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A  Bartlett correction factor for tests 
on the cointegrating relations

Spren Johansen,
European University Institute, Florence 

March 1999

Abstract

Likelihood ratio tests for restrictions on cointegrating vectors are 
asymptotically x2 distributed. For some values of the parameters this 
asymptotic distribution does not give a good approximation to the finite 
sample distribution. In this paper we derive the Bartlett correction fac­
tor for the likelihood ratio test and show by some simulation experiments 
that it can be a useful tool for making inference.
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1 Introduction

In this paper we derive a Bartlett correction for the test on the cointegrating 
relations in the vector autoregressive model for the n —dimensional process X t 
given by

*-1
A Xt =  a(0'X t-1 +  p' Dt) + "y '  TjAXt-i + + et, t = 1 ,... , T  (1)

i=i

where et are i.i.d. Nn(0, fi), the initial values are fixed and dt (nd x 1) and Dt 
(no x 1) are deterministic terms, like constant, linear term etc. The matrices 
a and 0  are (n x r) and the matrices Tx, . . .  , T*:_1, are (n x n, $  (n x nd) and 
p(riD x 1). For the analysis of this paper we assume that X t is /(1). A typical 
example of the deterministic terms is to let dt — 1, and Dt = t, corresponding 
to having a linear trend in the process and trend stationary combinations 0 'X t. 
The formulation below also allows, with minor modifications, the possibility 
that no and nd are zero.

The likelihood ratio test for hypotheses on 0  has been treated in Johansen 
and Juselius (1990) and Ahn and Reinsel (1990), and it is known that it is 
asymptotically \ 2 distributed, despite the fact that the asymptotic distribution 
of the estimator is mixed Gaussian. The finite sample distribution, however, is 
not always well approximated by the asymptotic distribution, see for instance 
Fachin (1997), Jacobsen and Gredenhoff (1998), and Jacobson, Vredin, and 
Warne (1998), Haug (1998), to mention a few of the many studies of the finite 
sample properties of the test of restrictions on 0.

We derive here a correction term to the likelihood ratio test statistic for 
hypotheses on 0  with the purpose of improving the approximation to the asymp­
totic x 2 distribution. The correction is the so-called Bartlett correction, see 
Bartlett (1937). For a recent survey of the theory of this type of correction see 
Cribaro-Neto and Cordeiro (1996). Briefly the method consists of calculating 
the expectation of the likelihood ratio (LR) statistic in the form —ILogLR  for 
a given parameter point 6 under the null hypothesis. Usually it is not possible 
to do this explicitly and one can instead find an approximation of the form

E[—2 log LR] ~  A(1 + - j r - ) ,

where A is equal to the degrees of freedom for the test and B(6), shows how the 
remaining parameters under the null hypothesis distorts the mean and hence
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the distribution of the test statistic. The idea is that the quantity

—2Log LR

1 + ^

has a distribution that is closer to the limit distribution, see Lawley (1956) for a 
proof of this statement under classical i.i.d. assumptions, that are not satisfied 
in the 7(1) model.

The model (1) is characterized by dimension (n), cointegrating rank (r), 
lag length (k ), the number of deterministic terms restricted to the cointegrating 
space (no), the number of unrestricted terms (nd) and finally of course the value 
of all the parameters and the sample size (T ).

The main result presented in Section 4 is that the Bartlett correction is 
a function of the parameters through only two functions, and various combina­
tions of the above characteristic numbers. We find for instance for the test that 
0  = Hip, (H(n x s)) that A = r(n — s), and for m =  n +  s — r  + 1 + 2no

B(0) =  f^m + nd + kn} + -[(2(n -  r) +  m)v(a) + 2(c(a) +  cd(a))].
2 r

The coefficients v(a),c(ct), and cd(a) are given in Theorem 5 below. This 
result implies that one can see for which combinations of the parameters the 
usual x2 approximation breaks down, and more constructively when it is use­
ful. In between there is an area where the Bartlett correction can serve as an 
improvement to the usual asymptotic results.

The plan of the paper is first to establish in Section 2, that a number 
of hypotheses can be given a general formulation as tests in a reduced rank 
regression model. In Section an expansion is given of the estimators of this 
reduced rank regression, and then an expansion is given of the log likelihood 
ratio test statistic. In Section 4 the main result on the Bartlett corrections are 
given and the results specialized to the models discussed in Section 2, and finally 
in Section 5 some simulation experiments are conducted which show that the 
Bartlett correction is a useful addition to the usual asymptotic analysis. The 
very long and tedious proofs are given in an Appendix.

2 The models and the hypotheses

We define in this section three models by restrictions on the cointegrating re­
lations. All models can be analysed by reduced rank regression, see Johansen

2
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(1996) for a detailed analysis of the models. The models allow deterministic 
terms of a suitably simple type, that covers many of the usual situations. We 
show how the correction term for the test of each of the models can be cal­
culated simply if we have the correction term for a simple hypothesis, and we 
show for each of the models how to formulate the test of a simple hypothesis 
as a test in a reduced rank regression, such that all the tests can be given the 
same uniform formulation.

• Mo Unrestricted cointegrating space

The model is given by the equation (1) with unrestricted parameters.

• M i  Same restriction on all cointegrating relations

The model is defined as a submodel of Mo by the same restrictions on all 
cointegrating relations which can be expressed as

0  = Hip,

where H is (n x s) of rank s and known, r < s < n, and ip is (s x r) and 
unknown. The likelihood ratio test of Adi in Mo, satisfied

—2\ogLR(M \\M o) X2{r in ~ «))•

The restrictions on 0  can also be expressed as restrictions on (0, p) in the 
form

0„*
V,

with ip(s + riD,r). One could also define a model by restricting simulta­
neously both 0  and p but the present choice seems more relevant for the 
applications.

• M 2 Some cointegrating relations known
The model is defined by the restrictions

where the matrices P® (n x rq) of rank and p\ (no x q )  are known 
and the matrices V’i (o  x iq), tp2 (n x r2), and p2 (no x r2) are unknown

3
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(r = ri +T2), corresponding to prespecified coefficients 3° and p° in sonic 
of the cointegrating relations. The likelihood ratio test of Ad? in Ado. 
satisfied

- 2 logLR(M 2\M q) x 2(r \{n + nD -  r)).

It would also be relevant to formulate here the restriction that only 0  was 
partly known. This model, however, can not be estimated by reduced 
rank regression and the analysis given below would have to be modified.

In the following sections we derive a correction factor for test of a simple 
hypothesis on 0  and p in each of tjie models Ado, Adi and Ad2, and apply these 
to derive a correction factor for the test of Adi in Ado and M2 in Ado using the 
following trick:

To test Adi in Ado, say, we take a parameters 0° =  Hip0 and p° corre­
sponding to a parameter point in Adi- We define the concentrated likelihood 
function L(0,p), and find the likelihood ratio test

L R (M \\M q) maxp=H^p L{0, P)
m a x ,L(0, p)

max.0=0g p=ffl L{0, p) m ax ^ o  p=ffl L(0, p) 
max,^ L{0, p) maxg=Ĥ ,P HP, P)

LR(0 = 0°,p  = p°\M o)/LR (0  = ( f ,p  = p° | Adi),

such that
—2 log LR (M  11 Ad0)
= - 2  log LR{0 = 0°,p=  p°|Ad0) + 2 log LR(0 = 0°,p = p°|Adi).

Hence we see that the correction for the test we are really interested in, namely 
Adi in Ado, can be found as the difference of the corrections to two tests of 
simple hypotheses on 0  and p in Ado and M2. Thus, if we can find a general 
result which allows us to derive a correction for a simple hypothesis on 0  and p 
in these various models, then we can derive the corrections by subtraction.

2.1 The determ inistic terms

The correction will depend on the deterministic terms and in order to get rea­
sonably simple expressions we assume that they satisfy the relation

dt+h = M hdu h = ...  , - 1 ,0 ,1 , . . .  (2)

4
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for some matrix M  with the property that

\eig{M)\ = 1. (3)

Further we assume that

A A  = K'dt. (4)

for some (nd x no) matrix K. Finally we assume that (Dt, dt)J=1 are linearly 
independent. Thus we allow for instance d't = (1 , t , t 2) and Dt = t3, in which 
case

M  =
1 0 0 \  /< 1
1 1 O 11 - 3
1 2 1 /  'v 3

and M has eigenvalues equal to 1. If Si, s2. and s3 are quarterly dummies we 
can consider combinations like d't = (1, t, Si(t), S2U), s3(t)). In this case we have 
Si(< + 1) = Si(t) = l - S i ( t ) - s 2{ t ) - s 3(t), s3{t+ 1) = Si(<), and s3(< + l) = s2{t) 
such that

(  1 0 0 0 0 \
1 1 0 0 0
1 0 -1 -1 -1
0 0 1 0 0

\ ° 0 0 1 0 /
which has eigenvalues ±1, ±i. Note that intervention dummies are not covered 
by this formulation and will give rise to more complicated formulae.

Lemma 1 I f Xt is 1(1) and given by equation (1) and if (2), (3), and (4) hold, 
then E(P'Xt^i + p'Dt) and E (A X t) are linear functions of dt.

Proof. From Granger’s representation theorem, see Johansen (1996), we 
find that the process can be represented by

1
Xt =  C  ^  ](cj +  "I’dj) +  C(L)(et 4- atp'Dt +  'Fd;) +  A,

1=1

where C(z) — Czzl. and A depends on initial conditions, 0'A = 0, and

C = 0±(a'± T0x )-1a'±.

5
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E (A X t) = C $d£ + C(L)(ap'K' + $A  )dt 
=  [C* +  (E S o Ciiap’K'M-* + $ (M -  -  M _’_1)]d( = K ^dt.

say. Taking expectations in (1) we find
*-i

K'Adt = a E t fX t- i  +  p 'A ) + J 2  r iK ^M -'d t + *d„
1=1

which shows the result for E{0'Xt- 1 + p'D,). Note that the result that M h 
grows at most as a polynomial in h, see Lemma 10, shows that the sums are 
convergent, since C, axe exponentially decreasing. ■

We next show how the simple hypotheses on 0  and p in Mo, M i, and 
M 2, give rise to regression equations which can be given the same formulation. 
This allows us to derive all the results from one general reduced rank regression 
equation.

2.2 A simple hypothesis on /? and p in M o

The model equation is given by (1) and we consider the hypothesis: 0 = 0O, p = 
p°, such that

k-l
A X t = a(0°'Xt^  + p°'Dt) + +  e„

1=1

which is easily estimated by regression of A X t on P°'Xt + p°'Dt, lagged differ­
ences and dt.

It is convenient for the calculations to reparametrize the model defining 
new parameters and regressors which involve the true value. In the following 
subsections we therefore need a notation for the true value of the parameters, as 
well as for the parameters of the model. We also need a notation for the estima­
tor under the null hypothesis and one for the estimator under the alternative. 
Thus for instance we let a  denote the parameter, a 0 the true value of the pa­
rameter, for which we calculate the expectations, d  the reduced rank estimator 
in the model and a  the regression estimator under the null hypothesis.

We use the notation
it-i

*  =  (A ,. . .  ,r*_i), r  =  /n - £ i \ .
i= l

It follows that

6
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Note that

(In -  cr)p± = (/„ -  / ^ K r  01r 1a'1_r)0± = 0.

such that for 0  = 0(0'/3)_1

(/„ -  CT) = (/„ -  CV)(00' + 0 J '±) = (In -  CT)00'.

We therefore decompose the process into stationary and non stationary compo­
nents:

at, = (in -  c° r°)0o0o,xt + c°r°xt.

We find, using the true value of the parameters,

/3% -i = 0'(ln -  C°T°)f0^Xt^  + 0'ff±(a°T°/?°y^T ^ X t-i. (5)

We choose new parameters

1>' = 0 '( ln -c r ° )0 °  ( r x r )
S[ = 0'00L (r x (n — r))
S2 = p' -  ip'p0' (r x n D)

such that the old parameters in terms of the new are given by

0' = <$i(a°T°/?([)“1a°T 0 + iP'0°', p' = <5'2 + iP'p01.

The hypothesis 0  = /3°, p = p° is expressed in the new parameters as 
<5 = 0, ip = Ir. The model equation (1) with the new parameters is

A X t =  m l/V F X t-i + p°'Dt) + Q(6'1(a°T°/3,})_1Q°T0Xt^1 + 6'2Dt)
+  E t i 1 I \ A A ) _ j  4- +  Ef

Notice that the model is overparametrized since

ar)', ipr]-1, Sr]*1

give the same probability measure as (a, ip, 6) for any r) (r x r) of full rank. We 
can achieve just identification by choosing ip = Ir, that is, by absorbing ip(r x r ) 
into a(n x r) and adjusting 6 accordingly. The hypothesis of interest is then 
<5 = 0.

In the (reduced rank) regression (6) we use the result that 0°'Xt-i  + 
p°'Dt and A X t have a mean that is linear in dt, see Lemma 1, and that $

7
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enters unrestrictedly, to replace the regressors +  p°'A  and the lagged
differences with the stationary regressors

Vt- i = -  -Eo(/3°%-i), (7)
Z£_! = (AX't_1-Eo(AX't_1) , . . . ,AXt_k+i-Eo(AX't_k+1))'. (8)

We also want to replace the regressor (a®T0/3<[) -1a ° 'r0Xf_i by something 
simpler without changing the statistical model and hence the test that 6 = 0. 
We find by summing equation (1) that

k-1 l
a'±(Xt -  X0) = a'± J 2  ~ * - i )  + a'± + *d,).

1=1 t =  l

By subtracting a jT iX t on both sides and replacing t by t — 1 we get

k- 1 £-1
= a'±X0 Hh a’± ^  r {(XM  -  Xt_x -  X . {) + a’± ^ ( e i  + *4).

t=i *=i

Because we are correcting for lagged differences in the regression (6) we can 
replace (a°,r 0̂ . ) _1a “T 0X(_1 and Dt by the non stationary regressor given by 
the common trends

Dt

where Ao depends on initial conditions.

The model equation (6) in the new variables and with suitably redefined 
parameters becomes

AXt =  aVt-i +  ot6' At-1 + 'I' Zt-1 + $  dt +  £t, (10)
(«) (r ) (n -r+ n c ) ((*—l)n) (nd) (n)

where the dimensions are indicated below each variable. The estimators for 
the parameters 6, a , <I>, and fl can be found by reduced rank regression of 
A X t on {Yl-t, AJ_j) corrected for Zt-\ and dt. Under the hypothesis 6 = 0 the 
parameters can be found by regression of A X t on Zt~\ and dt.

Later we shall choose At_i such that it is orthogonal to the deterministic 
term dt which simplifies some notation. Note that if Dt = 0 then, of course, we 
do not extend the process, and At- 1 is defined entirely in terms of the random 
walks, and initial values. Note also that if dt contains a constant then, when 
correcting for dt, the initial values disappear.

8
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2.3 A sim ple hypothesis on 0  and p in m odel M i

In model M i  the cointegrating vectors 0 are restricted as 0 = Hip (ip(s x r)) 
and equation (1) is

*-i
AX£ = a(ip'H'Xt^  + p'Dt) + J 2  + <*>dt + et. (11)

t=l

We consider again the simple hypothesis 0  = Hip0, p = p°, corresponding 
to a point in M \ . We want to show that by introducing the true parameters 0°, 
p°. . . .  as before we can reformulate the equations to have the form (10). such 
that a test of a simple hypothesis is a test that <5 = 0.

We decompose the process X t-i  using the true value of the parameters 
and find

/?% -i =  tP'H'(in -  c f>r o)0o0p'xt-i + ip'Hl0o±(a°iro0oLy 1aot r ox t-i.

In this case we have that 00 = Hip0 implies that 0°L = {H±, H(H 'H )~1ip°±) 
and hence

0'0°± =  iP'H'00± = ip'ip°± (0(s_r)x(n_s), / s_r).

We introduce the new parameters

ip'i =  ip'H'(In -  C°r°)0° ( r x r )
6[ = ip'ip°± (r x (s — r))
6'2 =  p' -  ip'iP0' (r x nD)

since then 

ip'H'Xt- 1 + p'Dt
= iP'i(0°'Xt-i + p°'Dt) + <5'1(0(s_r)x(n_s), + 6'2Dt.

The hypothesis is formulated as 6 = 0, ip1 = Ir. We let and Zt- 1 be 
defined by (7) and (8), and replace in this case the (s — r)—dimensional non 
stationary regressor

(0(s- r)x(n-j), / s-r)(Qir°/3° )_1a®'r°A'(-
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with s — r linear combinations K\ of the common trends extended by D, :

A - i —r_ (  Ko + K ^ j y - ^  + ^ d , )
D. ) (12)

for some matrices K0 ((s — r) x 1) depending on initial conditions and h \  ((s — 
r) x (n — r)). Equation (11) then becomes

A X t = aVt- i  + a6' A t-i +  Zt-1 +  3* dt +  £<, (13)
(n) (r) (s -r+ n D) ((k -l)n ) ("<i) («)

where ip[ is absorbed in a  and the remaining parameters are adjusted accord­
ingly such that also Zt~\, and Vt~i have mean zero. The hypothesis of interest 
is 6 =  0, which corresponds to p =  p°, 0 = 0° = Hip0.

This equation has the same structure as (10) except that the dimension 
of j4(_i is changed to s — r  4- n D.

2.4 A simple hypothesis on (3 and p in m odel M 2

Again we investigate a simple hypothesis on 0  and p which can be formulated 
as ip2 = 0°, P2 =  P%- Tlle parameter a  is decomposed corresponding to the 
cointegrating parameter into a  =  (aq, a 2) , such that

a{&X t_! +  p'Dt) =  + p?'A) + +  p'2Dt).

In this case we absorb ip\ into Qi and include the regressor 0 ^X t-\ with 
the lagged differences Zt_ 1 instead of with Vt-\. We then decompose the second 
component ip'2X t-\  + p2Dt of the process as

ip2X t-i + p'2Dt
= (ip'2(in -  c 0r 0) £ V % - i  + ip'20o_L(a*ro0o±r 1aoi r ox t- 1 + p'2Dt. 

Now

ip'2(in -  c oro)0°0wxt- l + <p'20%Xt-i,

so that

« - 1  +  p jA  = +  Pi'Dt) + <P'2(0°2'Xt. 1 + p°'Dt) + S'At.

10
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We have defined the parameters

(*i,0a) = '̂2(/n -  C °r°)'f (r2xn ) . ( r2x r2)
<5'l = V»2J®X (r2 X (n ~ r ))
S'2 = p1 -  -  </>2p°' (r2 x nD).

The hypothesis of interest in the new parameters is <5 = 0, = 0, <p2 = fr2 ■
The process At- i  is defined by (9) such that the equation becomes

AX.t — a 2Vt-\ +  oc26 -f- Zt—i + dt + St» (14)
(n) (rz) (n -r+ n o ) (n + ( * - l ) " )  (nj) (n)

where

Vt-\ = f i 'X t .  i (15)
^ -1  = ( X ' ^ A X ^ ........A x ; .w )' (16)

both corrected for their mean, and where again a, and $  have been redefine 
to accommodate the change in regressors. It is seen that equation (14) is of the 
form (10), with a changed definition of Vt-x and Zt~\, since the assumed sta­
tionary combinations P^'Xt-1 — X t-\)  are moved to the lagged differences.
The hypothesis can be tested as <5 = 0, as the other restrictions are absorbed in 
a and ty.

Thus in a general formulation that covers all the hypotheses we are inter­
ested in, we need to allow the dimensions of the var iables entering the equation 
to be different from the those given in (10). But we still need to preserve the 
properties that under the null hypothesis the process { V ^ ,  Z't_x)' is a mean 
zero stationary autoregressive process, and that Vt_i and 6'A,_i have the factor 
a  (or a 2) in front. All models (10), (13), and (14) have the property that they 
can be solved by reduced rank regression and that under the null hypothesis,
5 = 0, the model is solved by simple regression.

3 A  general reduced rank equation and an ex­
pansion of the estimators and the test statis­
tic

In order to cover the different cases considered in Section 2, we discuss the 
expansion and Bartlett correction of the likelihood ratio test for the hypothesis
6 = 0 in the equation

11
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Model nv na nz s
M 0 r n — r + tid (k -  l)n Q
M i r s -  r + n D (k — 1 )n a
m 2 r2 n — r + no r, + (k -  l)n a 2

Table 1: The choice of dimensions in the general regression model (17) which 
corresponds to the hypotheses discussed in Section 1.

AXt — £V(_i +  Zt~i +  $  dj +  £,, (10
(n) (n„) (na) (n,) (nd) («)

where e, are i.i.d. 7Vn(0, fi) and the parameters (£, < 5 , d>, fl) vary freely.

This notation covers the different situations considered for suitable choices 
of the regressors Vt-i, At-\,  and Zt-i,  and their dimensions, see Table 1.

In all cases the variables Vt-i  and Zt-i  axe, under the hypothesis 6 = 
0, stationary with mean zero and At-\ is a linear function of ^ * =1(£, + 
$°dj), with =  q° or a°- Note that the stacked (r +  (k — l)n )— dimensional 
process Yt = (V/, Z't)' is the same for all cases and contains (3'Xt and the lagged 
differences corrected for their mean.

The very detailed calculations in this paper continues the work in Johansen 
(1999) where the correction was found for the model where sp(£) is known. The 
result derived there provide the main term of the Bartlett correction in the 
situation where £ is unknown and we therefore briefly discuss this situation in 
the next subsection. We then give an expansion of the reduced rank estimator 
around the regression estimator valid under the null hypothesis and finally we 
derive an expansion of a simple hypothesis for 5 =  0.

3.1 The analysis for fixed £ =  £°

Note that if £ =  where £0 is known the model equation is

AX, = ? j V t - i  + f f A t - i  + ^Z,_! + +  et,

which implies, for (° = ^0(^0,̂ °)“1, that

l° 'A X t = f'V t-i + 6'At-i. + fV /Z t- i  + ? * d t  + l°'et 
(.°[AXt =  t f ? Z t - i+ & * d t  + &.et.
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Hence the model for given £°'AA( and the past is

l°'AXt = uBt + JVt-! + 6'At_i + ( f  -  u&VZt-!  + ( f  -  «C?)W, + h,
(18)

for

Bt = & A X t, u = f°'n£'(£'f2£ )-» ,

and

e« = f e t  -  w £ e , = (^ 'fT 1?0) - 1̂ -1^

We define the normalized error

£/t =  (€°'n0- 1€°)-4^0'ni0- 1e„

such that for the true value of the parameters

i t = ( e ^ e r ^ .

We define the product moment matrices M  for the variables AA't. Bt. et. Ut. 
and dt at time t but Vt-i, At- 1, and Z(_i lagged one period. Thus for instance

t /  A X t \  /  A X t \  ' /  Mqo Mov Mot \
5 3  h - 1  = Mv0 M„„ MV£
t=1 V et /  V e( /  \  M£o M£U M££ /

We also use the notation for any three process X, U, and V

Muv.x = Muv -

and in particular we use a notation for the moment matrices corrected for the 
lagged differences Zt~i and dt. since many results look a bit simpler this way

Suv Muv z,d — Muv MudMdd M(iv MuzdAIzzdMzvd.

These moment matrices are natural when the likelihood function is concentrated 
with respect to 'I' and The maximum likelihood estimator of 6 (for known 
£ = £°) is found by regression in (18)

*K°) = M ^ zAdMa0,u,z,b,df  = S ^ v,bSa0.v,bl°
= t + s ^ s ^ n - ' e i e ^ e r 1-
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The test for the hypothesis <5 = 0, (still for known f°) is under the hypothesis. 
5 = 0, equal to

LR  2/T(i5 = 0|£° known)

(19)

say, such that

- 2  log LR(6 = 0|£0 known) =  tr{Q} + ^p tr{Q 2}. (20)

We use here the notation = to indicate that we have kept terms of or­
der T~d. An approximation to the expectation of —2 log LR. given by (20) was 
derived in Johansen (1999) and turns out to give the main contribution to the 
expectation derived in this paper.

3.2 The first order conditions for the estim ation of £, 6,

In the rest of the paper we refer to the true value, the one for which we calculate 
the expectation, without the superscript since that simplifies the notation. We 
express the results below in the notation for the concentrated model, where the 
parameters if and $  have been eliminated, that is, we use the moment matrices 
S  rather than M.

The maximum likelihood estimators based upon (17) will be denoted by 
6, £, and Q. The first order conditions for the estimators in model (17) can be 
solved for each of the variables as

and f l

£ — (Rov + Roafi)(Rvv + 6 Sav + Sva6 + <5 Saa6) 1 ( 2 1 )

Ò = T -1(Soo -  £(S„„ + S'sav + Sva6 + 6'SaJ)l') ( 22)

6 = s - H S a o n - ^ 'f r 1!)-1 -  s„). (23)
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Note that the equations cannot be solved simply, since the estimators are 
expressed in terms of each other.

Under the null hypothesis 6 = 0, the estimators are

k = 5o ,5 -‘ =  £ + SCVS~'
Cl = T -1(Soo -  SovS^Svo) = T~1St£v.

We next need a result about regression estimators for stationary processes and 
the type of deterministic terms we consider.

Lemma 2 Let St = 8,£t-, with 8i decreasing exponentially be a stationary
process, and let dt satisfy dt+\ = Mdt, with |ei<?(M)| = 1, and let

V = M ^M d„

then

y'M uf, = MsdM ^ M ds 6 Op(l). (24)

This result follows from Lemma 11. We next expand the estimators l, Cl 
and 6, not around the parameter point (£, fl, 0), but around the estimator under 
the null (£, Cl, 0).

Theorem 3 The estimators £, Cl, and 6 can be expanded around £, Cl and 0 
respectively:

I  -  C = [Scaj  -  & s aa~6 -  & S m]S £  + Op (T~2) (25)

(Cl-Cl)
= T - 'lS e a J t  + & S ae v -  & S aM '}
+ T -1(ScaJ  -  & S av -  t(~6'SaJ } S ^ i6 'S ae.v -  Sva~6( -  S'saâ '}  + Op(T~i)
=  T-'ClQo +  T^ClQi +  Op (T~ I )

(26)

6 = S ^ S ^ C l - 'a fC l - 'k ) - 1 + O p iT - 's J ) .  (27)
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The expansions can conveniently be expressed in terms of a projection 
matrix

p  = p ( i n )  = ç ( | 'n -1ô - 1ç n - 1.

since

=  P ( l  Cl)Sea.vS ^  + Op (T~1S ^ ) .  (28)

Proof. Proof of (25): From (21) we expand and find with £ — £ = ScvSvf

l  = (S0v + S0a~6)S-1 -  (5c + 50ô )5-1(6'5o„ + Sva6 + 6'Saa~6)S^ + Op (T~2) 
= £ + [50a5 -  + Sva6 + s 's J ) } S ^  + 0 P(T -2).

We further have

5oa<5 -  £(Sva6 + 6 S av + 8 Saa6)
= (5ea + £Sva)6 -  £(Sva6 + 6 S av + & 5aa<5) 
=  Sea.v6 -  £s Saa8 — £é Sav,

since

5()„ — f S va — S'en ~ (£ ~ f)Sva — 5£a — SCVSVV Sva — S,:av. (29)

which proves the result.
Proof of (26): From (22) we find

TQ = 5oo " £(SVV + 6 Sav + Sva8 + 6 Saa6)£
= 5oo — (Sqv +  S0a~6)(Svv +  6 Sav + Sva6 + 8 Saa8) 1{SVo + <5 5ao).

We now expand the last term and keep terms of order T  F Throughout 
we use £ =  S0vS~f. Then

( 5 c  +  Soa~6){Svv +  5 Sav +  Sva6 +  8 Saa6) l (Svo 4- 8 Sao)

= (5 c  +  S0a6)[S-1 -  5 - 1 (6'sav + Sva8 +  S ' S ^ S ' 1 
+S~1{(6,Sav + Sva6 + a'5aa«)5-1}2](Srt +  8'Sao)'

= 5 c 5 ”„15„0 + £S Sa0 + S0a6£ -  £{8 Sav + Sva8 + 8 Saa8)£ 
+S0a6S-y6'Sa0 -  £(6'Sav +  Sva8 + S'Saa^SffS'Soa 
-S c a S S tf t f  S„  +  Sva8 + 6'Saa~6)£'
+£{8'sav + Sva6 +  $ S a J ) S £ t f s „  + Sva8 + 6'saa6)£'.
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The main term combines with Sqo to give

TÙ = Sqo — SoyS^Svo.

The term of order T° is

ÇÎ Sa0 +  SoaH —(,(& Sav +  Sva6 + 6 Saa6)f 
=  £6  (Sa0 -  Sav£ ) +  (Soa -  ÇSva)6Ç -  Ç6 Saa6Ç
= £<$ Sacv + 5ea.v^  -  (6 SaaÔÇ , 

where we have used (29). The term of order T -1 is

[5oa5 -  t i t  Sav + S jS  + «'SjfoS-MS'SaO -  ( ï  Sav + Sva6 + ê'SaaSK} 
= [S’ea.uÆ ~ &  Sav ~ &  Saa^S^lô Sae.v -  Sva6£ -  6 SaaH ]

Proof of (27): Prom (23) we have

6 = 5 - 1(5o0n - 1| ( | ' n -1|) - 1 -  sav)

Since £ — £ and Cl — Cl are both in Op{T~l ) and SoaSffSao G Op( 1), we find 
that

6 = S ^tfa o C l-'a s 'C l- 'O -1 -  Sav) + O p iT - 's J ) .

The main term can be reduced as follows:

S ^ iS a o C l- 'a tn - 'k ) -1 -  Sav)
= s-fdSae + SavO n-'S ik 'n -'O -1 -  Sav)
= S £ s atn - W n - It ) - '  + SffSavif -  o n - 'c K 'n - 1? ) -1 
= s - f S a e C i - ^ n - 1̂ ) -1 -  s^SavS^Sv'C i-H C t'C i-'k)-1 
= s £ ( s „  -  SavSffsve)Ci-ia t , n - 1f ) - 1

This completes the proof of Theorem 3 on the expansion of the estimators.
■

We conclude this section by stating the theorem on the expansion of the 
likelihood ratio test for 6 = 0, in (17). We find

lf?'t (6 =  0 ) =  S  =  $ ~ $ ~ M  =  |/n _  n - ! ( f t  -  0 )1
|0 | ]0 |
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such that

- 2  log LR = -T lo g \In - Q - \ t l - Q ) \
= T tr{Ù -\Ù  -  Ù)} + Ztr{(Ù~l (Ù -  Ò))2}.

We apply Theorem 3 and find that, see (26),

Ù -  n  = T-'ÙQo + T-tflQ ! + O p(r-S),

such that

—2 log LR  = tr{Q0} + T_1(tr{Qi} + ^tr{Q l)). (30)

Let further

'E'm.z = Var(V)|Z() =
«? =  V ar^etl& e.) = (€,n -1f l " 1-

We can then prove

Theorem  4 An expansion of the log likelihood ratio test for <5 = 0 based upon 
(17) is given by

-2  log LR  = T tr { S ^ bvSau.b,vS~^btVSUa.l>,v} + j f tr {(SuaSffSaxl)2} 
+ 2tr{S ffSua.v,bK( S ^ S VbSba.v}
+T~11 r{ K; zKt Sue S f f  SabSbaSff Sau },
+tr {SbaS~,f SabSbvSff SffSvb}
-tr{SuaS^Saulit SffSvbSbvSffKi }
-2  tr{SbaSffSauK( S~fSmK( S^fSvb}

Note that the first two terms are the test statistic for <5 =  0 if £ were 
known, see (19) and (20), the next term is of the order Op(T~î), and the last 
four terms are of the order Op{T~l ). The proof of Theorem 4 based upon the 
expansions in Theorem 3 is given in the Appendix.

4 The Bartlett correction factor

In this section we give the main result on the Bartlett correction. We first 
discuss briefly the idea of conditioning on the common trends and then give 
the calculations of some coefficients in the cointegrated VAR that are needed

18
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to formulate the main result. Finally we state the main result and specialize 
it to the various situations covered by the general formulation as indicated in 
Section 2.

We choose to calculate the conditional expectation of the likelihood ratio 
test statistic conditioning on the process £'±Et- The argument for that is, that 
it is easier to do so since many of the expressions derived involve ratios of 
quadratic forms and turn out to be possible to calculate if we first condition 
on Another argument is that the asymptotic distribution of 3 is mixed 
Gaussian, where the mixing variable is just the limit of JT =1 which are 
fixed when we condition on £'xet. The end result is that the conditional mean 
does not depend on the conditioning variable such that what we find is also the 
unconditional mean.

When is fixed so is the regressor At which we denote with a(_ We 
further define

is convenient to orthogonalize a(_i on the deterministic terms dt such that in 
the following Mad = 0. Note that if dt contains a constant, then At-i  no longer 
depends on the initial values.

bt = (('±n ç±rk'± .et,

of dimension n& = n — n„.

4.1 The conditioning variables

The fixed regressors at_i and bt are defined in terms of 4 - 1  
<i=1 , and £'±£t- It

When we do not condition on we have the following relations

T
(31)

t=l

(32)
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(33)
t=1 
T

0, z =  0 ,1 ,... (34)
t=l
T

T - 1 £  b t ib '^ K b t - i ^ W  -  fr{F } /nk (35)
t=l

for any n& x rib matrix if. Finally we have

MbaM~^Mab A  j \ d W ) F ‘ (  j f  FF'du'j j f  F(dW )’, (36)

where the Brownian motion IT(it) is defined by
|Tu]

*  w^u),
X —1

of dimension nb = n — nv. The process F  is defined as the limit of At-i. If for 
instance dt =  1 and Dt =  0 then

t - l  T  t - l

At- i =  a j . ( ^ £ t  — T~l ^ 2  ^ £t) + ~ Ox
t—1 (=1 i= l

such that in the direction (^  0), the process grows linearly and orthogonal 
to that it behaves like a random walk. In this case F  is of dimension nb — na = 
n — r and

Fj(u) = Wi(u) — f  Wi(u)du, i =  1 ,... ,n a — 1,
Jo

. . 1 Fn„(u) = u - - .

If instead Dt = t — t and dt =  1, and

^  =  ^  -  T -l E r=1_ E ‘:J  £<) +  *(* -  i) y

then a non singular linear transformation of T(_i, which leaves the statistic 
invariant, removes the coefficient <E>, such that in this case the process F  is of 
dimension na = n — r + 1, and given by
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Finally of At-i  is given by (12) with Dt = t, both corrected for their mean, and 
dt = 1, it is possible to prove that

Ft(u) = Wi(u) -  £  Wi{a)ds,i =  1 ,... , n -  5,
F-n—s+l = U 2 ‘

Wlien conditioning on the sequence we assume that relations (31)- 
(36) hold for the sequence we are fixing. That is, we replace y~̂ ,_1 a(_ 
by X2t=i a«-i°t-i =  Moa: T _1 J^t=i btb't_k by Inb or 0, etc. in order to simplify 
the expressions.

4.2 The autoregressive model

Before we formulate the main result we need some notation for the vector autore­
gressive process given in model (1), which is the basis for all the calculations. 
Under the null hypothesis the model is estimated by ordinary least squares 
of A X t on and dt, and we therefore introduce the stacked process
Yt = (X't(3, A X 't , . . .  , AX't_k+2)' corrected for its mean. It is in all cases of di­
mension ny = +  nz = r  + (k — l)n  and is a stationary autoregressive process
given by the equation

Yt = PYt.  i + Qet,

where

t  Ir+B'ct B'Tt ■ • /m _ 2 B'Tk-i \ (  0  \Q r  i • • r*_2 r*_i In
p  = 0 In ■ 0 0 ,Q = 0

V 0 < ) • • ■ / „  0 /  0 /

We find the representation
OC OC

Yt = ^ ^ P l'QEt- v = *Ut-v-\ + i ’ubt-v-i,
i/=0 u=0

where we have decomposed et into the components Ut and bt. and

„ = r o o t A ? !  ̂ i ) " è -

0,
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(37)

Note that by the definition of E
OO

X > X  +  VvV>') =  Var(yt) =  E. 
v=0

We find
OO OO

e = 5 3 ^  =  = (7"v -  ^ ) " 1Q€(€,n -10 “1-
i/=0 i/=0

Since

(7n„ - P ) ( 7 r ,0rx(*_1)n)' = -Q a , 

we find, when £ is either a  or «2 =  a(OrjXr,, 7rj)', that 

(/nB- P ) ( / n„,OnvX„ J '= - Q ^ ,

such that

0 =  -( /n v,OnvXn,)'/c£ =  -/c*, (38)

where

k£2 = V a r^ e tl^ e ,)  = V a ra tfT 1*)-1̂ - 1* ) =

4.3 The main results

We can finally state the main result about the Bartlett correction factor. The 
proof is left for the Appendix and we give here some corollaries, which show 
explicitly how the correction can be used for the tests mentioned in Section 2.

Theorem 5 The conditional expectation of the log likelihood ratio test for the 
hypothesis 6 = 0 in (17) is given by

E[—2 log LR(6 =  0)1^6]
=  nvna +  rbf^ [ \{n v +'na + 1) + nd + n + nz\
+ ^ [ (n  - n v + na -  l)u (0  + 2(c(f) + cd(£))]

where

v(() = tr{Vi },Vi =
c( 0  = tr{P (In, + P )- lV( } + tr{[P ® (In, - P ) V e][In, ® I n. - P ® P ] - 1} 
cd(0  = tr{[M  ® (/nv -  P)V^][7„. ® 7„v -  M ® P ]-1}
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It will be seen from the proof that the correction term is the one derived 
in the situation where £ were known, see Johansen (1999), apart from a term 
equal to n° ^ Tiv' v(^). The proof of Theorem 5 is given in the Appendix.

Note that the coefficients v, c, and cd depend on the choice of £. If £ = a.
then

v(a) = tr{ (a 'fi_1Q)_1Eâj},

with Upg = \ax{0'X t\A X t, ■. . , &Xt-k+2)- If. however, Ç = a 2 then 

v(a2) =

with E/32/32./3, =Vai((3'2Xt\0llX t,A X t, . . .  . AXt_*+2), corresponding to having 
moved 0[X t- i  from Vt_i to Zt-\.

The coefficient cd(£) can be calculated simply in some cases, like dt = 
(1, f)', since then tr{M h} =  n<j =  2 for all h. This means that

Cd(!) = tr{[M  ® ( /^  — P)Vç][Iny ® IUv — M  ® .P]-1}
OO

= ® (/„„ -  p )Vt}[Mv ® P"]}
v=0
OO

= y , tr{iM{v+l) ® (K -  m m
v=0
OO

= Y . t r { M (V+l)}tr{{Inv -  P)VtPv}
v=0

OO

= nd Y ^ tr { ( Ini -  P)V(PV} = ndtr{V( } = ndv(£).
t>=0

If dt contains seasonal dummies then tr{M h} is a periodic function and a more 
complicated expression can be found. In order to understand the parameter 
function v(Ç) that enter the expressions, note that the long-run variance of Yt 
conditional on the common trends is given by 90'. Thus the matrix \ \  measures 
the ” ratio” between the unconditional variance of Yt and the conditional long- 
run variance.

We specialize the result to the hypotheses discussed in Section 2.

Corollary 6 The Bartlett correction for the test of a simple hypothesis 0 = 
0°, p = p° in model Mo, is given by

E[-2\ogLR {0 = f f ,  p = p°\Mo)]
= r(n — r + nD) + r n̂~r1f-Dl [l(n 4. nD + 1) + nd + kn]

(n-r+np) [(2n _  2r  +  nD — l)t>(a) + 2(c(q) + cd(a))]
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where v (a) , c(a), and cd(a) are given in Theorem 5.

Proof. This follows from Theorem 5 by substituting nv =  r. na = n — 
r +  no, nz = (k — 1 )n, £ =  a, see Table 1. ■

Corollary 7 The Bartlett correction factor for the test of M i  : 0  = Ho. with 
H (n x s) is given by

E [-2\ogLR{M \\M o)]/r(n -  s)
= 1 +  f [ |( n  +  s -  r + 1 + 2ri£>) + nd + kn]
+^:[(2n + s — 3r — 1 +  2 nD)v(a) +  2(c(a) + cd(a))].

Proof. FYom Corollary 6 we use the result for a simple hypothesis on 0 
and p in the unrestricted cointegrating model Mo- We apply Theorem 5 to a 
simple hypothesis on 0  and p in M \. The dimensions are given by nv = r. na = 
s — r + no, nz = (k — l)n, £ = a.

E[—2 log LR(0 = 0?, p = p°\Mi))
= r(s — r + nD) +  r(s-r+n°l + nD + 1) + nd + kn]
_|_(»-r+np)[(n +  s _  2r -  1 + no)v{a) + 2(c(a) + cd(a))].

Note that since K -i and Z t- 1 have the same definitions in both cases, the 
matrix E and P  have not changed, and that £ =  a  has the same meaning in 
both models. Thus the coefficients v(a), cd(a), rind cd(a) are the same as in 
Corollary 6. Subtracting the expressions we find the required result. ■

Corollary 8 The Bartlett correction factor for the test of M2 :

( ! M ( 3 M  ! • ) ) ■

where the matrix 0^ (n x r^) is of rank ri, and p\ is (1 x ri), is given by

•E[-21ogL.R(.M2|.A/(o)]/Vi(ra -  r  + nD)
= 1 +  5;[§(n +  nD + 1 -  r 2) + nd +  kn]
+5^-[(2n - 2 r + nD -  l)(u(a) -  v{q2)) -  riv (a2) + 2(c(a) -  c(a2))], 

where the coefficients c(.), cd(.), and v(.) are defined in Theorem 5.
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Proof. Prom Corollary 6 we use the result for a simple hypothesis on 
/? and p in the unrestricted cointegration model M q. We apply Theorem 5 to 
find the result for a simple hypothesis on 0  and p in model M 2- Note that the 
dimensions have changed as have the definitions of V',_i and Z(_i and that £ = 
a 2- In both cases the stacked vector (Vi_i. Zf_i) is the same and hence the matrix 
P  and the variance matrix E has the same meaning in both expressions. We 
apply Theorem 5 and find for n„ = r2, na = n —r+no, n2 = ri+ (k—l)n, £ = e*2-

E [-2 \ogLR (0  = / f , p  = po\M2)}
=  r 2(n — r +  no )  +  (n -  n  +  1 +  n D ) +  r i  +  nd +  kn]
+ i’. - r + 2p J[(2n  -  r 2 -  r -  1 +  nD)v ( a 2) +  2(c (q 2) +  cd(a 2))]

Subtracting we find the result. ■

5 Simulation experiments

We report here some simple simulation experiments to illustrate the usefulness 
of the correction. We first give the result for the model with only one lag and 
one cointegrating relation, since we can get complete information on how the 
correction works. Then we present a few results where the DGP has been chosen 
so as to match the results obtained for real data, analysed elsewhere.

5.1 The model w ith 1 cointegrating vector and lag 1

We first consider the model with only one lag, one cointegration relation and 
no deterministic terms, that is, the model

A X t — Ol0 X(_i + £(.

In this situation we have Zt =  0, and
OO

/?% = ]T (1  + 0 'a )i0'et- i,
i=0

such that

Var(/?%) = E =
0'n0

1 -  (1 + 0'a)2 ’
= (oTT'a)-
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If we want to test a simple hypothesis on 0  we find the coefficients

v(a)

P

_ , _  0'a(2 + 3'a)
Q a a ' S l - W  Q0

1 +  0'a,  c (q ) =
0'a(l + 3'a) 
a 'n - la0'Q.3'

With this notation we find from Corollary 7

Corollary 9 In the model AW(_! = a0 'X t-\  + et with one cointegrating rela­
tion, the Bartlett correction factor for the hypothesis 0  = 3°, is

E[—2 log LR(0 = 0P\Mo))/(n — 1)
= 1 + 5T(3” + 1) -  J  a'n-^ap'M K2n ~ 3)(2 + P'a ) + 4(* + a )\-

In order to simplify the simulations we transform the problem linearly, by 
defining i’i = 0(0'C10)~^,

v2 = - ( f r 1 -  0 (0 'n 0 )-10')a (a 'Q ^a  -  a '0 {0 'n0 )-10'a) “* , 

and finally vectors V3, . . .  , vn such that

The new variables X t = v'X t satisfy the equations

A X u = (3 'Q 0)^0'a(0 'n0)L  iX  + 6u = V^u-i + Slt
A X 2t = -  -  a'0(0'Q 0)-13la ^  {0'Sl0)\t_xX  +  S2t = £X U-i + S2t

t — &iti  ̂ — 3, • • • 5 TL.

where St = v'et are i.i.d. ATn(0 ,/n), and

rj = (/3'fi/J)-5/?'a(/?'fi/?)5
£ =  -  (a,n - 1o -  a'3{0'9.0)-x0'a)  ̂{0'n0)i

Thus only two parameters enter the DGP and it is possible for a given n to 
tabulate the effect of the Bartlett correction as a function of just two variables £ 
and t), see Tables 2-4. In this formulation 0  is a unit vector and a ' = (77, £, 0,0,0). 
We find the coefficients

*>(<*)=
c ( a ) =  - 2$ $ .

26

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



-0.1 -0.2 -0.4 -0.6 -0.8 -1.0
0.0 1.3 3.7 4.7 5.0 5.2 5.0

16.5 12.2 8.6 7.3 6.8 6.2

-0.1 3.8 4.2 4.8 4.9 4.9 5.0
13.5 11.0 8.7 7.6 7.0 6.5

-0.2 5.4 4.9 4.9 5.2 5.1 5.1
10.8 9.9 8.6 7.7 7.0 6.4

-0.4 6.1 5.6 5.4 5.3 5.2 5.2
8.2 8.3 8.0 7.6 7.1 6.5

-0.6 5.8 5.5 5.8 5.4 5.5 5.4
7.3 7.6 7.6 7.3 7.0 6.7

-0.8 5.6 5.5 5.8 5.5 5.4 5.5
6.9 7.2 7.4 7.3 6.9 6.7

-1.0 5.6 5.5 5.9 5.7 5.6 5.4
6.7 ___LC___LQ__—£L2__-M__

Table 2: Simulation of T  = 50 observations from an AR(1) process in 2 dimen­
sions with r = 1 cointegrating relations. The number of simulations is 10.000. 
The table gives the corrected p-value over the uncorrected p-value for a nominal 
5% test. The simulation standard error is 0.2%

We then find some results in Table 2 (T = 50, n = 2), Table 3 (T  = 50. n = 5) 
and Table 4 (T = 100, n = 5). It is seen that for n =  2 a nominal 5% test can 
have an actual size up to 16 % and that in many cases (roughly p + f  < —0.2) 
the Bartlett correction factor gives a useful correction.

Note that for £ = 0, both coefficients have a factor p_1. such that for small 
r/, the correction factor tends to infinity. The DGP where both f and r/ are zero 
corresponds to no cointegration, and the test on (3 does not have a meaning in 
such a situation. The model with p = 0, and £ /  0, corresponds to a DGP 
generating an 1(2) process, and the derivation of the correction factor is not 
valid in this case.

For n = 5, it appears from Table 3, that the situation is worse and the 
actual size can be vary large indeed. The region where the Bartlett correction is 
useful is approximately given by 77+£ < —0.4. Obviously the situation improves 
if T  is 100, see Table 4.

Usually the test for (3 is proceeded by a test for the rank, and if r; and 
£ are sufficiently small the hypothesis of 1 cointegrating relation will not be 
accepted, thus for small values of £ and 77 the Bartlett correction is not needed.
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t\v -0.1 -0.2 -0.4 -0.6 -0.8
0.0 0.02

78.56
1.79

64.64
6.84
40.34

6.67
25.08

6.20
17.60

-0.1 1.68
67.93

3.69
59.18

7.02
38.51

6.87
24.58

6.15
17.52

-0.2 9.47
44.93

7.43
46.79

7.48
34.10

6.71
23.03

6.12
17.15

-0.4 8.30
19.98

7.80
24.09

7.00
23.55

6.21
19.21

6.02
15.48

-0.6 6.68
13.40

6.55
15.87

6.06
17.13

5.97
15.91

5.72
13.80

-0.8 6.11
11-50

6.01
.m s.

5.82
13.94

5.78
13.76

5.59 
12.8Û..

Table 3: Simulation of T  = 50 observations from an AR(1) process in 5 dimen­
sions with r  =  1 cointegrating relations. The number of simulations is 10.000. 
The table gives the corrected p-value over the uncorrected p-value for a nominal 
5% test. The simulation standard error is 0.2%

t \ v -0.1 -0.2 -0.4 -0.6 -0.8
0 1.54 5.96 5.84 5.56 5.50

62.91 39.42 18.45 12.18 9.67

-0.1 6.79 6.37 5.84 5.30 5.17
44.60 33.02 17.41 12.00 9.66

-0.2 7.72
21.53

6.65
22.10

5.65
15.59

5.38
11.57

5.10
9.67

-0.4 5.82 5.74 5.24 5.23 5.18
10.25 11.39 11.21 9.94 9.19

-0.6 5.41 5.43 5.32 5.11 5.10
8.33 9.01 9.26 8.91 8.36

-0.8 5.28 8.24 5.09 5.21 5.04
7.54 5.35_ 8.45 7.97 I.fiZ...

Table 4: Simulation of T =  100 observations from an AR(1) process in 5 dimen­
sions with r =  1 cointegrating relations. The number of simulations is 10.000. 
The table gives the corrected p-value over the uncorrected p-value for a nominal 
5% test. The simulation standard error is 0.2%
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5.2 Some reed life examples

As a perhaps more interesting case consider the data set discussed in Johansen 
(1996) of a four variable system consisting of mt (log real M2), yt (log real 
income), if(bond rate), and finally if (deposit rate) observed quarterly from 
1974:1 to 1987:3. We take as DGP the parameters determined by the estima­
tion, and simulate a time series with 53 observations which was the number of 
observations in the example. We first give the result for a simple test on 0.

The Bartlett factor in this case is given by Corollary 7, since we have a 
hypothesis only on 0 , which we formulate as

0 =H<t> = 0°<t>,

with <f> (1,1). We find with n = 4, r — 1, s = 1, no  = 1, n<f =  0, k = 2, such the 
degrees of freedom is are r(n — s) = 3, and

OQ 1
E [ - 2 log LR (0 = 0P\Mo)]/3 = 1 + + f  +  2c(a)].

We find for a test of nominal size 5% a simulated p- value of 10.3% (10000 
observations) and a corrected p-value of 3.1%.

Another test of the form 0  = H(j) is given by the matrix H  :

0 >
0 
1

- 1 /

corresponding to the test that m t and yt enter with the same coefficient with 
opposite sign and that the same holds for i\ and if.

We find again from Corollary 7 with n = 4, r = 1, s =  2, k — 2, rip = 1, 
nci = 0, that the Bartlett factor is

E[—2 log LR (M \\M o)\/2  = l  + j  + ^ [ 8v(a) + 2c(a)}.

We find that a nominal 5% test has an actual size of 9.9% whereas the 
size for the corrected test is 3.1%.

As another example consider the Australian data consisting of consumer 
price indices (in logarithms) for Australia pfu and US pfs and the exchange

(  1
-1

0

V 0
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rate excht together with the five year treasure bond rate for both countries i“u 
and The data is observed quarterly from 1972:1 to 1991:1, which gives 
an effective number of observation of 75. We fitted a model with two lags 
and unrestricted constant, and found two cointegrating relations. We first test 
a simple hypothesis on the two cointegrating relations. In this case we have 
n =  5, r  =  2, s = 2, k =  2, nD =  0, nd = 1, such that the degrees of freedom 
are r(n  — s) =  6. Since dt = 1, we find that

cd(a) = ndv( a) =  v(a).

The Bartlett factor can be found from Corollary 7 and is given by 

B[-21ogLi?(M 1|>fo)]/6 = 1 + y  + 55?[7»(a) + 2c(a)].

We found that a nominal 5% test in reality corresponds to a test size of 21%. 
The correction of the test gives a size of 6.3%. The result is based upon 10.000 
simulations.

Next consider the test for price homogeneity given by the restriction 

R =  (1,1,0,0,0),

and H = R±. In this example s = 4, such that the degrees of freedom are 
r(n — s) =  2. We find the Bartlett correction from Corollary 7 as given by

£[-21ogL fl(M 1|M 0)]/2 = 1 + £15 +  ^ [9  v(a) +  2c(q)]

By performing 10.000 simulations we see that a nominal 5% test correspond to 
a test of size 10.5%, and that the Bartlett correction gives the size as 3.37%.

6 Conclusion

In this paper we have derived an approximation of the log likelihood ratio 
statistic for various hypotheses on the cointegrating coefficients in a VAR model. 
Despite the rather tedious calculations it turns out that the final result depends 
on the obvious quantities like, dimension, lag length, cointegrating rank, number 
of restricted deterministic terms, and number of unrestricted terms, as well as 
on the hypothesis, that we want to test. The effect of the parameters is focussed 
in two or sometimes three functions, which can be easily calculated once the 
parameters of the model has been estimated.
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The usefulness of the results is demonstrated by some simulation experi­
ments. Table 2 and 3 give the results for all models with one lag, one cointe­
grating vector and no deterministic terms in case n = 2, and T  = 50, and Table 
4 for n — 5 and T  =  100.
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8 Appendix

8.1 Some technical results

Lem m a 10 Under the assumptions (2) and (3) the powers M h grow at most 
as a polynomial in h.

Proof. The Jordan form of the matrix M  contains blocks of, for instance, 
the form

/  A 0 0 \
J3(X) =  1 A 0 ,

\ 0  1 \ )

where |A| =  1. This has the property that

/  \ h 0 0 \
J3 (A) = h \h~l \ h 0

V \h{h  -  l)Ah~2 /lA'*-1 \ h )

This is bounded by a polynomial of degree 2 in h. In a similar way one can 
prove that M h is bounded by a polynomial of degree at most equal to the order 
(minus one) of the largest Jordan block in M. ■

Lem m a 11 Let St = YIZo with 6, decreasing exponentially. Let
OO

7(h) = Cau(StlSt+h) = £ 0*00;+*.
1=0

Let dt satisfy dM  = Mdt, with \eig(M)\ = 1, then
OO

tr{E(M sdM ^ M ds)} -  tr{M h}tr{7(h)}. (39)

Proof.

tr{E{M sdM ^ M ds)}
= H E  E.” =o O iE t-A M u d H -ft}
= E  ij,t tr{eiQ.elj }tr{d'tM j d t-i+j }
=  E i j  Ef=i tr{d'tMM dtM~i+i}tr{rUfjOi}
-* HT=-oatr {Mh}tr {'y(h)}-
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We next give an expansion of a projection matrix which will be used 
in the detailed calculations below. Recall from Theorem 3 that P(£.Cl) = 
|(£  ^ _1- and we define P(£, Cl) = £i (£x^£ j.)_1£x = ^ _1~ Cl~1P(£. Cl).
Note that we only expand as a function of £ but keep fi.

Lemma 12

P ( l  Cl) = P(C, 0) + p (t, r n  -
+ A -1€ ( r n - l0 "1( « - 0 'P (€ .n)
+ P (i, r n  -  n

-  c)'P(€, m  -
-  O 'f t - W f t - 1*)-1*! -  0 'P (€ ,«)

-/>(€, «)(* -  O K 'n -1f l - l€,n - 1( |  -
+ o P{T -i).

Proof. Let u = Cl~?£, such that £ = Cl*u, and define v =  Cl~i(£ — £), 
such that ( |  — £) =  Then

p(^,fi) =  = n*p0f H ,

say, and

p ( ^ , f i )  =  r r 1 -  n _1P ( £ ,n )  =  n - 1 - n - 5 « ( u ' u ) - v n - 5  =  n - i p 0f H .

Then we find using u = u(u'u)~1, such that uu' =  Pq

n - ip & n )£ i i
= (u + v)[(u +  v)'(u + v)]-1(u + v)'
=  (u + v)[u'u +  u'v + v'u + t/t/]-1(u +  v)'
= (u + v)[(u'u)_1 — (u'u)_1(u'i> +  v'u + v'v){u'u)~l

+(u'u)~1(u'v + v'u)(u’u)~l {u'v + r>'u)^u'u)_1](u + v)' + 0 ( |n |3)
=  Pq + L\ + L2 + 0(|w|3).

The first order term is given by

Li = uv' +  vu! — u(u'v +  v'u)u' = uv'(In — uu') +  (In — uu')vu'
= uv'Po +  P0vu'.

The quadratic term is

L2 = —u(u'v +  — v(u!u)~l {u'v +  v'u)u' +  v{u'u)~lv'
—uv'vv! + u(u'v + v'u)(u!u)~l (u!v + v'u)u'

= Pqv(u!u)~1v' Pq — uv'Pqvu! — PqVu'vu' — uv'uv' P0.

When substituting u and v we find the result. ■
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8.2 Proof o f Theorem  4

We start with (30)

- 2  log LR l  tr{Q0} + T~1(tr{Q1} + ^ r{ Q 2}), 

and evaluate each term starting with the easy ones.

8.2.1 C alculation of tr{Qi}

We find from Theorem 3, that

M Q i} = J  -  k's'Sav -  $ -  SvJ t  -  s 'saaW}}

Because tr{Q i} is multiplied by T~l we need only retain the main term in each 
of the matrices. Thus we can replace P(£, 0) by P  = P(£, Q), 6 by S ^ S auH(, £6 
by PSeaS ^ ,  SEa,v by Scai and finally T~lSvv =  T~xMvv.z4 by Ew.£ = Var(Vr(|Zt). 
We find

M Q i} = fr{E -12K 5 uaS -1S0t( 7 „ - P ) ' - S t;0S -150EP ']n -1
x[(/„ -  P)SeaS ^ S auKi -  PSeaS ^ S av}} 

=  tr{E "1̂  S ^ S - ^ f i - V n  -  P )5£aSao15ou^  }
+ fr{E -1I5l,aS -1S0£n - 1PS£a5 - 1Sa„}■Jvv.zkJvaLjaa ^ cle 

= tr{K{ E ^JSf SuaS^SabSbaS^Sau}
+trV v̂v.zSvaSaa SauSuaSaa Sa-■},

(40)

where we have used the properties of projections

p ' f r V n - P )  =  o, p ,n - ‘p  =  P T T 1

( /» -  P)'n_1(/» -  P) = n_1(/n -  P) = £x( ^ x)_1£ l
SacQ,~lPSea = SauSua, Sa£fl_1(/n -  P )5Ea = SabSba■

8.2.2 C alculation of tr{Qo} =  T 1tr{(Q 1[iSeo.„5  ̂ +£6 Sat ,, —£6 Saa6( ])2}

The factor T -1 allows us to replace each matrix with its limit. We replace £8 
by PSeaS ^  and Sea,v by SEa, and find

Qo = n - 1[5£a 5 -1S0£P ' + P 5£aSoa15a£(/n -P ') ] .
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Hence

\tr{Q l)  5= \tr{[SaFS r lSea\S ^  [Sâ - lPSca}S-al }
+ ltr{[SaeÜ -1PS£a}S^[Saen - 1(In - P ) S ea}S-a1} (41) 
= 5^{(5ua5 “01Sau)2} + tr{SauSuaS ^ S abSbaS ^ } ,

using

SaeQ 1 S£a — SacQ 1 PS£a +  Sa£fi 1(/n — P)S£a — SauSua +  SabSba, (42) 

where

=  ( ç 'n - 'ç r k 'n - 'e ^ b t  = (€in{j.)-*r±s«

8.2.3 T he m ain te rm  tr{Qo}

This term is of the order of T ~ î, and hence we have to keep more terms in the 
expansions.

~-i - i
Prom (28) we find that f 6 is of the order of Saa and that

= PSeavS ^  + + oP(T -lS;$  ),

for some 6\ 6 Op (Saa ), and hence

Sa£ v = PS£a vS~aSa£.v + T~1̂ 61Sae.v

We first want to show that we can replace £6 by P S£a.vSaa introducing 
errors of at most the order oP(T~l) in the expression for Qq. We find from

ÙQo(W) = SeaJ(,' + Çô'Sae.v -  tfSaaH'

that

â(Qo(&) -  Qo(PSca.vS ^)}
= T - l [Sea J ^ '  + ' ^ \ s ae.v -  Ç6'1SaaS ^ S ae.vP' -  PS£a.vS-alSaaSd') 
= T -'[(In -  P)Sca. M '  + ^[SacAIn -  P)'}.

This term, however, does not give a contribution since

(r{fi-‘(4  -  P)S£aJ ik '}  = tr {£ Q-^/n -  P)S£aJ 1},
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but £ Cl '(In — P) = 0. In the following we therefore replace by Sat}Sas vP '■ 
and we find

ClQo =  Sea.v6(i + £6 Sac.v — {6 Saa6(,
= Sea.vS ^ S ae.vP' +  Psca vs^ sac v -  Psca vs^ saE.vP'.

(43)

Hence

tr{Q0} = tr{Cl-1[ ( I - P ) S ea.vS^Sae.vP' +  PSea.vS ^ S acv]} 
= tr{Sa'.vCl-1PSea.vS ^ } ,

where we use the property

P'Cl-'iln - P )  = 0.

We next expand around £, but keep fi. We find from Lemma ??, using P(£. Cl) =

H Q o} = t r { S £ S « .J l- 1t ( ? n - 10 - ie f l - 1SnM}
+ 2 tr { s ^ s a£.v£ A t'i.n t± )-1Z'At -
+ tr{ 5 - i50£.„^(c'±^ 1) - ie i ( i  -  ( H e f t - ' t r ' t i  -  eye±(?±n(±)~1Cj.s*a.v}

-  M ± (C ,± fk ± )-1C'j.(€ -  O i t 'n - ' t r ' t 'n - ' s * «.«} 
- 2  H s - 's ^ f i -w n -'o -H i  -  eyn -w n -ty-'ti -
— A\ +  A2 + .43 +  A\ +  4s.

In order to simplify these expressions we need the identities

O O —I t  _ T l  Q C \ (  ^uu-v ^ub.v*-?ae.vi£ s — -* y&au.vi CJab.v) l c Q\  ub.v b̂b.v
= TSau.vfis ^ b(pn~lo^

0 (44)

s„.*z± =  s abM ±M i±)K (45)

/ ) ' ( s _  Subv )  l H  \ \  = r - i Suuuti (46)
U / \ ub.v &bb.v J \ /  /
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n e j*

= T
Sub.v ^bt

-1
=  TSj£v.

(47)

We then take the terms one by one

T he te rm  Ai We apply first (44) and then (46) and find

=  T tr {S £  Sau.b,vS~^btVSua.b,v}•

Now we want to modify this as follows 

T tr  {S acf Sau.btVSUu.b,vSua.b,v}
=  T t r { S ^ bvSau.b,vS ~ ^ vSua.b,v} + T t r { ( S £  -  S ^ btV)Sm .b<vS ^ j,<vSm j,,v}.

Now

Saa.b,v =  Saa.b Sav.bSvv frSva.b =  Saa SabS^  Ŝ a Sav.bSvv b^va.bt

such that

S'-1aa.b,v = Sz (Saa ~  SabS^1 Sba ~  SavbSv^bSva.b)

=  -S 2 (S a b S » l Sba + Sav.bS ^ bSvab) S ^  + O p (S ^ T ~ 2),

and hence we find for Ai

A i =  r tr{ 5 oa1S0„.6,vSuu16„Sua.6,t,}
= T  t^i^aa.b.vSau.b^S^h^Sua.^v }

—T tr{Saa(SabSbb1Sba + Sav.bS ^ bSmj,)Sâ Sau.b,vS^btVSva.b,v} 
= Ttr{SaabvSau.b,vSû bvSua.b,v}

~ tr {S â {SabSba 4" Sav bYjv^zSva b)Sâ  Sau b vSuu b vSua b,v}
=  T t r { S ^ \ vSau.b,vS ^ bvS ^ b,v} -  T -H r iS a ^ S ^ S a h S b a S ^ 1}

- T - H r i Z ^ S v a S ^ S ^ S ^ S a v } .

(48)
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T he te rm  A2 To simplify the term A2 we use (45) and then (46) and (47) to 
find

a 2 = 2
= 2 T tr{S -1Sab.v(Z'±Cl{±')i(t,i n t ±r 1(t'±n t ±)t

x StoS-1 (C n -le r l ( e n - leyi 
— 27 tr()S'aa Sai, vS^ vSin,Svv Kc }.

$ua.v,b}

This term is of the order of T  2, and since

T~1Sbbv = T -'Sy, -  T - 'S to S ^ S *  = T~lSbb + Op (T -1), 

we find that we can replace T~1Sbb.v by T~lSu, and get

A2 = 2T tr{S^1Sab.vSto1SbvS;v1K( Suav,b} (49)

8.2.4 T he te rm  A3

We find since the term is of the order of T~1 that we can replace each matrix 
with its limit to simplify the expression

A3 =  tr{S-alSaU A ^ ± r ^ ' x ( k  -  O K ^ - 1* )-1

= tr { SA SabS^ Sml k2( S"1 
— It{ Saa SabSbv Sv7} SvbSha }

where we have used

T - 1Sta.v = T - lSta + 0 P(T-l).

8.2.5 T he te rm  A4

Again we can replace each matrix with its limit to simplify the expression

M  =  - f r { s - 1s„£.un - ^ ( ^ - 10 - 1«  -
-  M ( i - 10 - 1Z 'n -1s ea.v} (51)

=  -triS^SauK ^  Sua}

38

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



8 .2 .6  T h e  te r m  A 5

Using the same relations as before we find

Ah =  - 2 t r { S ^ S ac.vÛ -1Ç(Ç'Ù-10 - 1(Z -

= -2<r{5ao15ou/t£ S ^ 1Svuk( S-jSvbSba}
(52)

Inserting (40), (41), (48) - (52) into the expression for the likelihood ratio 
test (30) we find

Note that two terms from Ax, as given in (48), cancel a term in the ex­
pression for Qx (40) and Ql (41).

This completes the proof of the representation of the likelihood ratio test 
statistic given in Theorem 4.

8.3 Proof o f Theorem 5

We use the result of (53) in the form

and evaluate each in turn. Below we shall indicate by E^± [... ] the expectation 
formation, and leave out the conditioning variables £'±£t- Notice that when we 
condition on £'±Et the processes a,_j and bt are fixed. This also holds in the case 
of (14) where we condition on a'2x E t rather than a '±E t .

8.3.1 The m ain term s K i + T "1K 2 

We have

V LLU..U.U ---» ” UU.U,U --- - ~ J £2 V '
+2Ttr{S~a Sua.v,bKè S~„ SvbStoSba.v} 
+ T -1 tr { K£E 5 “a* SabSba 5 ’ 1 Sau },
+tr{ SbaS'a SahSbvS^ k£ S~vlSvb}

(53)

E [—2 log LR\(i'i_e\ — K\ + T  1(K2 + Kg + Kx +  K b + Kg +  Ki),

)2}]-
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This is the correction term given in (Johansen 1999. Theorem 3.3) based 
upon the regression equation

l 'A X t =  u B t + (<*>', (£' -  ^ ' 1)^)(V('_1,Z('_1)' +  5 % -i + 4  + e, ,
(n*) (n-n„) (nv+n,) ("«) ("<») (»••)

for the test that 5 = 0, when £ is known.

K\ 4- T 1K2 = nvn0 4— [— {nv 4- 7i„ 4-1) 4- (nd + n2 + n)]

+ ^ [(n o - l M 0 + 2 ( c ( 0 + Q ( 0 ) ] .

where the coefficients u(£),c(£), cd(£) are given in Theorem 5.
The rest of the proof of Theorem 5 deals with the problem of evaluating 

K3 +  + Kb + K6 + K7 =  v(S)na(n -  n„).

We first consider the terms K\, Kb, Kb. and K7. Since they are of the order 
of T~l , such that we can replace each matrix by its limit.

8.3.2 T he te rm  K4 = Ei± Su a Sa b Sâ  Sau }]

We replace 5 ^ 5 ^  5a6 =  Mua.zAM ^ z dMab.zA by M ^Nl^M ai, and find

K< = Eu  MuaM ^ M ahMbaM;a1Mau}}-

Since Mua is Gaussian NnvXna(0, Inv & Maa) given a'Let. we have

K4 = tr {k( zKf }<r{M b a M ab}. (54)

8.3.3 T he te rm  K 5 = TEi± [ t r ^ S ^ S ^ S ^ 2 S ^ S vb}]

We replace SbaS~aSab by MbaM^a Mab- We next consider K(S^}Svb- We use the 
identity,

{Eil: ■ 0nvxnz)Myy dMyb.dyy<
MVv.d MVz.d
Mzv.d Mzz,d

=  Mvv.z,d^vb.z,d = SVv v̂b•

n
Mvb.d
Mzb.d
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Thus

Svb — R.Ç Myy jMyb.d'

Hence we replace KçS^Svb by T~lkçY.~1Myh since

Myb.d = Myb — M ydM ^ Mdb = Myb + 0/3 ( 1 ) .

We have to find
Kb =  T~lE ^  [ t r l M b a M - ' M a b M b y k ' ( E_1Myfc}]

=  T~lEi± [tr{MbaM ^ M ab E s , tJ bt(U'M e[ + b'M ^ )  
x E - 1̂  «JE-HO jU -j-! + * £ .+ !)% }].

We get a non zero mean if the number of stochastic factors is even. We 
find for two stochastic factors that for t = s and i = j, we get

T~lEi± M M boM-'Mab E m,,; W t- i -  % Y,~l6jU3-J-\b'3}}
4  T-H r{M baM ^ M abZ t iJ btb!t+j_i}tr{0'iZ - 'k i k'( Z~% }
= tr{M6aM -1Ma6}tr{E , 0 'E -1̂  ^  E '1*?,}
= tr{M6aMa- 1Ma6} tr{ (E “ o W Î)E-1*e

T - 'J ^ b tb t+ j- i1* ^
t=l

if z =  j  and 0 otherwise, see (33) and (34). With no stochastic terms we find

T-H r{M baM ^M ab £  M j-M ^E -^E -ty^-iia

For t = s and i =  j  we find

T~Hr{MbaM~a1Mab'Z,t:ibtb't_i_1ip'ii: -1ki k'i 'E-17pibt-i-il/t}
= T-H r{M baM ^M ab E «W H E ,  E"1*  ̂  E"1̂ }  (56)

Thus we find from (55) and (56)

Ks =  i r { A/^1 Mat,}^ { E -1, ^  }, (57)

using
oo

E ( W ! + « «  =  E.
1=0
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8 .3 .4  T h e  te r m  K 6 — - T E i± [tr{Sua‘S’ao1S'auK{ }]

We replace Sau = Mau.z,d by Mau, and Sv 'S vb =  (/n„, 0„vx„ ,)Mŷ dMybd by 
r _1(/„v,Oni,x„ J E -1MV6 and find

- T ~ lE(± [ tr lM y a M - 'M ^  E ^ M ^ E " 1/^ }
- T - 'E i±{tr{M,^ Yls,t.m,r.ij “t-lUlk's E -1 {OjU.-j-i +

For four stochastic terms we get

s,t,r,m,i,j

We find for s — j  — 1 = t, m — i -  1 =  r, the sums Mab and A4„ which 
normalized by T _1 and M ^1 tend to zero.

Only for t = r, s =  m, and i = j, we get something non zero

- T - 1̂ x[tr{M -1E s,,i J a t-it/(,« eS -1̂ t / s-7_16's6s_J+,f/;_;_1̂ E - 1K{C/1a;_1}]
=  E m E ^ . T " 1 E s b ' M ^ k , }

For two stochastic factors we find

and we take again t — r, s = m, i = j  and find

= - T~Hr{M{£  E t  a t- io i-J  E j  *•{*« E"V i E s b ^ b ' M ' ^ ' ^ k ,  } 
= - n anbtr{k'i E_1(E£L0 }>

which together with the previous result gives

Ke = - n anbtr{K,£ E ^ zk( }. (58)
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We find as before

K7 =  -2 T~lE(± [tr{MbaMaal

8 .3 .5  T h e  te r m  K 7 = -2 T E ix [tr{SbaS(J S ailni SvvlSvuKi Sm}Svb}}

iM

For four stochastic terms we get

- 2 T - 1£ ïJ tr{ M taMaa1 ^  af_1̂ E - 10i £f._J_1̂ E - 1ft£/m_i_i6(lt}.

We notice that to get a contribution we need s, t, and m  to be tied together 
which always gives something of the form ^2t a,t-ib't_k which normalized by 
T~1M/)0Maa1 goes to zero. For two stochastic terms we find with t = s,

= - 2 T - 1£ {J tr{ M 6aM -1
= E(x [tr {MbaM^ E m ^ - l ^ ) } ]

which tends to zero since T _1 0- Thus A"7 does not give a
contribution.

Finally we consider the term K3 which apparently is of higher order of 
magnitude, such that we have to take into account more terms when expanding.

8.3.6 T he te rm  K 3 = 2TEiJ tr { S ba.vS ~ ^ S vb}}

We first consider

S aa — M aa.z ,d  =  M aa d ~  M a z d M zz d ^ z a . d  =  M aa M a z M zz  j M za, 
since M a d = 0. We replace it by M aa and next expand using M ad = 0 

S au.v,b — M aUy b yd = M aU M a  fj Myfr d ‘̂ b /Ud M ay b d  Myyfrrf M y u bdl
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We insert

and find

Sbav — Mba y.d — Mba Mby.dMyy.dMya-

Svv Svb — K^Myy ̂ Myb.d-

T S b a y S ^ S au,VibKi S vvl S vb

TMba.yidMaa Mau.yib,dK£'Myy dMyb.d
(Mba -  Mby.dM-^MyJM^
X (Mau A'fab^^bb.d^bu.d May.b,dMyy.b,d^yu t),d'}

x S j( E  -  (E  -  T - l Myy.d) ) - l M yb.d 

M b a M ^  MauKjE_1 Myb.d  

T  ~1 Mby E  “ 1 M ya M ou Kj E ” 1 M yb
-  T~l MbaM^MabMbu.dk'i Y,~l Myb
-  T - lMbaM ^ M ayY,-1MyuKli T,-1Myb
+ M baM ^MauicjE-1 (E -  T _1 Myy)T,~lMyb,

such that K3 is split into 5 terms:

K 3 = K31 +  K32 + K33 + K34 + ^35- 

This gives a number of contributions, which we investigate one by one.

The term K3i Let bt d = 6, -  MbdM^dt, then setting t =  s -  r -  1, we get

K31 = 2 E ^[ tr{M b a M ^ M a u ^ -lMyb.d}}

= 2E(l [tr{M baM ^ J 2 + 1pib.-i. l )tftA}]
t ,s , i

= 2E(± ltr{MbaM -1 a«-if/t'^ E - 1̂ C/t6;+i+1.d}]
t,i

= 2tr{MbaM ^  at - ibUi+i.d}^{«{S_lÉ,i}-
t,i

In order to evaluate this we note that dt+i+i = M ‘+1dt such that 

bt+i+i.d = bt+i+i — MbdM^dt+i+i = &t+*+i ~ MbdMdJM,+1dt.
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Hence

y i  a t ~ i b t + i + i . d
t

= $3 a(_i&;+i+i -  £  at.,d'tM M M ^ M dh
t t

— Mab +  Op(T*) ,

since we have M^i — 0. Thus we find the result

K 31 = -2 tr{K 'E -1K£}tr{A/iwMa- 1Ma()}, (59)

since 6 = ~

The te rm  K 32

K 32 =  —2T~1Ei± [tr{MbyY,~lMyaM^Mauk'^E^1 Myb}]
= - 2 T - 1£ {J t r { E M,r,mj,a  W i U l ^  +
x(6iU,-i-i + tbi6s_i.-1X _ 1Moa1or_1t/;K£E l {ekUm-k -1 +v*6m-fc-i)6^}].

We try first four stochastic factors 

X321 = —2 T ^ E i± [tr{52t srmj i k btU'l_j_l6l1Y.~xQiUs- x-\a!s_l

Since the factor in front is T _1 we need only terms of order 1 from this expectation. 
The only term where we shall get a summation of b with itself, which is of the 
order of T, is when t =  m  and k =  j. Then we must have r = s — i — 1, and we 
get

^321
=  -2 T~lEi± [tr{ J 2  btUt_j_1d'jY.~1OiUra'T+iM ^ a r-iUrii'i 'L~lOjUt-j-ib't}]

00

=  - 2 T - 1tr{ /no}tr{E -16i^E -1 ^ ^ 6 » '}tr{Sw}
7=0

OO

= — 2nani,tr{Y,~10k!e'E~1 ^ Qfij}- 
i=0
OO

= 2nanttr{E~1K£K£E~1 'y ^d ]9'1}. (60)
7=0
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Next try two stochastic factors. There are three potential contributions 
{K322, K323, K324) since the factor UT is always present

K322 = - 2  T~lEu [tr{

t , s , r , m j , i , k

=  - 2 T -1£ ?±[tr{

s ,m , j , i ,k

= - 2 T - 1̂ J t r {

X  br+j+ib'3. i ^ ' i ^ ~ 16j Ura',_1M ^ a r-iUlk'(i:~1ipkbm^ 1b'Tn}}
s ,m , j , i , k

= —2T_1tr{ 5 ]
s ,m , j , i ,k

= -2 T -1tr{M6aM -1M0̂ 'E - 1̂ E - 1( ^ ^ 6 m_*_16^)} € o(l),
m ,k

see (4.3).

#323 =

t , s , r ,m , j , i ,k

X  bt6;-i_1V ';S-V i6.-i-ia',_1M -1ar- i t / ; ^ E - 1̂ f / r6;+t+1}]
t , s , r , j , i ,k

t , s , r , j , i }k

= € o (l),

see (4.3).
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#324 =  - 2 T - ' E t J t r i

t , s , r ,m tj , i , k

= —2T~ltr{ £  btb't_j _1ip'j 'E,~1diR'(T,~1ipkbm-ic-ib'rrl}tr{a'r+,M~a aT-i}
t , r ,m , j , i ,k

= - 2 T - Jt r { ^  }tr{.In„}
t , j , i

We make the approximation (35)

T _1 bt{b't_i _lil)'iY,~1Okli 'E.~l%l)jbt-j-\ -  t r ^ 'E - 1̂ - 1̂ } ) ^  = 0
t

and find

#324 = -2 n an6tr{E “10/tjE-1 
= 2na7ii)tr{E~1k;?KjE“1 E^=o^j^}>

which together with (60) gives the contribution

#32 = 2nan6<r{/tjE“„1z«j}- (61)

The terms K 33

#33 = - 2 T - 1# f 1[tr{MtaM -1MatMtu.(t̂ E - 1My6}] 
= -2 tr{M iaM-Q1Ma6T - 1

Next we evaluate

T -1 £  bt.db’t+k+l = T -1 ^  6t6't+jfc+1 -  £  dtb[+k+l -  0.
f t  t

Thus we find

#33 = 0.
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The term K34

*3 4

= -2 T ~ lEi± [{tr{MbaM ^ M ayY.~lMyUk'i H~lMyb}\

t , s , r , i , j ,k

x(9jUs-j - i  + ‘̂ jb,-j-\)U'sk'^L~l (6kUT-k -i + tM*r-*-i)&r}]

For four stochastic factors we find

*341

= ~ 2 T -lEi±[tr{MbaM ^  £
t , s , r , i , j ,k

since s — j  — 1 7̂  s we must tie all indices to s and that will involve the 
summation of a and b, which when normalized by A*, M^ 1 is bounded, and 
hence the contribution is o(l), because of the factor T~ .

For two stochastic terms we find two potential contributions which are 
small due to (4.3)

*34 2

= —2T~1Ei± [tr{MhaM^ ] T
t }s , r , i , j ,k

= - 2 T - 1* u [tr{MfcoM -1 £
s , r , i , j ,k

-2 E (± a ^ b ' ^ i P p - ' O i k p - ' M T - 1 ^
i , j , k  s r

which goes to zero since T _1 br^k-\b'r —+ 0.

*34 3

= - 2 T - 1̂ J t r { M 6aMoa1 ^  at6j_i_1'0jE_1i/>J6J_7-it^KjE_10jct/r_*_16j.})
t ,  s , r , i , j ,k

= - 2 T - 1* fi [tr{M6aMaa1 ^  atb't_i_1ip'i'E~1ip:jba-j-iU'sk'(T,~19kUsb's+k+1}]
t ,8 , i , j ,k

= -2 tr{M 6oM -15 3  5 3  a ^ ^ ' E - V ^ T - 15 3  6.-i-i6i+*+1)}tr{ftjE-ltf*}
tj.fc t s

which again tends to zero. Thus the term becomes

*34 =  —2T~1Ei± [{tr{MhaM^MayE~lMyuk'^E^1 Myb}} =  0, 

and hence does not give a contribution.

Finally we need
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The term K35

K35 = 2Eu [tr{MbaM ^M auk p - 1('Z -  T~l Myy)^1 Myb}}

= —2T~1E(X [tr{MbaM^ ^  o ^ l ^ E " 1
t,s,r,l,j,m,n,k

X m—1 ̂ r—n—1 ^nm 4J^n ^m(^r-TO—l^r—n—1 n̂m̂ n̂ )Wrrx

There is one term with four stochastic factors

K3 si = - 2 T - 1£ {J tr{M 6oA /-1
x 5 3  at-\U'tk'^E.~x6m(UT- m-iU'T_n_1 — 6nmIT)0'nE~l0kUi-k-\b\}]

t , s , r , l , j }m ,n ,k

If t = l — k — 1 / r  — m — 1 =  r  — n — 1 then the expectation is zero. If 
t = r — m  — \ =£r — n — \ = l — k — 1(= t + m — n) we get

^3511 =  —T  1 E{± [tr {A4fa Maa

x 5 3  d t - iU lk ' i 'E ~ 19m U tU i+m_ ri0'n E ~ 19kU t+ m -nb 't+m ^ n+ic+ i}}
t , l yj ,m ,n ,k

= -T -H r iM m M ^ M ^ tr id 'X - 'O jtr lk '^ - 'O }  6 o(l)

If t =  r  — n — l ^ r  — m -  1 = 1 — k — 1 (= t — m + n) we find

K3512 =  ~ T  1 E^± [tr {A4baMaa1

x 5 3  at-\U'tK(Y, 10mUt-m+nUt9nE 18kUt-m+nbt̂ m+n+k+\}]
t }j ,m ,n ,k

which is again 6 o(l) by the same arguments.
With two stochastic factors we find the terms K333, K 333, and K3M 

K352 = ~ 2 T ^ E i±[tr{MbaM~al
x  1 'lP m ( b r - m - l K - n - l  ~  b n r n I n - T )x p n T , 16 k U l - k - l } b i \ -

K 353 = —2T~1E^x [tr{ Mba M~*

x 5 3  a t- iU 't k'i 'E ~ l 6 m U r -m - ib 'r _Ji_ 1ip'n E ~ 1t/jk b i - k - ib i } ] .
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#354 =  -2  

t , r , l ,m ,n ,k

For ^352 we let £ =  l — fc — 1 and get

#352 =  - 2 T - 1tr{M6oMoa1Mo6} 
t r{k' ^ - 1 ] T  ^(fcr-rn-

r,m,n

This is o(l) since the term with n = m is zero, and when n /  m the sum is 
op(T). For 7̂ 353 we let t =  r  — m  — 1 and get

#353 = ~2tr {MbaM^
* Em.n.Jfc E t 0*-lK+m-n'l',nZ~1'Pk(T-1 £ ,  6j_fc_X6J) } « » - { 10m} € o(l)

For 7̂ 354 we let f =  r  — n — 1 and find 

#354 = —2£{x[tr{M(X1Moa1

* E E
m ,n ,k  t  l

= —2T~1tr{M baM ^

x E  E ^ - i64+»-«^»E "l^ » s "1̂ ( r "1E 6*-*-165)}*
m ,n ,k  t  l

which tends to zero.

Thus we find that 7̂ 35 does not give a contribution, and hence the contri­
bution from K3 is found from (61) and (59)

#3 =  2(nanb -  tr{M baM ^ M ab})tr{K.{L~lzK() .  (62)

This completes the calculations and it remains to compare (62) with (54), (57) 
and (58)

#4 =  tr{«4E“t,1z/cJtr{MiK,Maa1Mafc}
#5 = tr { Mha Mab } tr {/c| }
#6 = - n anbtr{n( }

which is seen to give

# 3  +  # 4  +  # 5  +  # 6  +  # 7  =  7la7 l(,tr ( k ^ E vJ 2K { } .
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