the approximation properties of the

autoregression including Psv;_, as follows:

0L = (v, V)V, Vi) ™

t7p7

= BulVi,) BV (Vi)™ + [0 Vi) = BueVig) | (Vi Vigh ™ +
Eon(V;,) BV (V)™ [EVip (Vi) = (Vi Vi) | (Vi Vi)™

Now applying the derived uniform bounds on the estimation errors in (v;_;, vi—j) —Ev,_jv;

shows the result. With the appropriate bounds on the lag lengths, both the result for the

36



Autoregressive Approximations of Multiple Frequency I(1) Processes

general and the sharper result for the rational case follow.
The next point discussed is the effect of the inclusion of ﬁsvt,p on the approximation

formula derived for IC" (p; Cr). By construction it holds that

— O, 1 Vip)y 25 = (v — O,V

EZ 1= <Ut @ ‘/t tpr Y va;fp>p+1 = Zv

p—1:Y

Adding the penalty term ps?Cr /T does not change the inequalities. Then the approxima-
tion result under (iii) shows the claim.

Proof of (vi): We have shown in (iv) of Lemma 3 that the inclusion of the deterministic
components does not change the convergence properties of the estimated autocovariance
sequence. This implies that all the statements of the theorem related to the properties of
the autoregressive approximations remain valid unchanged.

Concerning the evaluation of IC"(p; Cr) it is stated in HD on p. 330 that the inclusion
of the deterministic components (i.e. mean and harmonic components) does not change
the result. From this it also follows immediately that the asymptotic properties of pgrc
are not influenced, since that result stems entirely from the approximation derived for
IC*(p; Cr) and the decrease in ¥ as a function of p, which also does not depend upon the

considered deterministic components. [

B.2 Proof of Lemma 1

Proof of (i): The starting point is the representation derived in Theorem 1. The properties
of Z;, are straightforward to verify using (C*+)'C' = 0 and (C")'y, — J(CT)'ypo1 = 2 +
(C"Yey— Jay_1— J(CT)e;_y. These relationships also immediately establish the expression
given for y; — CJ(C")'y;_; and thus also the definition of &(z). Furthermore, ¢,(0) = I,
follows immediately from c,(0) = I;. The summability properties of ¢,(z) follow directly
from the analogous properties of c,(2z). Since c¢4(z) has no poles inside the unit circle,
neither has ¢,(z), since the latter is a polynomial transformation of the former (see the
definition in the formulation of the lemma). Concerning the roots of the determinant of
Ce(z) note that from the representation of ¢ (z) given in the theorem the following relation

is obtained for |z| < 1:

I—2J) 0 -

Gu(z) = C! { ( T } D(2)"'Ce(z)
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Now, since by assumption det ¢(z) # 0 for all |z| < 1 and D(z) # 0, |z| < 1 it follows that
det ¢o(z) # 0, |2| < 1.

Proof of (ii): By recursive inserting it is straightforward to show that

8. I, 0 --- 0 Erons
_ cJ CK I, - Etq+1+i o (q) -
Ytq+i = . Ttqti + ) _ ’ . 0 : + Z Eq)g(tfj)qﬂ'
. : . t. . j=1
cJit CJI K ... CK I Etg+q—1+i
&
with & := [g},€},1, .., €144-1] and where the coefficients in )77, égq)é(t,j)qﬂ» can be ob-

tained by cumbersome but straightforward computations. It is clear that (&4544)ez is a
martingale difference sequence with respect to the filtration Fjq4,,7 € Z. To obtain the
innovations representation (i.e. a representation with leading coefficient equal to the iden-
tity matrix) a renormalization has to be performed (given that in the above representation
the leading coefficient is equal to &,). Since &, is non-singular, this is achieved by setting
& = & and correspondingly this also defines &9 (z) = Y% Eg-q)zj =22 Eg-q)é’q_ 123,
Summability of the coefficients of ¢@(z) follows from summability of c,(2). Since &, is
block lower triangular with diagonal blocks equal to the identity matrix it follows that the
first block of &; equals &;.

Note also that D(z)y; = ¥y, with (0;)tcz defined analogously to (9)icz. Thus, the
sub-sampling argument leads to g processes (Gig+i)tez, @ = 1,...,¢q that all have the same
unit root structure as (y;)iez and for which part (i) of the lemma can be applied, since by

construction for this process ¢ = 1. [

B.3 Proof of Theorem 3

The discussion above the theorem in the main text shows that the regression of €, on
Zip = 12, (Z;,5)'] has to be analyzed. Here z; is independent of the choice of p and
collects the nonstationary components.

Proof of (i): Partitioning the coefficient matrix according to the partitioning of the

regressor vector we obtain:
[Br, Bapl o= (Ces Zip)(Zipy Ziy) ™ (14)
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- <ét7zz{[><z?72{[>_l [Iw _<Zt’ Zl;p,2><ZtTp,2’ Zl;p,2>_1] +
[OSXC7 <ét’ thp,2><ZtTp,2’ thp,2>_1} )

with 31 == (&, 2zl 2" and 2" = 2 — (2, Z;)2){Zipas Zipa)  Zip2. Thus, 2!
denotes the residuals of a regression of z; onto Z; ,, for t = p+ 1,...,T. The above
evaluation follows from the matrix inversion Lemma 4 using A = (2¢, 2:), B = (24, Zip2)
and C' = (Z, 5, Zyp2). The second term above, O = (&, Z,,,)(Z;, 5, Z;,5) ", contains
only stationary quantities. In particular Z; o contains é;_;,j = 1,...,p — 1 and a part of
€t—p as blocks. Thus, the asymptotic behavior of this term is covered by Theorem 2, from
which we obtain ©F — ©2 = O((T~'log T)"/?). Therefore, in order to establish (i), it is
sufficient to show that the other terms above are of at most this order (in probability).

Let us start with the term [I., — (2, Z; 20 (210, Zip2) '] Note first that z, = @, +
(C™Ye; and again that Z; ,» contains only stationary variables. Therefore equation (12)
of Lemma 3 shows that (z;, Z; ,,) is Op(1) uniformly in p. Furthermore, Theorem 6.6.11
(p. 267) of HD and Assumption 4 imply that [[(Z;, 4, Z;,2) 'llc < M as. for T large
enough. Equation (10) implies that ((C7)'e;, Zy,2) = Op(1) and hence (2, Z;, 5)(Z; 5, Zyp5) "
= Op(1) uniformly in p.

Consider 3y = (&, 2M) (21, z2M)~1 next. We start with the first term, i.e. with (&, ") =
(€, 20) — (€0 Zy pa) (Zipas thp,2>_1<ZtTp,27Zt>' We know <étaZtTp,2><ZtTp,2aZ;p,2>_1 = Op(1)
already from above. Using again (12) of Lemma 3 it follows that both (&;, z;) and (Z; , ,, )
are O,(1) uniformly in p showing that (&, z}') = Op(1) uniformly in 1 < p < Hy (where
we here use z; = z; + (C1)'e;).

Thus, the term (2!, z}') is left to be analyzed. In order to do so consider
TN ') = T e z) = TN, Zp sl Zipos Zep2) ™ (Zipzs 22).-

The first term above converges in distribution to a random variable W with positive def-
inite covariance matrix, compare Lemma 3(i). With respect to the second term uniform
boundedness of (z;, &_;) together with the established properties of (Z; 5, Z, ,) immedi-

ately implies that it is of order O, (pT '), which is due to our restriction that 1 < p < Hrp
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in fact o,(1). Therefore we obtain

P{[[{ee, 2Tz, 2)) M > My < P{I[ee ) T (1 201) | > M}

< P{H<et,zt > VA |+ LT )Y > VA

< /2 4+ P { Ao T (=01, 21) < 1/ VM | <.
In the above expression the first probability can be made arbitrarily small by choosing M
large enough, since (é;,2") = O,(1) and the second probability can be made arbitrarily
small since T (2, 2/1) = T (2, z) + op(1) <, W, where the random variable W has
non-singular covariance matrix. Here Ay, (X) denotes the smallest eigenvalue of the ma-
trix X. Thus, we have established that 3; = O,(T~"). This concludes the proof of (i).
Proof of (ii): We now derive the bounds to IC¥(p; Cr), which requires to assess the
approximation error in f)g The strategy is to show that the difference between ig and
ié is small enough. Here again f]é denotes the error covariance matrix from the autore-
gression where the components (C*)’e,_, are added (see the expression for Zy, provided
in Lemma 1). Then (ii) follows since for Eg the result presented in Theorem 2(v) applies
and thus the bounds to the information criterion are established also for MFI(1) processes
and the case ¢ = 1 if f?g — ZN]fJ = Op(T~') uniformly in p can be established. To this end
consider
f]g = (6, — Bz — 327172;;),27 & — Bz — Bg’pthp,Q and f]f, = (& — @f)ZtTp’Q, € — é;é)thp,2>
where

e — éf)ZtTpQ —é+ Bz + BQZz;p,Q = Pz + (B2 — @e) tp2 = = 12!

follows from (14). Hence
E‘Z — ii = (& — éizgp,2731'ztn> + (B2, & — @e Zipo) + (Bizt, Bzt

Recall that 31 = Op(TY), (2", 2" = Op(T), (21", &) = Op(1) and (2], Z;,,,) = 0 have
been shown above. Using these results implies that f]g - f]f; = Op(T™") uniformly in p,
which shows the results.

Proof of (iii): The proofs above are all based on error bounds derived in Lemma 3 and
the results summarized for stationary processes in Theorem 2. In both the lemma and
the theorem the respective bounds are also derived for the case including the mean and

harmonic components. This implies that the results also hold under Assumption 3(ii).
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B.4 Proof of Theorem 4

Proof of (i): Consider Lemma 1(ii): There @y := [y}, Y1, Yiyo - --»>Yirq1) is defined,
where (¥ig+i)tez fulfills the assumptions of Theorem 3. Let p = pg for some integer p
and consider the sub-sampled processes (Uig+i)iez,? = 1,...,q. For each value of i the

corresponding autoregressive estimators are given as

@g’( ' [Isu 0xsla- 1)]<ytq+zy Zt71+z p>175ﬂ?1<<thz+i,p’ Z7;1+i,p>17;71)717;3’i =L....q
Note that here summation is over t = j,...,T — 1, where T := |T/q| and |z denotes the
integer part of x. In the arguments below it is always assumed for notational simplicity
that T = Tq in order to simplify the notation. The expressions for other values of T' differ
from these only in the addition of finitely many values in the summation. This does not
change any of the error bounds provided below. Note here that the effective sample size
for estimating ©%” is reduced to T’ = |T/q] due to the sub-sampling.

For each of these estimators the error bound (6% — ONT " = Op((T~'log(T))"/?) =
Op((log T/T)'/?) follows according to the proof of Theorem 3(i). It is straightforward to
see that

ég = <yt7 Y;p>p+1<<Y;t D’ Ytp p+1 Z @y ' 7; 1 tq—i—z D’ Z;1+i,p>gil(<ztp’ Zt P>p+1) lj}’

-1

N,

Therefore under the assumption of nonsingularity of (7, ,, Z; p>p+1 from Y27 (Z;0rin Zigrip)

(Zip, Zip) )41 one obtains

q
oy - ey =3 (61 - enT; (7,

=1

th+zp> (<th7th>p+1) 17}‘

tq+i,p’

In the proof of Theorem 3 it has actually been shown that the first ¢ components of

(;)g’(i) — ©Y are of order Op(T~"). Thus, letting Dy = diag(T~1/%1., I) one obtains:

s (4)
_ _ _ a | Z 0
DT<th+i7p’ th+i7p>g 1DT(DT<th’ Zy, p>p+1DT> - (1)1 17 ]
q
for i = 1,...,q where (2,14, thH)Z’l((zt,zt)gﬂ)_l <2 7% In the above matrix the off

diagonal elements are of order Op(7T~/2) uniformly in 1 < p < Hy. All evaluations use

Lemma 3(i) and are straightforward. Since there are only finitely many terms it follows
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that (:)g — ©) = Op(1/(log T)/T) for p = pq as claimed in the theorem.

Proof of (ii): Again the sub-sampling argument is used to define the processes (€41i)iez
according to & = &7 (L), where & = &le), ... 114 q1)- Since &P (2%) is invertible
due to Assumption 4 it follows that there exists a transfer function ®¢(L9) such that
®¢(L9)é; = &, The first block equation (note that £; is block lower triangular) here states
that ¢; can be obtained by filtering é; which implies that ; = fsti)é(Lq)ét. Therefore for

p=pq,p € NU{0} consider
SY = (y, — O,y — O, ) = (g — O3 2,y — O2Z ).

As in the the proof of Theorem 3 again using a sub-sampling argument it can be shown
that

A~

NV = (I[é — O57Z;,,), Li[ér — O5Z, 1)y + Op(T7Y)

p

where Z, , = [2,(Z;,,)"]'. Here z, € R denotes again the nonstationary components of
Y, Note that the blocks of Z,  , are the lags €;_j,,7 = 1,...,p — 1 and a sub-vector
of €;_p;. In- or excluding this sub-vector we obtain lower and upper bounds respectively
for i]g (see the proof of Theorem 2(v) for details). Therefore it is sufficient to derive the
bounds only for p = pg,p € NU{0}. In the sequel we discuss lag length selection for the
process (€;);ez based on autoregressive approximations of lag length h = fzq.

Analogously to the proof of Theorem 3 the proof is based on mimicking the proof
of Theorems 7.4.6 and 7.4.7 of HD. There are two differences to the theory presented
there: First, the order selection is not performed on the whole processes (€444 )iz but only
on a sub-vector obtained by pre-multiplying with I,. Second, the sub-sampled processes
(€t4+i)tez use ¢ as the time increment whereas in the selection 1 is used as time increment.
Therefore the proofs of Theorem 7.4.6 and 7.4.7 of HD need to be reconsidered for the
present setting.

As in the proof of Theorem 2(iii) the result follows from verifying (7.4.31) of HD. We
obtain from summing the results for the sub-sampled processes (which follow directly from

the proof of Theorem 2) over i = 1,...,q that for k=1,... h

h o.9]
DL (90G) - 90)) 3.k =~ + Y LED(G)3GK) + o172,

j=ht1
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where @ = T-13.1 g1 €€ gy and ﬁ)(q)( /) denotes the least squares estimates in the
regression for fixed h. Let further ®@(j) denote the true coefficients. This corresponds to
equation (7.4.31) on p. 340 of HD with the o(logT/T)"/?) replaced by o(T~*/?), which is
discussed below the equation on p. 340 of HD. The arguments leading to the final line on
p- 340 of HD then are based on population moments and the error bounds on the estimation
of the covariance sequence (both of which hold in our setting as is straightforward to
Verify) The autoregressive approximation of é; underlying the estimation shows that
( ) {Toa—T1 '}y Flg}th = I, ZeI/ Y. Therefore in order to establish (7.4.32) on p. 341
of HD it is sufficient to show that G22 — G~21G1_11G12 can be replaced by its expectation
introducing an error of magnitude o(h/T"). For G, this again follows by sub-sampling and
decomposing the sum over all ¢ involved in the formation of Gos into ¢ sums over tq + i
where for each of these ¢ sums the arguments below (7.4.32) can be used to obtain the
required result. Similar arguments show the claim for the remaining terms.

The next step in the proof of Theorem 7.4.6 on p. 331 of HD is to show that

W/Ta=T"2 Z (Z gtgt_j> (14 0(1))

(here the scalar case is shown), which essentially involves replacing (in the notation of HD)

I} 1/2 y(t, h) with £(¢, h). In our setup this amounts to replacing FH/ (€ g €tagsr > Crp)
with [}_1,€}_o,...,&;_,]. Showing that this replacement is valid can be shown using the

same arguments as in HD, since the proof only involves error bounds on the estimated
covariance sequences and the convergence of the coefficient matrices in &, = é(Lq)ét which
follow from the assumptions on éEq)(zq). The rest of the proof of Theorem 7.4.6 of HD uses
only properties of £;. Then Theorem 7.4.6 of HD shows the required approximation for
h = hq for any integer h.

Now given any value of p € N we use as in the proof of Theorem 2(v) with p := |p/q]|
(y: — O

(+1)q t(p+1)q’yt of Y >(15+1)q+1 <X

ANY v — y
(P+1)q~ t,(p+1)q < <yt - @ﬁqy;fvﬁq’yt @

7pq>pq+1

Then using the result for pg and (p + 1)g shows the claim.

Proof of (iii): The changes necessary to prove (iii) are obvious and hence omitted.
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B.5 Proof of Corollary 1

Proof of (i): This result follows from Xf > X, 3¢ — 3¢ and the fact that the penalty
term tends to zero by assumption.
Proof of (ii): The proof is based on the arguments of HD, p. 333-334: Let p(Cr) =

|p(Cr)/q]. Then a mean value expansion is used to derive

(ﬁ(CT) B 1)2 _ o Leb(Cr)) = Le(ix(Cr)) _, ( Le(B(Cr)) |\ Le(r(Cr)) _0(ir(Cr))
0(lr(Cr)) 1o (Cr)20"(Ir)

lT(CT) lT(CT)Qél’(ZT) £T<ZT<CT>>

where [ is an intermediate value. Since the latter two terms are bounded as in HD it is
sufficient to show that Ly (p(Cr))/Lr(Ir(Cr)) — 1. However, the following inequalities
hold uniformly in p:

Lr(ir(Cr);Or) < Le(p(Cr)) < 1CY(p(Cr); Cr)(1 + op(1))
< ICY(q(lr(Cr) —1);Cr)(1 + 0p(1)) < f/T(lT(C'T); Cr)(1+op(1)).

Here the first inequality follows from optimality of l;(Cr) with respect to Ly, the second
from the lower bound of Theorem 3 (ii) (or Theorem 4(ii) resp.), the third from optimality of
p(Cr) with respect to ICY(p, Cr) and the last again from Theorem 3 (ii) (or Theorem 4(ii)
resp.). Here the uniformity of the op(1) term in p is essential.

Proof of (iii): This result is an immediate consequence from the discussion in the lower
half of p. 334 of HD.

Proof of (iv): Since all results in this paper are robust with respect to correcting for the

mean and harmonic components prior to LS estimation it is evident that (iv) holds.
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