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Abstract

The present paper describes the program TRAM, which stands for "Tim e Series 
Regression with ARIMA Noise and Missing Observations". TRAM has been written in Fortran 
and is available from the authors for MS-DOS computers and mainframes. The program 
estimates the parameters of a regression model with possibly nonstationary noise and any 
sequence of missing observations, interpolates the missing values, and obtains forecasts for the 
series. The program incorporates several additional facilities, such as intervention analysis, and 
easter and/or trading day corrections. The methodology is described in the paper "Estimation, 
Prediction and Interpolation for Nonstationary Series with the Kalman Filter", by V. Gomez 
and A. Maravall, EUI Working Paper ECO No. 92/80.

The first part of this document presents a summary of the program. Part two contains 
the instructions for the user and a description of the parameters. Finally, part three illustrates the 
program for six well-known examples, which present different regression and time series 
models with different combinations of missing observations.

1. Introduction
2 . Instructions for the user
3. Examples

Preliminary Version
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1. Introduction

TRAM ("Time series Regression with Arima noise and M issing  
Observations") is a program written in Fortran for mainframes and PCs under 
MSDos. The program performs estimation, forecasting, and interpolation of 
regression models with missing observations, and ARIMA errors. No
restriction is imposed on the location of the missing observations in the series.

Given the vector of observations:

z = (z.,.... ZJ ' '  «>

where 0 < tj < ...<  tM, the program fits the regression model

z, =y ,'0 +v,, (2)

where /3 =  (/),,...,j3n)’, is a vector of regression coefficients, y't =  [yit, . . . ,y nl] 
denotes n regression variables, and v, follows the general ARIMA process

0(B)5(B)vt =  8(B)at + c ,  (3)

where B is the backshift operator; 0(B), 5(B), and 8(B) are finite polynomials in 
B; a, is assumed a n.i.i.d. (o,<rw hite-noise variable, and c is a constant.

The polynomial 0(B) contains the stationary autoregressive roots, 5(B) is 
the polynomial with the nonstationary autoregressive roots, and 8(B) denotes 
the (invertible) moving average polynomial. In TRAM, they assume the 
following multiplicative form:

5(B) = (1 -  B)IDR(l -  Bs)IDS

0(B) =  (1 + 0]B +...+0IPRB,PR)(l + <h1Bs+ . . .+ 0 IPSBs>‘,ps)

8(B) = (l + 8,B+...+8 iqrBiqr )(l +  0 ,B S+ .. .+ 0 IQSBS*,QS )

As explained in the user instructions, initial estimates of the parameters can be 
input by the user, set to the default values, or computed by the program.

l
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The regression variables can be input by the user (such as economic 
variables thought to be related with zt), or generated by the program. The 

variables that can be generated are Trading Day, Easter Effect and intervention 
variables of the type:

a) dummy variables (additive outliers);

b) any possible sequence of ones and zeros;

c) l/(l -  dB) of any sequence of ones and zeros, where 0 < 5 < 1;

d) l/(l -  <SsBs) of any sequence of ones and zeros, where 0 < <5S < 1;

e) l/(l -  B)(l -  Bs) of any sequence of ones and zeros.

As indicated in the user instructions, missing observations can also be 
treated as additive outliers. In this case, the likelihood is corrected so that it 
coincides with that of the standard missing-observations case (see example 4 in 
section 3).

The program:

1) estimates by exact maximum likelihood (or unconditional least squares) 
the parameters in (2) and (3);

2) computes optimal forecasts for the series, together with their MSE; and

3) yields optimal interpolators of the missing observations and their 
associated MSE.

The methodology followed is described in the paper "Estimation, 
Prediction, and Interpolation for Nonstationary Series with the Kalman Filter" 
by V. Gomez and A. Maravall. This paper will be referred to as the 
"background paper"; references made in this Introduction can be found in the 
Reference section of the background paper.

2
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Estimation of the regression parameters (including the missing 
observations among the initial values of the series) plus the ARIMA model 
parameters, can be made by concentrating the former out of the likelihood, or 
by joint estimation. Several algorithms are available for computing the 
likelihood or more precisely, the nonlinear sum of squares to be minimized. 
When the differenced series can be used, the algorithm of Morf, Sidhu and 
Kailath (1974), (as improved by Melard, 1984) is employed.

For the nondifferenced series, it is possible to use the ordinary Kalman 
filter, as described in the background paper (default option), or its square root 
version (see Anderson and Moore, 1979). The latter is adequate when 
numerical difficulties arise; however it is markedly slower and does not permit 
(at present) to concentrate the regression parameters out of the likelihood. By 
default, the exact maximum likelihood method is employed, and the 
unconditional least squares method is available as an option. Nonlinear 
maximization of the likelihood function and computation of the parameter 
estimates standard errors is made using Marquardt's method and first 
numerical derivatives.

As detailed in the background paper, estimation of regression 
parameters is made by using first the Cholesky decomposition of the error 
covariance matrix to transform the regression equation (the Kalman filter 
provides an efficient algorithm to compute the variables in this transformed 
regression). Then, the resulting least squares problem is solved by orthogonal 
matrix factorization using the Householder transformation. This procedure 
yields a numerically stable method to compute GLS estimators of the regression 
parameters, which avoids matrix inversion.

For forecasting and interpolation, the ordinary Kalman filter or the 
square root filter options are available. Interpolation of missing values is made 
by the simplified Fixed Point Smoother, as described in the paper. When 

concentrating the regression parameters out of the likelihood, mean squared 
errors of the forecasts and interpolations are obtained following the approach 
of Kohn and Ansley (1985).

3
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When some of the initial missing values are free parameters, the 
program detects them, and flags the forecasts or interpolations that depend on 
these free parameters. The user can then assign arbitrary values (typically, very 
large or very small) to the free parameters and rerun the program. Proceeding 
in this way, all parameters of the ARIMA model can be estimated because the 
function to minimize does not depend on the free parameters. Moreover, it will 
be evident which forecasts and interpolations are affected by these arbitrary 
values because they will strongly deviate from the rest of the estimates (see 
example 6 in section 3). However, if all unknown parameters are jointly 
estimated, the program may not flag all free parameters. It may happen, that 
there is convergence to a valid arbitrary set of solutions (i.e., that some linear 
combinations of the initial missing observations, including the free parameters, 
are estimable.)

4
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2. Instruction for the user

INSTALLATION :
Insert the diskette in drive A or B, and 
change the default drive (type "A:" or "B:").
When the prompt appears type:

INSTALL
The installation procedure creates a directory "TRAM"; 
be sure it doesn't already exist.
(If you have a partitioned diskette, you will be asked in 
which drive the program should be written.)

TO RUN THE PROGRAM :
Prepare the input file following the instructions in the 
next pages.
Once the input file has been prepared in the SERIES 
subdirectory, to execute the program simply type:

"TRAM filename"
where filename is the name of the input file, at the 
directory where the program has been installed (TRAM).
The results can be seen by editing or printing the file 
OUTPUT.

Typing "GRAPH", several graphics can be readily obtained. 
Moreover, from the subdirectory GRAPH (which is then 
created), the relevant arrays can be retrived for further 
use in other econometrics/statistics/graphics package.

5
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The input starts with the series to be modelled, comprising 
no more than 250 observations, followed by one set of control 
parameters for the series model plus a list of instructions for 
the regression variables.

To specify the set of control parameters for the series 
model, as well as the instructions for the regression variables, 
the NAMELIST facility is used, so that only those parameters 
which are not at their default values (see below) need to be set.

The series is set up as:
Card 1 TITLE (no more than 72 characters)
Card 2 NZ NYER NPER NFREQ (free format)
Card 3 et seq Z(I): 1=1,NZ (free format),

where NZ is the number of observations, NYER the start year, NPER 
the start period, and NFREQ the observational frequency in the 
year. Z(.) is the array of observations. For each missing 
observation, the code -99999. must be entered.

This is followed by namelist DATEN. The namelist starts
with &DATEN (in the second column) and terminates with /. The
parameters in namelist DATEN are:
Parameter Meanina Default
LAMDA = 1 No tranformation of data 1

= 0 Take logs of data
IMEAN — 0 No mean correction 0

= 1 Mean correction
IDR = # of non-seasonal differences 1
IDS = # of seasonal differences 1
I PR = # of non-seasonal autoregressive 0

terms
IPS = # of seasonal autoregressive terms 0
IQR = # of non-seasonal moving average 0

terms
IQS = # of seasonal moving average terms 0
IREG = # of regression variables 0

6
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Parameter

ITRAD 

I EAST

Meaning Default
( entered by the user or calculated by 
the program as intervention variables)
0 No trading day adjustment 0
1 Trading day adjustment
0 No Easter effect adjustment 0
1 Easter effect adjustment

\

IDUR = Duration of Easter affecting period 0
LAG S3 # of autocorrelations and partial 

autocorrelations printed
24

INCON -
0 Exact maximum likelihood estimation
1 Unconditional least squares

0

NBACK = # of observations back from the 
end of the data that the multistep 
forecasts are to begin

0

NPRED = # of multistep forecast values to 
compute

0

INTERP
35

0 No interpolation of unobserved values
1 Interpolation of unobserved values

0

IESTIM « 0 No estimation of unknown parameters
1 Estimation of unknown parameters

1

THR IQR initial estimates of the regular 
moving average parameters (not input 
if there are not missing observations 
and INIC=0)

All -.1

THS IQS initial estimates of the seasonal 
moving average parameters (not input 
if there are not missing observations 
and INIC=0)

All -.1

FIR IPR initial estimates of the regular 
autoregressive parameters (not input 
if there are not missing observations 
and INIC=0)

All -.1

FIS IPS initial estimates of the seasonal 
autoregressive parameters (not input 
if there are not missing observations 
and INIC=0)

All -.1

VA 35 Residual variance to be used for inter- 1.0

7
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polation and prediction when no estima­
tion is to be performed (not input if

Parameter

IFILT

IGRBAR

IGRRES

RG

IDENSC

INVER

INIC

Meaning Default
IESTIM=1)
1 Square root filter 2 (No
2 Morf, Sidhu and Kailath algorithm, missing)

as improved by Melard 3
3 Kalman filter (Missing)
1 Graph of autocorrelations printed 0
0 " " " not printed

1 Graph of model residuals printed 0
0 " " " " not printed
IMEAN + IREG + ITRAD + IEAST initial All 0.1 
estimates of the regression parameters, 
not including initial missing observa­
tions (not input if there are not missing
observations or IC0NCE=1)
1 Denominator of residual sum of squares 1 

is that of Ansley and Newbold = number 
of non-initial observations minus number 
of unknown parameters (AR and MA parame­
ters plus regression parameters, inclu­
ding initial missing observations)

0 Denominator of residual sum of squares 
is equal to the number of non-initial 
observations

1 Parameters of the MA polynomial res- 0
tricted to remain in the invertible 
region

0 Parameters of the MA polynomial not 
restricted to remain in the invertible 
region

1 Initial estimates of AR and MA parame- 0 
ters input

0 Initial estimates of AR and MA parame­
ters calculated
At present, the program only calcu­
lates initial estimates of AR and MA 
parameters if there are no missing ob­
servations. With missing observations, 
the program always takes as initial es­
timates for the AR and MA parameters 
those input by the the user (or their 
default values if none are input)

8
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TOL l.E-6Convergence criterion in Marquardt's 
method

Parameter Meaning Default
ICONCE = l a 2 and regression parameters (inclu- 1

ded missing initial observations) con­
centrated out of the likelihood (not 
input if IFILT=1)

= 0 only a2 concentrated out of the like­
lihood

If IREG in namelist DATEN is greater than zero, then 
namelist DATEN should be followed by a certain number of 
namelists REG, to be described below. Each namelist REG starts 
with &REG (in the second column), terminates with / and contains 
the set of instructions for the corresponding regression 
variable/s.

Missing observations can also be treated as additive 
outliers. That is, each missing observation is assigned a 
tentative value (now the code -99999. should not be entered) and 
an additive outlier is specified for each missing observation. 
In this case, one namelist REG corresponding to all missing 
observations should be written before the other namelists REG. 
The determinantal term in the function to be minimized when this 
approach is used is adjusted so that it coincides with that of 
the function used in our approach.

The total number of namelists REG is as follows: There must 
be one namelist REG for all missing observations to be treated 
as additive outliers (in case there are any), specifying their 
time indices, and as many namelists REG following as there are 
regression variables, either input by the user or calculated by 
the program. It is not possible to treat some missing 
observations as additive outliers while specifying others with 
the code -99999. , simultaneously. Only one procedure can be used.

The parameters in namelist REG are:
Parameter Meaning Default
IUSER = 0 The program will generate one interven- 0

tion variable if IAUS = -k (k = a posi­
tive integer): either k sequences of ones 
or the result of applying a filter to 
this intervention variable. Possible 
filters are: l/(l-SB), 0<6<1, 1/(1-5BS),
S = NFREQ, 0<«<1, and l/(1-B)(1-BS) , S =
NFREQ. If IAUS = k (a positive integer), 
it means that missing observations are to 
be treated as additive outliers. In this 
case, the program will generate k interven­
tion variables, one for each missing obser­
vation

= 1 The user will enter a series for this
regression variable. After the present 
namelist REG, the user will write the

9
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Parameter 
I LONG

IAUS

DELTA

DELTAS

ID1DS

series X (I): I=l,ILONG (free format).
After the series, next namelist REG should 
be written

Meaning Default
Length of the series entered by the user 0 
if IUSER=1. The rest of the series, up 
to a total length of NZ + NPRED is filled 
up with zeros (not input if IUSER = 0)
k (k = a positive integer) There are k 0
missing observations to be treated as addi­
tive outliers. After the present namelist 
REG, the user must write the k time indices 
corresponding to these missing observations 
(free format). The program will generate k 
intervention variables of length NZ +
NPRED, one for each additive outlier 
(=missing observation). The k time indi­
ces are to be followed by the next name- 
list REG. (no input if IUSER=1)

-k (k = a positive integer) The program 
will generate one intervention varible 
of length NZ + NPRED consisting of k se­
quences of ones. After the present name- 
list REG, the user will write k pairs of 
numbers (free format); the j-th pair in­
dicates the time index where the j-th 
sequence of ones is to beguin and its 
length, respectively (j=l,...,k). The k 
pairs of numbers are to be followed by the next 
namelist REG.(no input if IUSER=1)
0 The program will generate no regression 
variable (no input if IUSER=0)
5 (0<6<1); the filter 1/(1-5B) will be 0
applied to the k sequences of ones genera­
ted by the program when IAUS = -k (no 
input if IUSER=1 or IAUS > 0)
Ss (0<5S<1); the filter 1/(1-6SBS), S = 0
NFREQ, will be applied to the k sequences of 
ones generated by the program when IAUS =
-k (no input if IUSER=1 or IAUS > 0)
1 The program will generate l/(1-B)(1-BS), 0

S = NFREQ, of the k sequences of ones ge­
nerated by the program when IAUS = -k 
(no input if IUSER=1 or IAUS > 0)

The regression variables used to make the Trading Day or 
Easter Effect adjustment are generated by the program in the same 
way as that described in Hillmer, S.C., Bell, W. R., and Tiao,
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G. E. (1983), "Modeling Considerations in the Seasonal Adjustment 
of Economic Time Series," in A. Zellner (ed.), Applied Time 
Series Analysis of Economic Data. Washington, D.C.: Bureau of the 
Census.

Memory Constraints
The user should be aware of the following memory 

constraints:
IFILT=2 2 + 2*IMRTE < 42 

IR + 2 + ICON < 42
IFILT=3

IFILT=1

1 + 2*IMRTE + IMISP < 4 2  
MAX (IR + 1, ICON) + ICON < 42
like IFILT=3

In all cases MAX (N, ICON) + N + 1 < 42,
where IMRTE = IMEAN + IREG + 7*ITRAD + IEAST, IMISP = number of 
initial missing values, ICON - ICONCE*(IMRTE + IMISP), IR = MAX 
{ ID + IP, IQ + 1), ID = IDR + NFREQ*IDS, IP = IPR + NFREQ*IPS, 
N = number of parameters to be estimated by Marquardt's method.
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3. Examples

The input and output files of six examples are presented next. Some previous 
comments are in order:

a) Although only non-default parameter values need to be entered, for the more 
relevant parameters, the enclosed input files contain also the default values.

b) Since the state space representation we use directly provides [in x(tlt)] the (r—1)- 
periods-ahead forecast function (where r is the dimension of the state vector), 
the program computes (NPRED +  r-1 )  forecasts. Standard errors, however, are 
only computed for the first NPRED forecasts.

c) When there is a missing observation among the initial values of the series, the 
missing observation is estimated by regression as explained in the background 
paper. In the output, the interpolated value appears as the coefficient of ZJ, 
under the heading "Estimates of Regression Parameters."

The six examples present different regression and time series models, with 
different combination of missing observations. They have been taken from the 
following references:

Box, G.E.P. and Jenkins, G.M. (1970), Time Series Analysis, San Francisco: Holden- 
Day.

B ox, G .E.P. and Tiao, G.C. (1975), "Intervention Analysis with Applications to 
Economic and Environmental Problems", Journal of the American Statistical 
Association 70,70-79.

Harvey, A.C. and Pierce, R.G. (1984), "Estimating Missing Observations in Economic 
Time Series", Journal of the American Statistical Association 79, 125-131.

Hillmer, S .C ., Bell, W .R. and Tiao, G.C. (1983), "Modelling Considerations in the 
Seasonal Adjustment of Economic Time Series", in A. Zellner (ed.), Applied 
Time Series Analysis of Economic Data, Washington, D.C.: Bureau of the 
Census.

Kohn, R. and Ansley, C.F. (1986), "Estimation, Prediction and Interpolation for AR1MA 
Models with Missing Data", Journal of the American Statistical Association 81, 
751-761.

Maddala, G.S. (1977), Econometrics, N.Y.: McGraw-Hill Book Co.
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Example 1

The monthly series yt of oxidant ( 0 3) level recordings in downtown Los 

Angeles, for the period January 1955 -  December 1972, is considered. The 
series was analysed by Box and Tiao (1975) and the identified model is of the 
form

COn » CO-1 £ COj £y I = £ll + J _ gl2 ̂ 2t + J_gl2 ̂31 + n

V^n, = ( l - 0 1B )(l -0 12B,2)at,

where f 2l and |3l are "intervention" variables such that

t *  Jan 1960 
t =  Jan 1960

months June -  October, beginning in 1966 
otherwise

months November -  May, beginning in 1966 
otherwise

Eight observations were randomly removed and estimated as missing values, 
and one of them falls among the first 12 values. The missing observations can 
be identified by the number -99999 in the file. For this model, the three 
regression variables are constructed by the program. (For their particular 
meaning, see the paper by Box and Tiao.)
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Example 2

The second example is the annual series y, of Gross Investment in 

General Electric, for the period 1935-1954. The series is analysed in Maddala 
(1977).

The estimated model is of the form:

yt =  <o0 + <o1x,_1 +  <u2zt_1+ n t 

( l - 0 , B - 0 2B2)nt =  a„

where x denotes a measure of the value of the firm, and z the stock of plant 
and equipment.

Two of the 20 observations were removed and treated as missing values. 
The regressors in this case are input by the user.
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Example 3

Examn'^ j  js the same as in Harvey and Pierce (1984) and in Data Set 2 of 
xCohn and Ansley (1986). It consists of removing, from the 12 years of monthly 
data on a series of Airline passengers, all January through November data in 
the last 6 years. Since the estimation problem is identical when the missing 

values are placed at the beginning, the example illustrates an important 
possible application of the program: Interpolation of data for frequencies 
higher than the observed one.

The model has no regressors, and is given by

v v u log y, =  (1 -  0,B)(l -  012B12 )at, 

the so-called Airline Model of Box-Jenkins (1970).

51

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



E
X

A
M

P
LE

 
(H

A
R

V
E

Y
-P

IE
R

S
E

, 
JA

S
A

 
8

4
) 

M
O

N
TH

LY
 

IN
T

E
R

P
O

L
A

T
IO

N
, 

A
IR

L
IN

E
 

M
O

D
EL

 
1

4
4

 
1

9
4

9
 

1 
12

1
1

2
 

1
1

8
 

1
3

2
 

1
2

9
 

1
2

1
 

1
3

5
 

1
4

8
 

1
4

8
 

1
3

6
 

1
1

9
 

1
0

4
 

1
1

8
 

1
1

5
 

1
2

6
 

1
4

1
 

1
3

5
 

1
2

5
 

1
4

9
 

1
7

0
 

1
7

0
 

1
5

8
 

1
3

3
 

1
1

4
 

1
4

0

03 03 03 03 03 03
03 03 03 03 03 03
03 03 03 03 03 03
03 03 03 03 03 03
03
1

.'03
1

03
1

03
,1

031 03
1

rH
03 03 03 03 03 03 II
03 03 03 03 03 03 s
03 03 03 03 03 03 H
03 03 03 03 03 03 H
03 03 03 03 03 03 cn
1 1 1 1 1 | w

H
VO rH 03 «■
VO 03 o CM 03 03 03 03 03 03 O
H rH CM CM 03 03 03 03 03 03 II

03 03 03 03 03 03
VO CM O CO 03 03 03 03 03 03 ()

CO o 03 03 03 03 03 03 o
H H rH CM 1 1 1 1 1 1 ss

H
CM H rH 03 x
VO 03 rH CM 03 03 03 03 03 03
rH rH CM CM 03 03 03 03 03 03 CM

03 03 03 03 03 03 II
03 r* 03 03 03 03 03 03 03 o

CO O CO m 03 03 03 03 03 03 <rH CM CM CM 1 1 1 1 1 1
<n CM CM CO rH
03 03 03 03 03 03 03 03 II
rH CM CM CM 03 03 03 03 03 03 C/J

03 03 03 03 03 03 a \
03 O CM 03 CO 03 VO 03 VO 03 03 in 03 CM H X
03 CO vo O 03 03 o 03 CO 03 CO 03 o 03 co » CM
rH CM CM CO 1 CM 1 CO 1 CO 1 CO 1 ■o- 1 rH H

II II
CO CO CO ■O' a
t''- rH vo 03 03 03 03 03 03 03 03 03 03 03 0 3  a w
rH CM CM CM 03 03 03 03 03 03 03 03 03 03 03 03 H - a

03 03 03 03 03 03 03 03 03 03 03 03 x H  P4
CM CD 03 03 03 03 03 03 03 03 03 03 03 03 03 rH II s

co CM CO 03 03 03 03 03 03 03 03 03 03 03 03 II «  ~
rH H CM CM 1 1 1 1 1 1 1 1 1 | 1 1 w <  CO

u CQ II
co rH in C" H  «  H
vo CO CO CM 03 03 03 03 03 03 03 03 03 03 03 03 x O  ^
rH rH CM CM 03 03 03 03 03 03 03 03 03 03 03 03 rH H  H

03 03 03 03 03 03 03 03 03 03 03 03 II - P>H
CO CO VO in 03 03 03 03 03 03 03 03 03 03 03 03 K H  H

03 CO CO 03 03 03 03 03 03 03 03 03 03 03 03 Q II -
rH rH CM CM 1 1 1 1 1 1 1 1 1 1 1 1 H d) O  

«  II
O O VO CO 53 W  <
in CO 03 CO 03 03 03 03 03 03 03 03 03 03 03 03 W H  U
rH rH rH rH 03 03 03 03 03 03 03 03 03 03 03 03 H 53 5

03 03 03 03 03 03 03 03 03 03 03 03 < H  2
in rH VO 03 03 03 03 03 03 03 03 03 03 03 03 Q t-H

03 o 03 03 03 03 03 03 03 03 03 03 03 03 5̂
rH rH rH CM 1 1 1 1 1 1 1 1 1 1 1 1

52

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



TI
ME
 S

ER
IE

S 
RE
GR

ES
SI

ON
 M

OD
EL
S 

WI
TH
 

AR
IM

A 
ER

RO
RS

 A
ND

 M
IS

SI
NG
 V
AL
UE
S.

S 2

j rvj m ro ro -

o o o o o o o o o o o oo o o o o o o o o o o o

o o o o o o o o o o o o
o o o o o o o o o o o o

raoO'O-jwocsam-cooc—  •-'-rvjojpoOCSS
inoeocoro'4-oo-ooo'o' J O O - O O - O O - O  
t— .— »— r v j r M r v j O O ' O 'O O O

§• O- ^  B- S-
o o o o o o o o o o o o
o o o o o o o o o o o o
«— m ( M P O O ' ' i - 0 > 0 > 0 0 > 0 0  
( N J N S C O I M I O O - O O O O C  r\j (\j c * ‘ ‘

O in ro *— in N- C 
<m ro 'O oo m r\i c

CM OJ C

>■ Ui «— »

oo«-ruM^in'OMOOO£̂ininininininininin<)

53

MI
SS

IN
G 

OB
SE

RV
AT

IO
N 

NU
MB
ER

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



54

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



'tfro

E E E

OC oclii LU
CO CO
E Ez z
z z
o o

c o c / ) c / ) c / ) & > c o c s ) c aW U > V ) V ) U Ì V i U ) V )x z z z z z z z

55

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



MI
SS

IN
G 

OB
SE

RV
AT

IO
N 

NU
MB
ER
 

13
6

«- o  o  «-

n ii ii ii ii
Q£ (/) D£ V) DCQ  Q  CL Q. O

56

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



I T
RA

D

57

NU
MB

ER
 O
F 

MI
SS

IN
G 

VA
LU
ES
 
IN
 T

IM
E 

SP
AN

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



g

g assssjjgggggg 

G Ksssqissgggggg

SSSSUEgggggg
™ " l f i i f i
gsasssgggggg

gsasscgggggg
...... m '

SoSSSSoooooo

S8£~3Sgggggg
" ™ i i f f f f
go:gSS3!gggggg

SSSSSSgggggg
s*srinir>ini/-tg^o>C£g><>g

g 1

l i m m m m

58

IT
ER
AT
IO
N,

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



59

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



CH
EC

K 
OF
 R

EG
RE

SS
IO
N 

RE
SI
DU
AL
S:

)W&ONWKICÒinNOKl'ótOinO'tt'lOOO'JCON^stSNOITUlK'fO'OO

fO o  >3- cCOvt - O s
O (M in r

«— rvj
Q  O 
LU LUcm y- <t <t 
3  3ss

0  0 - 0 0  
CO ^  s f  v*
o  rvj m f\i

(M O  [O O  
O  -4- N- - J  
« -  (M CO f\l

X  X  
X  X

C X  X  X  X  X  X  >

t X  X
: x  x
t X  X
: x  x
e x  x  x
e x  x x x  
c x x x x x x x

X  X  X  
X  X

*— o  m o  
<— in 'j- 
-o r\j *- r\j

K> O  O  O  -O -<f o  -<f -<r C\J o  r\j
O  T -  T -  T -

S O f M O  
in N- >a- (\J f\J -O f\J o  *- o  <r-

*-o-oo 
o  -d- >i-
*— (M (M (\)

•-OIOO
- o  si- -j- s r 
-d- c\j rvj o  «- o  «-

o  aO'
o  ae

m o  
ù  iu z u 
3  cm

i-f i n - o s c o o o '

60

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



PA
RT

IA
L 

AU
TO

CO
RR

EL
AT

IO
NS

§-jr-eo^ovO^O(MM'Oin>OsMno>'i-«-'0-fi/ eo<MI-co«-rn'3-c\Jcoor̂ r'orooc\joh;r«-£n'ôr' «î>0(0N(M'0«-ONM»-Ô 0̂Jf0e0K.K.OC 
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Example 4

This example consists of Data Set 3 in Kohn and Ansley (1986), a series 
with 144 monthly values. There are five missing observations and one of them 
falls among the initial values. The example illustrates two alternative ways of 
estimating the missing observations.

Example (4a) illustrates the standard approach: the initial missing 
observation is concentrated out of the likelihood, and estimated with 
regression. The other missing observations are obtained via the fixed point 
smoother.

Example (4b) treats all missing observations as additive outliers and 
estimates them with regression. Arbitrary (reasonable) numbers are plugged in 
the series holes, and then the following model is fit:

5
y. = X ® A +n.'

i=l

VV12nt = ( l -0 ,B ) ( l -0 12BI2)at

where d]t,...d 5t are the dummy variables associated with the additive outliers. 
The missing observation estimates are obtained as the fitted values, once the 
outlier effect (ft),) has been removed. When using additive outliers to estimate 

missing values, the likelihood function is modified by a determinantal term, so 
that it coincides with that of the standard missing observations case. 
Computation of the likelihood, however, is made easier, since the algorithm of 
Morf, Sidhu and Kailath can now be applied.

Comparing (4a) and (4b), it is seen that the forecasts and interpolators 
obtained with the two approaches are virtually indistinguishable.
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-  • o  r -  o  >3- «4 c

5 0 0 0 0 0 0 0 » -

ro o  S- O' 
T- CO O CO o  o  *- o o + o + o + o  + :

u. Q°g -rvjrO'4-io'ON-o

101

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



PA
R

TI
AL

 A
UT

OC
OR

RE
LA

TI
ON

S

W O ' i n f i n N ’- M n i M ' - i n - J t M O S M ' î M O S N O O '  
T - ' O ' — ' 0 ' î ' - C M n C O O C M O O M S ' J N s f O ' ' - ' û l A ' t ( y  
O O M C O M N ' - M C O i n e O O ( \ J f ' J ( 0 ' t i r e O O C O f V l f O N S  
( M ( M O ' M N O f M > - T - C M n i n » ï K s f r - r - f \ j f v j ^ O O S t \ J  0 0 * - 0 0 0 « — O t- O O O O O O » — ----- o o * - < - o o o o

O  O- S- O  
in oo (Nj cO O  O  O  O

O  O  O  O

LH O' K) O' 
O' CO O  CO O  O  O  O

Kl O- CO O  
* -  CO * -  CO O  O  •- O

o- «- o  «- X  X  
X  X  
X  X

: x  x  x  x  x  s 
X  X  
X  X

r\j o- co o
O  CO (M CO
o  o  o  o

O' O  (NI o  
(NJ CO h- CO 
o  o  o  o

O  O- (NJ O' 
(NJ CO V* CO 
o  o  o  o

N «O S- co o  O  r - C O O ' O r - C N J f ' O ' ï(NJCNJ(NJ(NJ(NI

102

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



OB
S 

FO
RE

CA
ST

 
ST

D 
ER

RO
R 

AC
TU

AL
 

RE
SI

DU
AL

 
FO

RE
CA

ST
(T

R
. 

SE
R

IE
S)

 
(O

R
IG

IN
AL

 
SE

R
IE

S)
14

5 
6.

11
01

 
.0

37
5 

45
0.

37

in O  fM eoN  S  O  O  Vt sj- -<r in

LnOO'I'OOCO'OCM»— o-t— -o»— CNJ'O'O N'-O'MOOO-'-'JIOOinNst'J'O'-
( O N O - M n i O N W O r - Q v f s f M O i n ' O
in'j't'J'J'jininin'ONS'Oin^inin

o  o  eo cm sj- eo m  t> n  co (\j k  ^  in in 'O 'O o  o  o  o  o  o
So- Q- oc> ro >o o> cm

fs- N. co o  o  o  o

0 ' 0 » - r O T - l ^ c o c o c g ' O r v j t n > d - T - ' O r ^ i r > f \ j f \ j r v J C ' J O i ^ O '•4-(\j0'('JS>0(M'JMKi(0'0O0'inc0i0r00'>-inO't(Mi n M M O ' O O ' O N O ' O ' O O i r i ' O O ' f ' K K M M M O ' O ' O O
o » - » - ( M M s f i n r o ( M O T - ( \ j t - ( M w r O ' f i n i n ' j r O ' - ( N i M
'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O'O

'ONCOOO'-CMM-^in'ONCOOOr-Nfnsrin'OSCO'j'jsf'jinininininininininin'O'O'O'O'O'O'O'O'O oo

103

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



RE
GR

ES
SI

ON
 R

ES
ID

UA
LS

•ONNinorniMst'jfM»- CJ o o o o o o o o o o o
Q • ■ • I I I  ■

K»inK>in«—
o o o o o o o o o o o

pororO'-'-'-roMooro 
►- o o o o o o o o o o oo • ............o  . . . . . .

M ' - ' t o m r o o i o i n N W
o o o o o o o o o o o

- o o o o o o o o o

^-rorocofNJMT-O'd-T-eo
o o o o o o o o o o o

< - in M n  w  i\i < - i/uo o  
o o o o o o o o o o o

<\j o  o  rvi in «— r*j 
*- o  o  o  o  o  o

r^»-tMt\J'^o«-forooo o o o o o o o o o

O r - m r o ^ i n ^ s c o O ' O  inininininininininin'O ^  O' O' O' O' O' O' O' O' O' 0

104

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



KA
DS

3I
: 

O
RI

G
IN

AL
 S

ER
IE

S

105

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



106

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



KA
DS

3I
: 

RE
SI

DU
AL

S

107

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



108

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



KA
DS

3I
: 

PA
RT

IA
L 

A
C

F 
O

F 
RE

SI
DU

AL
S

109

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



co
LU
z>

§

i
cc
LU

P5
CO

CO
Si(D S fe 8 S

IO IO IO ^

110

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



KA
D

S3
I: 

TR
AN

S.
 S

E
R

IE
S 

W
IT

H 
IN

TE
R

PO
LA

TI
O

N
S

ill

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



112

: 95
 %
 C.
 I.

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



113

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



Example 5

The example is taken from Hillmer, Bell and Tiao (1983), and uses the 
series of monthly retail sales of U.S. men's and boys' clothing stores from 
January 1967 through September 1979. The model is given by

yt =  «H(T,t) +  £/VTit+ n t<
i=l

VV12n, = (l -  6.B -  02B2)(l -  0,2B,2)a„

where H(r, t) denotes the Easter Effect and XftT,, the overall Trading Day effect 
(see the paper by Hillmer, Bell, and Tiao), which are now the regressors. There 
are seven missing observations, and one of them falls among the initial values 
of the series.
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Example 6

The last example uses the same series and model of Example 4, and 
illustrates a case not considered by Kohn and Ansley (1986): when the number 
of nonestimable missing observations is larger than the number of free 
parameters. A total of 14 observations are removed from the airline passenger 
series; 2 are among the initial values and turn out to be nonestimable.

The first printout (with -99999. indicating the location of the missing 
observations) shows that z(13) is a free parameter, and that the vector (-1 ,1 )  
provides a linear combination of the two initial missing values [z(l) and z(13)] 
which is estimable. The missing observations estimators and the forecasts that 
cannot be estimated (independently of the free parameter) are listed.

By entering the value z(l) =  l  [i.e., logz(l) =  0], the program is rerun. 
The ARIMA model is estimated and interpolators and forecasts are obtained. 
The interpolator of the free parameter, z(13), becomes the estimator of the 
annual rate of growth, and, in the output, the interpolators and forecasts that 
depend on the free parameter are easily identified.
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