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S ta b il i ty  p ro p e rtie s  in a  g ro w th  m odel*

Alessandra Pelloni Robert Waldmann
Warwick University European University Institute

February 1997

Abstract

The inclusion of a labour/leisure choice in endogenous growth models 
has interesting and somewhat counter-intuitive effects. In existing one 
sector models, a condition for indeterminacy is that labour demand is 
upward-sloping, which is difficult to reconcile with the evidence. In this 
paper we give conditions for indeterminacy in a one sector model with 
decreasing returns to labour. We show that this requires that consump
tion and leisure are both highly intertemporally substitutable while the 
factors of production are highly complementary.

*We wish to thank G. Cazzavillan, R. Farmer, M. Salmon and participants in seminars in 
Florence, Istanbul and Warwick for helpful comments. All remaining errors are our own.
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1 In trod u ction

In this paper we study whether the market outcome can be indeterminate in a 
one sector model of endogenous growth, where agents elastically supply labour 
and there are decreasing returns to labour. Recently there has been a renewed 
interest in the problem of indeterminacy of equilibria in growth models.1 As is 
well, known indeterminate steady states are associated with a continuum of ra
tional expectations equilibria driven by self-fulfilling beliefs. These are dynamic 
examples of what Shell (1977) labeled “sunspot equilibria” and have welfare 
properties different from those of equilibria that depend only on fundamentals. 
In a growth framework, the existence of a continuum of equilibria means that 
countries with identical tastes technology and initial endowments will converge 
to the same constant growth rate only in the very long run— while the level 
of income will remain different for ever. This seems an explanation deserving 
investigation for the differences in the growth patterns of the various countries 
observed in reality. The models suggest the possibility that appropriate policy 
interventions will in fact raise welfare, acting as selection devices for equilib
ria that differ during the transition interval. In fact cultural and institutional 
features in general may be seen as playing this same role.

To our knowledge, in existing one sector models a condition for indeter
minacy is the presence of increasing returns to labour in the production of the 
factor that can be accumulated whether it is physical capital, human capital or 
knowledge. That labour demand slopes up is highly controversial and indeed 
very difficult to reconcile with evidence, so these models tend to fail empirically.2 
In this paper we give conditions for indeterminacy in a one sector model with 
decreasing returns to labour. We show that this requires that consumption 
and leisure are both highly intertemporally substitutable while the factors of 
production are highly complementary. A heuristic explanation is the following: 
starting from an optimal path, if one attempts to construct a new equilibrium 
by increasing consumption, then, if the elasticity of substitution of consumption 
is more than one, leisure will increase as well. If the elasticity of substitution 
between labour and capital is low, the reduction in labour supply will cause a 
sharp decline in the interest rate. But with a high elasticity of substitution of 
consumption this can cause an even sharper decline in the rate of growth of

‘See among others, Chamley (1993), Benhabib and Farmer (1994), Benhabib and Peril 
(1994), Benhabib and Rustichini (1994), Gali (1994), Xie(1994), Benhabib and Gali(1995), 
Farmer and Guo(1995), etc.

2See Farmer and Guo(1995) and the comment by Ayagari(1995).
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consumption, which can decline even more than the rate of growth of capital. 
Thus the economy would return to the balanced growth path.

The paper has four sections the first of which is this introduction. The 
second presents a model of unbounded accumulation with leisure in the utility 
function and gives general conditions for indeterminacy. The third provides an 
example by selecting specific functional forms for tastes and technology. The 
fourth draws conclusions.

2 A  M od el

We present a simple endogenous growth model with variable labour supply. 
All worker/consumers are identical and maximize the same CES inter-temporal 
utility function, multiplicatively separable in consumption of the homogeneous 
good C and the amount of labour they supply, L e [0,1]:

roo  a
V  = /  e ----- h(L)dt (1)

Jo 1 — a

where h(U) is twice differentiable and the following two conditions must hold 
for utility to be increasing in consumption and decreasing in labour:

h{L) > 0 (2)

(1 -  cr)h'(L) < 0 (3)
while the following two conditions must hold for concavity:

(l-<r)h"{L) < 0 (4)

h"(L)h(L) > (h'(L))2 (5)

We assume that there is a continuum of competitive firms. As is stan
dard from Romer (1986) we assume that the production set at the firm level is
convex in labour L and capital K  but that average capital K  causes a labour 
augmenting spill-over which is taken as given by each firm, so that the social 
production function is linear in capital. With population normalized to unity 
production Y  is then given by equation 6

Y = F(LK, K) = K F (L , 1) =  K f{L) (6)

2
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where /(0) =  0, / '  > 0, }" < 0. Profit maximization by firms and perfect 
competition give the wage and real interest rate:

and

W  =  K f'(L ) (7)

r  = f(L ) -  f'(L)L  (8)

Equation 9 gives the instantaneous budget constraint consumers face:

K K  K  v ’

The static first order condition for the choice between labour and leisure

(a -  1 )h(L)WC = h'(L)

The consumers consumption savings choice implies:

C h'(L) L 
r P ° C  h(L)

h"(L) . h '(L )\ • W
TW ) + { a ~ ]W ) J  w

( 10)

( 11)

where the second equality is obtained by differentiating the first order condition 
for consumption and leisure 10.

The instantaneous budget constraint 9 and the first order condition 10 
imply:

Differentiating 7 considering 12, and substituting in 11 we get: 

( -<TT w  -  (1 “  °)  T w  +  L = r - p - o %  =
r - p - o ( f { L )  + (l-<T)$far(Lj)

Balanced growth L (whicis not necessarily unique) is then given by:

p = ( l - u ) / ( L ) -  L + <t(1 -  a)
h '(L )j

f'(L )

( 12)

(13)

(14)

The transversality condition that the present value at time zero of the capital 
stock as time goes to infinity goes to zero can be written as:

Um h(L)C °K  exp(-pf) =  0 (15)

3

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



and implies that p > g( 1 — a) where g indicates the asymptotic rate of growth. 
We have g =  (r(L) — p'j /a  with r(Z) being the asymptotic rate of interest. 
The transversality condition then also implies r(Z) > g or p > (1 -  a)r(L). By 
substituting in this last inequality the value for p given by 14 and rearranging 
we get 16 which we will use later.

Z - ( ff- l ) M S -  = Z - - £ < 0  (16)V 'h'(L) W K ’

We now analyse the dynamic nature of the steady state equilibrium. If this 
is stable when the economy is near balanced growth and labour supply drops 
slightly while consumption increases slightly then labour supply returns to its 
balanced growth level and the consumption capital ratio returns to its balanced 
growth level. Such stability implies indeterminacy -  Consumption and labour 
supply can take a range of values each consistent with utility maximization 
and perfect foresight. As is well known, this in turn means that economically 
irrelevant publicly observable variables (sunspots) can effect the economy, even 
if all agents are rational utility maximizers with rational expectations. This is 
of some interest, since the effects of such a sunspot are permanent. The long 
run expected value of labour supply and of the consumption capital ratio are 
not affected by the sunspot, but the level of consumption and the capital stock 
are affected.

The coefficient of Z in 13 is always negative. In fact, 5 can be rewritten as 
> The balanced growth path is then locally indeterminate

if and only if:

L + <r(l- a ) ^ j  f" (L )+ (a  + <x(l -  <r)(l -  ) f U )  < 0 (17)
(h'(L))2

) ) / ' (

In 17 the coefficient of f '(L ) is positive both for a < 1 and for <r > 1; in 
fact 5 implies

1 +  ( 1 - g )(1- W ) ) > 1  +  1 - f f - M  = l  (18)
V A (/i'(L))2 ’ a a y 1

A necessary condition for stability is therefore that the coefficient of /"(Z) in 17 
is positive. From 16 it’s easy to infer that for a > 1 we have L + a { \ - a ) ^ à -  = 
L — a ^  < 0.

A first result is then that for a > 1 any balanced growth equilibrium is 
locally unstable. Since Z is a continuous function of L local instability implies

4
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global instability. Thus, balanced growth equilibrium is unique for a greater 
than one.

In contrast, for any a less than one, for any h(L) such that 19 holds there 
is a production function such that the economy has a stable and indeterminate 
growth path.

l - " ( " - l ) £ § > 0  (19)

For stability it is necessary that L —ofa is positive. L - a ^  =  L+ct(1—e r)p ^  is 
increasing in L as for <7 < 1, h(L) is decreasing in L while | h'(L) | is increasing 
in L. Therefore assumption 19 and the fact that — is negative allow us to 
infer that there is a L* such that L* — a =  0. From 16 we can then see 
that if L'is the balanced growth labour supply, the transversality condition is 
respected. L* is the balanced growth labour supply if p =  (1 — a )f  (L*). Now 
consider L "  slightly greater than L". The right hand side of 14 is continuous 
in L so L** is the balanced growth labour supply for some positive p close 
to (1 — a)}  (L*).3 Since L — is increasing in L, this means that for any 
a < 1, for any h(L) such that 19 holds there is a positive p such that, in 
balanced growth Z, inequality 20 holds

l ~ a ^ >  0 (2°)

Notice that f"  does not appear either in 14 or in 20. This means that we can 
consider different production functions which give the same balanced growth 
Z and the same balanced growth £(Z) and f'(L) = ^ (Z ) but have different 
/"(Z). In particular , for fixed balanced growth (Z)L, £(Z) and ^ (Z ), there is 
a /"(Z) so far below zero that the condition for local stability 17 holds.

In conclusion we have shown that for any a less than one, for any h(L) 
such that 1 — a (<r — 1) > 0, there are p and f(L ) such that the balanced
growth path is stable and indeterminate.

To sum up, for stability to obtain it is necessary i) that the elasticity of 
substitution of capital and labour is low so that the wage falls sharply and the 
interest rate rises sharply as labour supply increases and ii) that a is small so 
that the marginal utility of consumption declines only slowly as consumption 
increases.

A heuristic explanation of the importance of a high elasticity of consump
tion (<r < 1) for stability is the following: for stability it is necessary that if the

3For stability it is necessary that L - t is positive, so for p =  (1—<x)/  (L '),the equilibrium 
is unstable. This means that differentiating 14 we have (L") <  0 .

5
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initial consumption to capital ratio is slightly higher than balanced growth con
sumption to capital ratio then the rate of growth of consumption is lower than 
the rate of growth of capital. High initial consumption can imply a low rate of 
consumption if leisure is a normal good (as it must be if a < 1) so high initial 
consumption implies low initial labour supply. If the elasticity of substitution 
between labour and capital is low the reduction in labour supply will cause a 
sharp decline in the interest rate. But with a high elasticity of substitution of 
consumption this can cause an even sharper decline in the rate of growth of 
consumption which can decline even more than the rate of growth of capital. 
Thus the economy can return to the balanced growth path.

A simple diagrammatic analysis can help in clarifying the issue of the 
stability of equilibrium. Figures 1 and 2 show, as functions of L, the £  curve, 
that is, the budget constraint, and the ^  curve —which equals £ if L — Z is 
constant. At balanced growth Z the £  curve intersects the ^  curve. If the $  
curve cuts the ^  curve from above, as in figure 1, the balanced growth path 
is stable, while if the £  curve cuts the ^  curve from below, as in figure 2, the 
balanced growth path is unstable.This is clear from inspection of equation 13, 
given that the coefficient of Z in the equation is always negative. 4

2.1 A n Exam ple o f D ynam ic Stability

In this section we provide an example of an endogenous growth model with 
elastic labour supply with a dynamically stable and indeterminate balanced 
growth path, by choosing specific functional forms for h(L) and f(L ). We 
consider the case in which

On the technology side we consider a CES production function with a 
labour augmenting spill-over to capital and elasticity of substitution of ,<j>

4Notice that both the curve and the £  curve always slope up. In fact for the former 
this is immediate since the rate of interest is increasing in labour. For the latter differentiating 
the right hand side of 9 with respect to labour we find:

as we know from 18 and the conditions for concavity of /  and the utility function.

h(L) =  (1 -  L)l~x (21)

6
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must be less than one for the production possibilities set to be convex. So we 
have:

Y  = A (a(KL)+ + (1 -  a) K+) * (22)

where A is a scale factor and a e (0,1).
Using the fact that L* =  where S i  indicates the income share of

labor and rearranging inequality 17 becomes inequality 23

~ g ) \
( i-x ) J ( l ~ S L)+cr (2 -  g -  x)

( i - x ) )
CT (<j> -  1) (1 -  a) (1 -  SL)

(i-x )
(23)

We introduce the variable v = -, that is the ratio between the interest rate ands ’
the balanced growth rate in balanced growth. Notice that the transversality 
condition implies that v is greater than one. The balanced growth labour supply 
can be expressed as

L =
1— <t Si.
i - x w s n

11.
0 - S i )

i - ’ -xi-x + fc1
(24)

To obtain 24 we have proceeded as follows. Noticing that p = r( l  — 2) 
and recalling that r = f  -  L f ,given the specification in 21 for h(L), 14 can be 
rewritten as — jj = —/  + -j5f(l — T)/',and given 22 as:

( . ) i - 1 = -  ( .) i  + i - ^ ( l  -  L) ( . j i - 1 L*~l (25)

where (•) = (aL* + 1 -  q) = ^^.Sim plifying, noticing that L* = 1̂~°̂  and
rearranging we get 24.

Substituting the expression for L given in 24 in 23 we finally obtain:

(0 -  1) ( .  (1 -  ft) ^  + 5t(1 -  »)) < ^  j  - 2 (26)

As the right hand side of this inequality is negative we need for the inequality 
to hold that the left hand side is negative as well, that is

<7 < vSj
v + Sl -  1 (27)

Notice the higher is v, the lower is Si, the lower must be a for 27 to hold. In 
conclusion a necessary and sufficient condition for stability to obtain is 26, which 
implies 27. Inspection of 26 shows that for any value of a respecting condition

7
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27 there is a value of 0 low enough to give rise to indeterminacy. Notice that 
stability is possible only if 0 is negative, since

(t S i , a-fx-2
C T Ï  i-x

g g+X-2
ïï^siy i-x

(<r(l -  SL) i f i  + S d l - a j )  (<r(l -  SL) ^  +  1 - a )
< -1 (28)

In fact the denominator of the fraction is always less than one, while the numer
ator is always less than minus one since < — 1 can be rewritten, given
« 7 < l , x < l ,  as<j + x >  1,which is implied by condition 5 for concavity.

3 C on clu sion s

We have given general conditions under which a model with one good produced 
under constant returns to capital and decreasing returns to labour, i.e. featuring 
a downward sloping labour demand, can have a stable balanced growth path, so 
that sunspots can matter. We have shown that for indeterminacy we need a low 
elasticity of substitution of labour and capital and an intertemporal elasticity of 
consumption less than one i.e. that the marginal utility of consumption declines 
slowly with consumption.

8
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