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This thesis deals with economics growth theory. The purpose of this introduction is
to give an idea of the issues that are a subject of my thesis, avoiding technical details. A

technical summary of all chapters is provided below as abstracts of the three thesis chapters.

By growth theory I refer to that field of economic theory which studies through math-
ematical models, the mechanisms behind the growth of the main macroeconomic variables,
like capital, consumption, and output. These economic mechanisms depend crucially on the
set of hypothesis which the model is built on. Relax some of these assumptions, or change
some of them, in order to increase the explicatory power of the model is one of the main

objective of the theoretic macroeconomist.

The first two chapters of my thesis can be read exactly under this view point. More pre-
cisely, the common question behind these two papers can be summarized as follows "What
are the implications in term of economic growth when capital takes time to becomes produc-
tive?" To this purpose, it is worth noting that in almost all the economic models the factors
of production become productive istantaneously even if a large number of economists have
often underlined the importance of the time dimension of some of them, like, for example,
capital. For this reason the economic implications of the introduction of a delay in produc-
tion, or time to build, has been studied for an endogenous AK growth model in Chapter 1

and for an exogenous Benhabib Farmer model (1994) in Chapter 2.

The main results of the first model regards the dynamics of capital. Differently form
the prediction of the standard AK model, capital doesn’t jump immediately to its balanced
growth path but oscillatory converges to it. This result, exactly as others obtained by doing
different assumptions on the time dimension of capital, like for example vintage capital, are

closer to the empirical evidences underlined by Jones (1995) and McGrattan (1998).

In the second chapter of the thesis, the time to build assumption is introduced in a
Benhabib and Farmer model (1994). A first interesting question is to catch the influence of
the introduction of a delay in production on the presence of local indeterminacy. According
to our results, local indeterminacy is preserved but is conditioned to suitable choices of the
level of externalities and of the delay coefficient: a higher time to build coefficient has to be
related to a higher level of externalities in order to generate optimizing multiple equilibrium
paths. Moreover a complex structure of capital induces more complicated dynamics of the
macroeconomic variables. Economic cycle and region of local instability may rise in this
context. Finally, it is worth noting that exactly as in Chapter 1, capital, investment and

output display oscillatory convergence.

The Benhabib and Farmer model (1994) is studied in the last Chapter, too. Differently

from the previous two chapters, in Chapter 3, the model is not modified in any of its assump-
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tions but some predictions in term of welfare are highlighted. Assuming a government which
is able to pin down expectations on one of the optimizing multiple equilibrium paths, it can
be relevant to understand what of these paths is the best one from a welfare point of view.
This is exactly the purpose of the last chapter where numerous economic considerations on

the mechanism at work for different level of the externalities are also underlined.

Abstratcs of Thesis Chapters
Abstract of Chapter 1: Endogenous growth and Time-to-Build: the AK-case

In this paper, a continuous time AK model is fully analyzed under the time-to-build
assumption. Existence and uniqueness of a (real) balance growth path, as well as oscillatory
convergence are proved. Moreover, the role of transversality conditions and capital depre-
ciation are highlighted. Numerical simulations are also provided for different choices of the
time-to-build delay.

Keywords: AK Model; Time-to-Build; D-Subdivision method.
JEL Classification: E00, E3, O40.

Abstract of Chapter 2: (In)determinacy and Time-to-Build

This paper generalizes Benhabib and Farmer model (1994), by allowing for a strictly posi-
tive time-to-build of capital. The introduction of a time-to-build delay yields a system of
mixed functional differential equations. We develop an efficient strategy to fully describe the
dynamic properties of our economy; in the simpler case of no or "mild" externalities, the
dynamic behavior of the economy around the steady state is of "saddle-path" type. On the
other hand, "high" externalities leads to a more complex dynamics; according to the choice
of the delay coefficient, local indeterminacy, Hopf bifurcation and local instabiity may rise.
Keywords: Indeterminacy; Time-to-Build; Mixed Functional Differential Equations

JEL Classification: E00, E3, O40.

Abstract of Chapter 3: Welfare Ranking of Equilibrium Paths in One-Sector
Growth Models with Non-Convex Technologies

We consider a business cycle model with productive externalities and an aggregate non-
convex technology a la Benhabib and Farmer, which exhibit indeterminacy of the steady state
and multiplicity of deterministic equilibria. The aim of the paper is to rank these different
equilibria according to the initial values of consumption using both linear approximation
methods when the initial conditions lay in the region of stability (in the sense of Lyapunov)
and simulation methods for initial conditions outside this region. We finally study the
implications of such a ranking in terms of smoothness of the (second best) optimal solution

and show that maximizing welfare consumption and labor paths are all the smoother than
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the level of increasing returns is low.
Keywords: Increasing returns, Local indeterminacy, Welfare analysis
JEL classification: E32, E4, H61, 042, O47.
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CHAPTER 1

ENDOGENOUS GROWTH AND TIME-TO-BUILD: THE
AK-CASE

1.1 Introduction

Recently Boucekkine et al. [5], have studied the dynamics of an AK-type endogenous
growth model with vintage capital. They find that vintage capital leads to oscillatory dy-
namics governed by replacement echoes consistently with previous results in Benhabib and
Rustichini [5], and Boucekkine et al. [9]. In this paper, we propose an AK endogenous
growth model under the assumption that capital takes time to become productive. In the
literature, this assumption is often referred as "time-to-build".

Jevons [19], was one of the first to underline the empirical relevance of this assumption:
"A vineyard is unproductive for at least three years before it is thoroughly fit for use. In
gold mining there is often a long delay, sometimes even of five or six years, before gold is
reached"!. The time dimension of capital was further studied by Hayek [17], who identified
in the time of production one of the possible sources of aggregate fluctuations. Hayek’s
insight was formally confirmed for the first time by Kalecki [20], and afterward by Kydland
and Prescott [6], who showed that it contributes to the persistence of the business cycle.
In this paper, the time-to-build assumption is introduced by a delay differential equation
for capital. Delay differential equations, and in general, functional differential equations are
very interesting but, at the same time, quite complicated mathematical objects. Since the
first contributions of Kalecki [20], Frisch and Holme [14], and, Belz and James [7], very few
authors have used this mathematical instrument for modeling the time structure of capital.
To our knowledge, the only works in (exogenous) growth theory introducing time-to-build in
this way, are Rustichini [9], Asea and Zak [1], and Collard et al. [12]. All these papers find
that for values of the delay coefficient which are sufficiently small, time-to-build is responsible
for the oscillatory behavior of capital, output and investment.

In this paper, some theorems regarding the existence, uniqueness and shape of the general
(continuous) solution of a linear delay differential equation with forcing term are presented

in details, and a "new" method to prove stability, the D-Subdivision method, is introduced.

1Jevons [19], Chapter VII: Theory of Capital, page 225.

1
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1.2. PROBLEM SETUP 2

This method is really useful since it let us count the number of roots (eigenvalues) having
positive real part even if the dimension of the set of the roots is infinite. Taking into account
this theoretical background, the existence of a unique balance growth path and the dynamic
behaviors of the detrended variables are fully analyzed.

The paper is organized as follows. We firstly present the model setup in Section 1.2 and
we derive the first order conditions by applying a variation of the Pontrjagin’s maximum
principle. In Section 1.3, we introduce some mathematical results on the theory of functional
differential equations and the D-Subdivision method. Then the existence and uniqueness of
the balance growth path is proved and the influence of a variation of the delay coefficient
on the magnitude of the growth rate is fully analyzed. The transitional dynamics of the
economy is reported in Section 1.5. The next section makes some considerations regarding
the role of capital depreciation on the dynamic behavior of capital and the possibility of
Hopf bifurcation. A numerical example showing the dynamic behavior of the economy is

reported in Section 1.6. Finally, in Section 1.7 there are some concluding remarks.

1.2 Problem Setup

We analyze a standard one sector AK model with time-to-build. To be precise we assume
from now on that capital takes d years to become productive. Then the social planner solves
the following problem

T el — 1
max / Le_”tdt

l1—0
0

subject to

o (t) = Ak (t — d) — c (1) (1.1)

given initial condition k (t) = ko (t) for t € [—d,0] with d > 0. All the variables are per
capita. The parameter A = (A — §) e=*? > 0 depends on the productivity level, A, the usual
capital depreciation rate, d,, and the depreciation rate of capital before it becomes productive,
¢. From now on we refer to the last one as depreciation "before use". Given this capital
depreciation structure, k(t—d)e~?? is net capital at the time it becomes productive. Observe
that the lower d is, the higher is the net capital which is effectively employed in production.
Moreover let us assume ¢ < §, which may be justified by referring to the depreciation in use
literature (see Greenwood & al. [15], and Burnside and Eichenbaum [11]). Finally, with no
time-to-build the problem becomes a standard AK model.

Following Kolmanovskii and Myshkis [3] it is possible to extend the Pontrjagin’s principle
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1.3. SOME PRELIMINARY RESULTS 3

to this optimal control problem. Then, the Hamiltonian for this system can be constructed:

c(t)l=7 -1
1—0

H(t) = e+ u(t) Ak (t —d) — c(t)

and its optimality conditions are

)" e = u() (1.2)
pt+d)A = —() (13)

with the standard transversality conditions

lim p(¢) >0 and tlim p(t)k(t)=0

t—oo

From equations (1.2) and (1.3) we can get the forward looking Euler-type equation

%) - {A <c(tc (J?d))a - p} (1.4)

Exactly as in the standard AK model, consumption growth does not depend on the stock of

capital per person. However in our context the positive constant growth rate is not explicitly
given by the Euler equation which is a nonlinear advanced differential equation in consump-
tion. This difference is due to the fact that the real interest rate r = A (C(Ct(fd)>a e P4 which
the household gets investing in capital, is weighted by the marginal elasticity of substitution

between consumption at time ¢ and consumption at time ¢ + d. Before proceeding with
the analysis of the BGP of our economy, we present in the next section some theoretical
results from functional differential analysis which will be used to prove the main results and

characteristics of the economy under study.

1.3 Some Preliminary Results

Consider the general linear delay differential equation with forcing term f(¢) :
aot(t) + bou(t) + byu(t —d) = f(t) (1.5)
subject to the initial or boundary condition
u(t) =&(t) with t € [—d,0]. (1.6)

Theorem 1.1 (Existence and Uniqueness) Suppose that f is of class C* on [0,00) and

that & is of class C° on [—d,0]. Then there exists one and only one continuous function u(t)
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1.3. SOME PRELIMINARY RESULTS 4

which satisfies (1.6), and (1.5) for t > 0. Moreover, this function u is of class C' on (d, o)

and of class C* on (2d,00). If £ is of class C* on [—d, 0], @ is continuous at T if and only if

aoé(d) + boé (d) + bi1£(0) = f(d) (1.7)

If € is of class C? on [—d, 0], i is continuous at 2d if either (1.7) holds or else by = 0, and

only in these cases.

Proof. See Bellman and Cooke [8], , Theorem 3.1, page 50-51. m

The function u singled out in this theorem is called the continuous solution of (1.5) and
(1.6). Then in order to see the shape of this continuous solution the following theorem is

useful:

Theorem 1.2 Let u(t) be the continuous solution of (1.5) which satisfies the boundary con-
dition (1.6). If £ is C° on [—d,0] and f is C° on [0,00), then fort >0,

! ezr(tfs)
u(t) = Zprez’“t + /f(s) Z mds (1.8)

where {2}, and {p,}, are respectively the roots and the residue coming from the characteristic

equation, h(z), of the homogeneous delay differential equation

aogt(t) + bou(t) + byu(t —d) =0 (1.9)

_ plzr)

Note: p, = e where

~—

0

p(2) = ao€(0) + (apz + bo) / £(s)e-"ds

—d

Proof. See Appendix A.1. =

Since in our context it shall be fundamental to have real continuous general solution, we

present here the following theoretical results.

Theorem 1.3 The unique general continuous solution of problem (1.5) with boundary con-
dition £ : I C R™ — R* and forcing term f : I — R, is a real function.
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1.3. SOME PRELIMINARY RESULTS 5

Proof. See Appendix A.2. =

Some considerations on these theorems are needed. We start with the last result. The
important message of Theorem 1.3 is the following: if we assume a boundary condition and a
forcing term which are real functions then also the general continuous solution must be real.
Other considerations regard the proofs of Theorem 1.1 and 1.2: both of them are strictly
related to the fact that all the roots of h(z) lie in the complex z-plane to the left of some
vertical line. That is, there is a real constant ¢ such that all roots z have real part less then
c. This consideration is in general no longer true for advanced differential equations which
are characterized by CE with zeros of arbitrarily large real part. However as explained by
Bellman and Cooke [8],? it is possible to write the solution of any advanced differential equa-
tion as a sum of exponentials using the finite Laplace transformation technique. Moreover

observe that the characteristic equation of (1.5),
h(z)=z+a+be ™ =0 (1.10)

with a = Z—g and b = %, is a transcendental function with an infinite number of finite
roots. Sometimes h(z) is also called the characteristic quasi-polynomial. Asymptotic stability
requires that all of these roots have negative real part. In order to help in the stability analysis
we introduce two important mathematical results: the Hayes theorem and the D-Subdivision
method or D-Partitions method. Hayes Theorem [2] in its more general formulation states

the following:

Theorem 1.4 The roots of equation pe* + q — ze* = 0 where p,q € R lie to the left of
Re(z) = k if and only if

(a) p—k <1

(b) (p— k) ek < —q < e¥y[ad + (p— k)?

where ay is the root of a = ptana such that a € (0,m). If p=0, we take a; = 7.

One root lies on Re (z) = k and all the other roots on the left if and only if p — k < 1
and (p — k) e* = —q.

Two roots lies on Re(z) = k and all the other roots on the left if and only if —q =
e\fat + (p— k)’

Proof. See Hayes [2], page 230-231. =

However this Theorem doesn’t say anything about the sign of the real part of the roots

of the transcendental function when the conditions (a) and (b) are not respected. For

2Look at Chapter 6 page 197-205.
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1.3. SOME PRELIMINARY RESULTS 6

this reason the D-Subdivision method is now introduced (for more details on this method,
El'sgol’ts and Norkin [13], or Kolmanovskii and Nosov [7]). Given a transcendental function
like, for example, (1.10), this method is able to determine the number of roots having positive
real part (for now on p-zeros) in accordance with the value of its coefficients (a and b in our
specific case). This is possible since the zeros of a transcendental function are continuous

functions of those same coefficients.

Definition 1.5 Given the characteristic equation of a functional differential equation with
constant coefficients, a D-Subdivision is a partition of the space of coefficients into regions by
hypersurfaces, the points of which correspond to quasi-polynomials having at least one zero

on the imaginary axis (the case z = 0 is not excluded).

For continuous variation of the transcendental function coefficients the number of p-zeros
may change only by passage of some zeros through an imaginary axis, that is, if the point in
the coefficient space passes across the boundary of a region of the D-Subdivision. Thus, to
every region ['y of the D-Subdivision, it is possible to assign a number k which is the number
of p-zeros of the transcendental function. Among the regions of this partition are also found
regions 'y (if they exist) which are regions of asymptotic stability of solutions. Finally in
order to clarify how the number of roots with positive real parts changes as some boundary
of the D-Subdivision is crossed, the differential of the real part of the root is computed, and
the decrease or increase of the number of p-zeros is determined from its algebraic sign. Since
it becomes very useful later, we study, with the D-Subdivision method, the transcendental
function (1.10).

First of all, observe that this equation has a zero root for a + b = 0. This straight line
(see Figure 1.1) is one of the lines forming the boundary of the D-Subdivision. It is also
immediately derived that the transcendental function (1.10) has purely imaginary roots if
and only if

a+bcosdy =0, y—bsindy=0 (1.11)
or

Y _ —ycosdy

h= —2 = 1.12
sindy’ ¢ sin dy (1.12)

The equations in parametric form (1.11) or (1.12) identify all the other D-Subdivision
boundaries. To be precise there is one boundary for any of the following interval of y:

(0, %) , (%, 27”) , (27“, 37“) ,.... Moreover it is possible (and useful) to find the values of b for

which the boundaries intercept the b-axis. The sequence of such b is { L, —dx _3m g I 5T

T 2d) 7 2d°
Finally we show how p-zeros rises. In particular, when a crossing of C; from I'y to I'; implies

Bambi, Mauro (2007), Some Essays in Growth Theory
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1.3. SOME PRELIMINARY RESULTS 7

the rising of two p-zeros (that is, we focus on the interval 0 < y < Z). From (1.10) applying

the implicit function theorem, we have that on C;

da
T = bde—iv
da
“1-bd (cosdy — isindy)
(1 — bd cos dy) da
(1 — bd cos dy)* + b2d? sin® dy

dr = —R

= -R

We find that cosyd < 0 for bd > 1. Therefore, upon crossing the boundary € from region
[y into I'y, a pair of complex conjugate roots gain positive real parts. The analysis on the
other boundaries of the D-Subdivision is completely analogous. Taking into account all of

these results, we are now ready to study our model completely.

Figure 1.1: D-Subdivision for the trascendental function (1.10) assuming d = 5.
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1.4. BALANCE GROWTH PATH ANALYSIS 8

1.4 Balance Growth Path Analysis

In order to show the existence and uniqueness of the BGP, we now present some results
regarding the roots of the characteristic equation of the law of motion of capital, of its shadow
price, and of consumption. These results are presented and proved in Lemma 1.6 and Lemma
1.7, respectively. Some pictures are also provided in order to help the reader get the main
message behind the math. After that, the continuous solution of capital is rewritten as a sum
of weighted exponentials (Corollary 1.8) and then, following a very similar strategy as that
used in the standard AK model, a unique balance growth path for consumption and capital
is proved by checking the transversality conditions. Very similar to this, is the requirement
that for any exogenously given choice of the delay coefficient, the production function has
to be sufficiently productive to ensure growth in consumption, but not so productive as to
yield unbounded utility: A € (Amin, Amax). On the other hand, it is possible to express
the same requirement, given a certain level of technology, in term of the delay coefficient:
d € (duin, dmax)- Finally as in the standard case if o > 1, then A,y is equal to plus infinity,
while d,;, 1S zero.

As anticipated in Lemma 1.6 we report some information on the roots of the CE of the

law of motion of capital and its shadow price:

Lemma 1.6 For any sufficiently high rate of depreciation "before use”, ¢, the following
results hold:
1) Z is the unique root with positive real part of the CE of the law of motion of capital;
2) § is the unique root with negative real part of the CE of the law of motion of shadow

price.

Proof. The characteristic equation of the law of motion of capital (1.1) is equal to the

characteristic equation of its homogeneous part®, namely
hz) =2z— Ae 4 =0 (1.13)

It is immediate to show that this equation has a unique positive real root z; = Z which is also
the highest among its roots. In particular, through the D-Subdivision method it is possible

to prove that the transcendental equation (1.13) has an increasing number of p-zeros as d

3
2d

for any choice of d and then a unique p-zero exists’. These facts can be easily observed in

rises. On the other hand if we assume ¢ = (;5 sufficiently high,* it happens that A<

3The part of equation (1.1) not considering the forcing term —bC(t).
4In the numerical simulation, reported in Section 7, we have assumed ¢ ~ 0.03.
5This is also a consequence of the fact that A converges to zero faster than ‘3—’; as d — o0.
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1.4. BALANCE GROWTH PATH ANALYSIS 9

Figure 1.2. Finally, Z > Re(z,) occurs for any v # o since all the roots of the CE of (1.1)
in the detrended variables 7 (t) = x(t)e~*' are negative. This is sufficient to prove result 1).

Now observe that the CE of the shadow price law of motion (1.3) is
h(s) = —s — Ae*d = 0 (1.14)

then we can put in correspondence the roots of (1.13) and (1.14) through the transformation
z = —s. From this consideration follows immediately that Re(s) = —Re(z) and § = —Z
is the root with the lowest real part of the characteristic equation of the law of motion of

shadow price. m

14 ¢
12: T
T 2d
1 b
* EL
08: 2d
: [
0.6
i r
0.4 ? A6
—
I —
L A —
0.2 [ (A—d)e?d -~ - - _
L 1"1 — — —_— —- _ -
‘ ‘ ‘ d
10 20 30 40

Figure 1.2: Number of p-zeros of (1.13) according to the choice of the delay coefficient.

Lemma 1.6 tells us that if we assume a sufficiently high depreciation "before use" rate, g}b,
then Z is the constant growth rate of capital and the unique p-zero of (1.13). Now it will be
useful for proving a common growth rate of consumption and capital to show the following

Lemma:

Lemma 1.7 A positive and constant growth rate of consumption, g., always exists for A >
Amin =0+ p€<p+¢)d'

Proof. First of all observe that since the Euler equation (1.4) is a nonlinear advanced

differential equation we cannot write directly its continuous general solution (Theorem 1.2
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1.4. BALANCE GROWTH PATH ANALYSIS 10

doesn’t apply). However it is possible to overcome this fact by observing that the general
continuous solution of consumption can be obtained indirectly by the first order condition
(1.2). Considering the general continuous solution of the shadow price of capital p(t) =

> ame *m!, we have that
m

c(t) = : (1.15)

where we have called

A= %(z—p) (1.16)

From equation (1.15) we can derive that the basic solutions of (1.4) have exponential form,
namely the basic solutions are {e*} : moreover taking into account (1.13) and (1.16) we

can derive indirectly the characteristic equation® of (1.4)
h(\) =o)X+ p— Ae~ (@0 (1.17)

Using the Hayes theorem or the D-Subdivision method, a unique positive real root, Az = g.
exists for A sufficiently large, namely A > A, = 0 + pel?t9)?. This is exactly the condition
for endogenous growth in the standard AK model when the assumption d = 0 is relaxed.
Observe also that in this context the same requirement can be expressed in term of the delay,
d < dpax = ﬁ log %. Exactly as before, a unique p-zero exists if Ae=rd < z—g. It is obvious
that, for ¢ = ¢, the inequality is always respected (see Figure 1.3) since ¢ was sufficient to
force A to stay below 37 and given that (A —0) e~%e=rd ig a product of functions which
are positive and monotonic decreasing in d. Some considerations on the choice of ¢ lower
than éﬁ are reported in Section 1.6. Then, from now on, we focus on the case ¢ > gES Now,
endogenous growth implies that consumption and capital have to grow at a positive rate

over time. This implies that lim; . ¢ () = +00; then given (1.15), we have to impose that

1
lim - = +o00 (1.18)
<ame"gct+ > ame“mt)
mém

6We have referred to equation (1.17) as the characteristic equation of the law of motion of consumption
since gives us all the basic solutions.
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1.4. BALANCE GROWTH PATH ANALYSIS 11

Using the properties of the limits”, it is possible to rewrite (1.18) as

1

lim aze %"+ 3 lim A e o mt
t—o00 ~ t—00
mem
>

D'
—00

—0

Then it results that the relation (1.18) is satisfied if and only if a,, = 0 for any m # m.
Taking into account this fact, the general continuous solution of consumption is

_1
c(t) =a’ e

[
L T
2d
0.8 SLS
I 2d
I's
0.6
0.4 T I3 A-0
, ~
0.2 ~ - (A-Qerd
C(A—fe P T~ \1}
[ - _
. \ ) — e e d
10 20 30 40

Figure 1.3: Number of p-zeros of (1.17) according to the choice of the delay coefficient.

Our objective is to prove that the growth rate of consumption and capital are the same
g = g.. However before proving it, we introduce the following Corollary of Theorem 1.2

which let us to rewrite the continuous solution of capital as a sum of weighted exponentials.

"The following properties have been used: lim, ., fg;”; = %7 lim, o [f (2)]" = [limg—, f (2)]",
and limg, o 3=, fi (z)] = 3, lima—q fi (2)

Q
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1.4. BALANCE GROWTH PATH ANALYSIS 12

Corollary 1.8 The solution of the law of motion of capital can be written as

k(t) = Z Pio€%t + Z Ny, o™t (1.19)

1

o

a -~
where Pm’v = —m and Nmﬂ, =Ny — Pm,v.

Proof. According to Theorem 1.2 and Lemma 1.7, the continuous general solution of

consumption and capital are respectively

1
ct) = a"e% (1.20)
ezv(t—s

' )
k(t) = Zvnvezvt_/o c(s) Zv W) ds (1.21)

Now the integral part of equation (1.21) is equal to

/t -5 gcsz ezv(t_S)d —Z a;ﬁ (gct_ zvt)
0o L) T L (g — ) W)

and substituting in (1.21) after some algebra we get (1.19). m

Some comments on equations (1.20) and (1.19) are needed. These equations are very
close to the general solution form for consumption and capital in the usual framework, with
ordinary differential equations; in particular k() is a weighted sum of exponentials; however,
this similarity can be found for systems of mixed functional differential equations only in the
particular case of a single equation with forced term. In the most general cases there doesn’t
exist a theorem which lets us write the solution in this way®. Moreover, the continuous
solution of the law of motion of consumption (1.20) and capital (1.19), are not the optimal
solution exactly as it happens in the ordinary case. Before getting optimality, transversality
conditions have to be checked. Using this corollary and TVC, we prove now the existence of

a unique balance growth path for consumption and capital.

Proposition 1.9 Consumption and capital have the same balanced growth path g = g.. This

growth rate is positive and yields bounded utility if A € (Amin, Amax)-

Proof. As shown in Lemma 1.7, the growth rate of consumption g. is a positive constant

if A > Ani,. Given that, we have to distinguish two cases: Z < g. and Z > g.. The first case

8Recently Asl and Ulsoy [2] have proved that a general solution form can be written for system of delay
differential equations using Lambert function.
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1.4. BALANCE GROWTH PATH ANALYSIS 13

is never possible. In fact, assume that Z < g. then g. is also the growth rate of capital as
follows immediately by looking at equation (1.19). Then we can rewrite the characteristic

equation of capital, after the transformation k(t) = k(t)e %, as
—we” — g.de® + Ade 9% =0 (1.22)

where w = zd. Since ¢, is the root having greater positive real part, all the roots of (1.22)
must have negative real part which, from Hayes Theorem implies also that g, > Ae 9,
However, this is never possible since it contradicts the positive sign of the consumption to
output ratio at the balanced growth path
% = Ae 9 — ge >0

which can be obtained by dividing the law of motion of capital (1.1) by k(¢). Then the only
possible case is Z = 0g. + p > g.. This is exactly the requirement for having no unbounded
utility: (1 — o) g. < p. Then, before passing to the TVC we observe that if ¢ > 1, the utility
is always bounded; on the other hand if 0 < ¢ < 1 we need a condition on A such that the
utility is bounded. Taking into account the CE (1.17) after some algebra this condition is
A< Apax = 0 + ﬁe(mdf—l;_al)d which is exactly the same condition for the standard AK

model when the time-to-build parameter is equal to zero. Observe also that such a condition
(A=5)(1—
p

e

PR ?9) . Now we show

can be rewritten also in terms of the delay, d > dyi, = log
that the TVC

lim g () k(t) = 0 (1.23)

t—o0
implies necessarily a unique BGP which is g.. In order to see this, we substitute the general
continuous solutions of u(t) and k(t), into the TVC (1.23) and we get:
lim (Lme_gt (Z meegct + Z Nmmezvt) =0 (124)

t—oo

which is equal to

hm [amijg + Z 4o Nmﬂ;e(zv_g)t + Z Pm7U€(gc_2)t:| = 0

t—o0

now for a,;; # 0, the second and third term in the parenthesis converge to zero since z,—2 < 0

for any v and g. — Z < 0. Then the TVC are respected if and only if

af%
N~ 5 —T — + Ng = 0 1.25
E AN (1.25)
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1.4. BALANCE GROWTH PATH ANALYSIS 14

which implies

e <(5 - gc)lh' (%) nﬁ)a (1:26)

Observe that if we assume a constant boundary condition for capital, kg, and for consump-

tion, cg, we can derive the following relation
co = (2 — ge) kg

which for d = 0 is exactly equal to the relation between ¢q and kg in the standard AK model
(see Barro and Sala-i-Martin [4]). Concluding TVC holds if and only if condition (1.25)
is verified. Given this condition, g. is also the growth rate of capital since the continuous

general solution of capital (1.21) can be rewritten as follows

k(t) =) Paoe® + Zvﬂ e (1.27)

Then the optimal solution of capital (1.27) is asymptotically driven by g. which implies a

common growth rate with consumption. m

This proposition provides evidence of how a unique balance growth path for consumption
and capital can be proved to exist also in the case of time-to-build by checking to the
transversality conditions. In fact, through condition (1.25), it is possible to rule out the
eigenvalue coming from the characteristic equation of the law of motion of capital, having
positive real part greater than g.. Observe also that this fact and the assumption of the
new structure of capital depreciation make all of these results hold for any choice of the
delay in the interval (dmin, dmax) Which guarantees the presence of endogenous growth and
no unbounded utility.

Once we have shown that g = g, is the unique balanced growth path of consumption and
capital, it is also interesting to see how different choices of the delay coefficient, d, and of the
level of technology A, affect it. These considerations are reported in the following corollary:

9g

Corollary 1.10 Under A € (Awmin, Amax); % and g—g are negative while % 1is positive.

Proof. Under A € (Anin, Amax), we have shown that ¢ is the unique positive balance
growth path for consumption and capital. The effect of a variation of d, ¢, and A on g can be

easily computed by applying the Implicit Function Theorem on the transcendental equation
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1.5. CONSUMPTION AND CAPITAL DYNAMICS 15

(1.17) which is always satisfied for A = g. After some algebra we obtain that

99 _  (A=0)(og+pte)e oot
od o+ od(A—0)e (ogtpte)d

dg d(A — ) e(logtrto)d 0
96 otod(A—0d)e Cerorad

dg e—(og+pto)d

DA~ o+ od(A—0)e otrtan >0

These results are very intuitive; the negative relations between the time-to-build delay and
the growth rate and between the depreciation "before use" and the growth rate are due,
respectively, to the fact that an increase in the time-to-build delay increases the time to
produce output and by the fact that a higher depreciation "before use" reduces the net
capital. On the other hand, the positive effect of the productivity of capital is obvious and

is present in the standard AK model as well. m

1.5 Consumption and Capital Dynamics

In the previous section, we have proved the existence and uniqueness of the balance
growth path. We have also shown the influence of the delay coefficient on the growth rate
for a given level of technology. In this section, we focus on the dynamic behavior of the
optimal detrended consumption and capital which let us to derive indirectly the behavior of

detrended income and detrended investment.

Proposition 1.11 Optimal detrended consumption is constant over time while optimal de-

trended capital path is unique and oscillatory converges to a constant.

Proof. The optimal detrended solution of capital and consumption can be obtained by
multiplying both sides of equations (1.27) and (1.20) by e 9

1

ot) = (1.28)
k(t) = Z va+z Ny el (1.29)

After calling z = x+iy and n = a+if3, and taking into account Theorem 1.3, the detrended

solution for capital can be rewritten, as shown in Appendix A.3, in the following way
L — v~ _ _ 1 (Tv—ge)t
t) = ag + 2 Zvﬁ W, + 2 ZU# (v, — Wo,) cosyt — (B, + Uy,) sinyt] e (1.30)
where ¥, Uy, € R for any v. Finally, the asymptotic behavior of capital is equal to

lim k(t —av—i—2z Vo (1.31)

t—o0
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Expressions (1.30) and (1.31) tell us that the transition to the BGP is oscillatory due to the
presence of the cosine and sine term, and that the convergence is guarantee by the fact that
x, = Re(z,) < g, for any v # ©. Finally, the uniqueness of the path is due to the fact that
the residue {n, }, are fixed by the boundary condition of capital while the residue a is fixed
by the transversality condition through the expression (1.26). m

Moreover, taking into account the technology and the resources constraint of our econ-
omy, it follows immediately that output and investment have an oscillatory behavior. In
the following section, we discuss the opportunity of introducing the depreciation "before
use" hypothesis and the role which a choice of a ¢ > (;5 has in extending our results for
all the feasible values of the delay. On the other hand, as it will appear clear soon, all the
results obtained until now remain valid even for the extreme case ¢ = 0 when an appropriate

sub-interval of d is appropriately chosen.

1.6 Considerations on the Depreciation "Before Use" Hypothesis

It is quite easily observable that all the results obtained until now remain valid in the
specific case of ¢ = 0 for a restricted interval of the time-to-build coefficient. As we have
seen, the introduction of depreciation "before use", depending inversely on the time to build
parameter, is able to extend the previous analytical results to the whole, feasible, interval
of the delay. On the other hand, when ¢ = 0, several technical problems may arise for a
sufficiently high choice of the delay. In particular, a general continuous solution as a sum
of exponentials as in (1.19) can no longer be written. This implies that the validity of
transversality conditions becomes extremely difficult to assess. Another relevant difference
is that Hopf bifurcation may rise in the interval d € (O, d~2:| with dy the value of the delay
under which the curve (A — §)e "¢ intersects g—z in Figure 1.3. In order to show why Hopf
bifurcation may rise, we write again the detrended solution for capital (1.29) in the following

way:
]%(t) = ZU PT;L/U + 29756 Nmﬂ]ewvt

where w, = 2z, — g.. Then according to Kolmanovskii and Myshkis ([3], Chapter 3, page
183) the following proposition holds
Proposition 1.12 Hopf bifurcation rises if it exists a d* € [dmin, (22] such that

1) for d < d* all the roots have (after transversality conditions) negative real part;

2) wy(d) = xiyy with yo >0 and v =1,2;

3) PRewiald) . >0 and Rew, (d)]geg <0 for v>2
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1.7. NUMERICAL EXERCISE 17

However studying the presence of such w; and ws is not analytically but only numerically
tractable’ since w;, and w, can be computed only estimating the roots of the characteristic
equation of capital having the second highest real part. In the next section we present a
numerical example in order to help the reader to get the main messages behind all these

results.

1.7 Numerical Exercise

In this section we report only the results of our simulations while a detailed explanation
of the computational methods is reported in Appendix A.4. Moreover all the Figures are
reported at the end of the Chapter, before the Bibliography.

The following parametrization of our economy has been chosen:

g P 4] ¢ d A dmin dmax
0.810.02(0.056|0.03]20(03]| 7 |50.51

Remember that if we have chosen o > 1 the d;, should be equal to 0; in our case with
o = 0.8 a value of d less than d,;, implies unbounded utility. On the other hand a value of
the delay greater than dp,.. implies no endogenous growth'®. Moreover, observe that given
this parametrization, the D-Subdivision method tells us that: in the case of no depreciation
"before use" (¢ = 0), in the interval d = [dmin, 18.85) we have only one root with positive
real part; in the interval d = [18.85,43.98), three roots with positive real part, and finally
in the interval d = [43.98,Jmax], five roots with positive real part. This fact is reported
in Figure 1.4, where a subset of the infinite roots of the homogeneous part of (1.1) are
numerically computed through the Lambert function. Figure 1.4 and Figure 1.5 shows the
real parts of the roots in the z-axis and the imaginary parts in the y-axis.The first graph of
the spectrum is interesting, since it shows how an increase in the value of the time-to-build
coefficients reduces the magnitude of the real part of the highest eigenvalue. Taking into
account relation (1.16), this numerical result confirms Corollary 1.10. Now we show the
effect of the introduction of a minimum degree of depreciation "before use" on the capital
dynamics. In particular, through Figure 1.5, it is possible to observe how a choice of ¢ = 0.03
forces the spectrum of roots of the law of motion of capital to have only one eigenvalue with
positive real part even in the extreme case of a delay coefficient equal to dy.c = 50.As we

can expect, the presence of a positive depreciation "before use" rate reduces the growth

9Following Bellman and Cooke , it is possible to (...)

0Tn fact the highest root of the homogeneous part of (1.1) is close to 0.02 and taking into account our
parametrization and relation (1.16), we have, that at the right of this value the growth rate of consumption
is no longer positive.
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rate of capital, and indirectly, through relation (1.16), of consumption. This effect is due to
the fact that net capital is reduced and, indirectly, output, consumption, and investment.
The next two figures show the dynamic behavior of detrended capital (equation (1.30)) over
time. In the first case, Figure 1.6, we have studied the detrended capital dynamics given a
constant initial value (boundary condition) of capital, ko.As it appears clear, the presence
of time-to-build is able to generate oscillatory behavior of capital for a long interval of time.
Taking into account the technology and the resources constraint of our economy both output
and investment will have a similar dynamic behavior as capital. Observe that the oscillatory
dynamic behavior of these variables is enhanced by a consumption smoothing effect. In fact
from Proposition 1.11, we know that the social planner optimally chooses to have a constant
detrended consumption while detrended capital bears most of the adjustment to the BGP.
Finally we have reported in the Figure 1.7 the capital dynamic behavior for different choices
of the delay.It is interesting to notice that the higher the choice of the delay, the more
relevant is the oscillatory structure of capital dynamics. This fact has been reported in
Figure 1.7, in the case of 0 = 8 starting with values of the delay sufficiently close to zero
and given a same boundary condition for capital ky. Remember that variation in the choice
of the delay have an influence on the value of the balance growth path. In particular, for
Corollary 1.10, the higher is the delay, the lower is the balance growth path. This fact
appears also in Figure 1.7, where with k; ;s and 7 = 1, ...,4, we have indicated the different
balance growth paths. The dynamic behavior of capital appears more and more smooth as
d is close to zero: this dynamic behavior is consistent with what we aspect in the extreme
case d = 0. Finally we study numerically the same economy when the depreciation "before
use", ¢, is assumed to be zero. In this case, we have dp;, = 9.16 while dp., = 126.3'.
As explained in the previous section, the dynamic of the economy is fully described by the
sign behavior of Re(w,) = 2, — g. with v = 1,2. Then we have reported in Figure 1.8 the
transitional dynamics of the economy according to the choice of d and the value of Re(w,):As
it appears clear the economy is locally determinate in the interval of the delay d € (dyin, d*)
while locally unstable in (d*, diax). Moreover d* induces an Hopf bifurcation since all the

requirement in Proposition 1.12 are satisfied.

1.8 Conclusion

This paper has fully analyzed an AK endogenous growth model when the time-to-build

assumption is introduced through a delay differential equation for capital. It has been proved

UReferring to Figure 3, we have that for A = 0.3 the curve (A — §)e~*? is always under the curve g—g and
then dy tends to infinity. However this is not in general true.
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the existence and uniqueness of the BGP and also that a unique optimal path of the detrended
capital is oscillatory convergent to its steady state value while detrended consumption jumps
directly on it as the usual case without delay. These results have been obtained through a
careful analysis of the role of transversality conditions and the introduction of a new structure
of capital depreciation, which takes into account the depreciation of capital before it becomes
productive. This last assumption appears to be crucial in avoiding implausible economic
predictions (like local instability of the equilibrium) which may appear in this type of model
for choices of the time-to-build coefficient sufficiently high. Finally the analysis of the model
let us confirm that time-to-build can be considered a source of aggregate fluctuation for

capital and output exactly as the vintage capital assumption.

Bambi, Mauro (2007), Some Essays in Growth Theory
European University Institute 10.2870/23610



1.9. APPENDIX A: SOME PROOFS 20

1.9 Appendix A: Some Proofs

Proof of Theorem 1.2. The proof of this theorem is mainly based on Bellman and
Cooke [8] (Section 3.9, page 73-75). The only relevant difference is that we assume a bound-
ary condition defined in the interval [—d, 0], and not in [0, d]. Given this difference we need
an "auxiliary" function z(¢) having the following properties:

(a) 2(t) =0 t < —d;

(b) #(—=d) = ag e

(c) x(t) is of class C’O on [0,00);

(d) z(t) satisfies the equation

ap®(t) + box (t) + iz (t —d) =0  fort > —d (1.32)

Before showing that the Laplace transform of x(t) is h~1(2), it is important to notice that it
is possible to prove (see Bellman and Cooke [8]) the existence and uniqueness of z(t) even
if equation (1.32) doesn’t respect theorem 1.1 since the boundary condition doesn’t define
a continuous function over [—2d, d]. We multiply each term of equation (1.32) by e~*" and

integrate with respect to t from —d and oo, we get

a6 / i (¢) e *dt + by / ©(t) e dt + by / (t—d) e dt = 0 (1.33)
~d ~d ~d
and integrating by part the first term and making the change of variables t; = ¢ — d in the

last term, relation (1.33) can be rewritten

—1 4 apz / x (t) e *'dt + by / x (t) e *dt + bye ™ / z(t) e "dty =0
—d —d —d

from which follows immediately that the Laplace transform of x(t) is

o0

/ v (#) et = hl(2) (1.34)

—d

Now, using the Laplace transform formula we get

z(t) = /%dz fort>—d (1.35)

(c)

For the residue theorem equation (1.35) is equivalent to

:ZRES{%,ZT}
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#(a)’ #'(a)
6zrt
z(t) = Z e

Now for Theorem 3.7 of Bellman and Cooke [8], the general continuous solution, u(t), of the

and taking into account the formula RES [WQ) d] = YD when ¢ (@) # 0

fort>—d (1.36)

delay differential equation with forcing term
aot(t) + bou(t) + byu(t — d) = f(t) (1.37)

which satisfies the initial or boundary condition u(t) = £(t) with ¢t € [—d, 0], is

0

u@%:%amxuww%a+w@/€@n@—sws+/f@m@—@w (1.38)

—d

and taking into account relation (1.36) we can rewrite (1.38) as

e (t—s)

u(t)=>"

T

00€(0) + (o7 + bo) / | Els)eeds
(o)

which ie exactly equal to relation (1.8).
Proof of Theorem 1.3. The proof is organized in two parts. In the first part, we show

that the unique general solution of (1.5) with boundary condition (1.6)

u(t) =S pe”t + /f(S) S prerrt9)ds (1.39)
0

where the roots {z,} and the residues {v,} come respectively from the characteristic equation
of the homogeneous part of (1.5)
h (Z) = Qg2 + bo + b1€7Zd (140)

and from the relation

0
%am+«%%+w@/2@wﬂw@
—d

p(2)
r = pu— 1-41
P h' (z.) ag — byde—#rd ( )
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can be rewritten as

k 00 _
u(t) = Z C Z (are™" + a,e™") + (1.42)
=k

JrolE s ()

where {z,} are real roots, {z,} are complex conjugate roots'?, {¢,} are real constants, and

{a,} are complex conjugate constants. In fact, from the D-Subdivisions method we know
that (1.40) has at most two real roots and an infinite number of complex conjugate roots.
From (1.41), it appears also clear that the residues related to real roots are real while those
related to complex roots are complex. Taking into account these results it is possible to split
(1.39) as follows

u(t) =3 ce™t + i (CL =t 1 ce Zrt /f l G i ( G ezr(tS))} ds
= o\ ' r) S\ () W (%)
where z = x + 1y and zZ =  — iy. We now show that ¢, = a, is always the case. This fact
can be proved by taking into account the following properties of complex numbers

i) let z = % with u and v two complex numbers..Then z = %;

ii) let z = wv with v and v two complex numbers.Then z = uv;

iii) let z be a complex number. Then ¢ = ¢7;

and observing that p (z) = p(2), and b’ (z) = K (2).

The second part of the proof consists in showing that (1.42) is a real function. We start
by considering the first term

k 0 _
St + 3 (arem + &reZTt) (1.43)

r=0 r=k

Calling a = ¢ 4 iw we have that

ae® +ae” = (¢+iw)e™e¥ + (¢ —iw) e eVt
= e [(¢+iw) (cosyt +isinyt) + (s — iw) (cos yt — i sin yt)]

= 2™ (¢cosyt — wsinyt)

and then (1.43) becomes

k 00
St +2 5 e (s cosyt — wsinyt)
r=0 r=k

12We have indicated the conjugate of a complex number a with a.
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which is a real function of . Now we study the term

) 6zr(tfs) 62r(t75)
+
£ (e %)
After some boring algebra this can be rewritten as

oo 2{agcos [y, (t — s)] — bide ™ cos [y, (t — s + d)]}
,; at — 2apbyde=r4 cos y,d + bid?e—2wrd

eor (t—s)

which is a real function. Then it follows immediately that the general continuous solution

(1.42) can be rewritten as

k [e9)
u(t) = Yo e +23 €™ (ceosyt —wsinyt) + (1.44)
r=0 r=k
t
+/fu g et s 2{agcosfy (8 — o))~ bude " eosfy (1 —s £ )]} Ly,
0 ’ r=0 s (xr) r=k a% - 2a0b1d€_xrd COs yrd + b%dQe_Qde ‘ ’

which is clearly a real function.u : I — R.

1.10 Appendix B: How to get expression (1.30) from (1.29).

First of all, observe that from Theorem 1.3 we can rewrite

> P =l {EiTI?%7JZ?5‘F:£:wﬂ>(<gc—-zi>h%zv>*‘<gc-zj>h%zv>)]

— g —glt Ge — Zo) W(Zy) + (9c — 20) B (20)
= 0 m Z#v ( gc — Zv) (gc _ Ev) h’(Zv)h’(Zv) )

Now calling z = x+1iy and n = a+1/3, and taking into account the shape of the characteristic

equation we get after some algebra

Zv Pﬁ-m) = a5 + 2 ZU?@ \I/(),U (]_45)

where
Yy, = a_% ge — Ty + Ae=d {[(ge — ) Ty + yg] cos yud + [(ge — T0) Yo + Ty siny,d}
0,0 — — WUy ~ ~
(97 = 290, + 2+ 2) |1+ Ae=2md (a2 4 y2) 4 2Ae=m4 (2, cOs Yo + g sin yod) |

Now we have to rewrite

Zv;ﬁﬁ Nmﬂjezvt = Zv#ﬁ (nv o Pﬁlﬂ/) o
_ 2yt 5 peut 7% e e
= Zv#ﬁ (nve —+ nye ) + Qs Zv#@ ((gc _ zv) h/(zv) + (gc _ 2[}) h/(Zv>)
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which taking into account the results of the previous Appendix is equal to

% (gc — EU) h’(gv)ezvt + (gc - Zv) h,(zv)eg“t
Z”ﬁ < (9e = 20) (ge = Z0) W (20) W (20) )

which after some algebra and taking into account some trigonometric relations can be rewrit-

2 Zv#} (v, cosy,t — B, siny,t) €™ +a,

ten as
2 — W, t — (B + Vy,)sinyt] e 1.46
> o= W cosyt — (54 W, ) siny e (1.46)
where
\\J aii Yo + Ae—avd {l(ge = 2,) 2y + yg] sin y,d — [(gc — 7y) Yo + TuY,] cOS Y, d}
10 = Uy

(97 = 290, + a2 +12) [1+ Ae2m0d (a2 4 y2) 4 2Ae=m4 (2, cOs Yy + i sin yod) |

Finally taking into account relations (1.45) and (1.46) follows immediately the shape of the

general continuous solution in (1.30).

1.11  Appendix C: Computational method

In order to obtain the spectrum of the roots from the law of motion of capital and its
solution, we have used Lambert functions as proposed recently by Asl and Ulsoy [2]. A class

of functions W (s) are called Lambert functions if they satisfy the relation

W(s)e"® = s (1.47)
Then considering the characteristic equation of the law of motion of capital

—se* +dA=0 (1.48)

with s = zd, and taking into account the definition of the Lambert function (1.47), we have
that
W (dA) AUy (1.49)

Now comparing (1.48) and (1.49), the solutions of the equation which describe the charac-

teristic spectrum are
1 .
2= - (dA)
d
In the most general form, the Lambert function is a complex function with infinite branches.
Calculation of both the principal branch and the other branches can be presented in series
form ([2] see for more details). Taking into account these results, we have used the MatLab

programs (Lambertww.m, Spectrum.m, and Solutions.m) in order to derive the first m = 16
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branches'® and from them the corresponding roots. Then we have derived the roots of
the characteristic equation of the law of motion of consumption through relation (1.16)
and residue p,, through the relation (1.41). Observe that to any branch corresponds a
particular solution for the delay differential equation. Finally, using the result in Theorem
1.3, namely the shape of the general continuous solution (1.30), it is possible to derive the

general continuous solution.

13The results obtained in our analysis are invariant to a higher choice of m.
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Figure 1.4: Spectrum of roots for the law of motion of capital (1.1).
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Figure 1.5: Spectrum of roots for capital (1.1) in the case dyax = 50.
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Figure 1.6: Dynamic behavior of detrended capital.
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Figure 1.7: Capital dynamic behavior for different choices of the delay.
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Figure 1.8: Transitional dynamics when ¢ = 0.

Bambi, Mauro (2007), Some Essays in Growth Theory

European University Institute

M&x

10.2870/23610

28



BIBLIOGRAPHY

[1] Asea, P., and Zak, P. (1999). "Time to build and cycles". Journal of Economic Dynamic
and Control 23, 1155-1175;

[2] Asl, F. M. and Ulsoy, A. G. (2003). "Analysis of a system of linear delay differential
equations". Journal of Dynamic System, Measurement and Control 125, 215-223;

[3] Bambi, M. and Licandro, O. (2004). "Indeterminacy and Time-to-Build". EUI Working
Paper EC0O2004-17,

[4] Barro, R. J. and Sala-i-Martin, X. (2004). Economic Growth. Second Edition. The MIT
Press;

[5] Benhabib, J. and Rustichini, A. (1991). "Vintage capital, investment and growth".
Journal of Economic Theory, 55, 323-339;

[6] Bellman, R. and Cooke, K. (1963). Differencial-difference equations, New York Acad-

emic Press;

[7] Belz, M. H., and James, R. W. (1938). "The significance of the characteristic solutions
of mixed difference and differential equations", Econometrica 6(4), 326-343;

[8] Bohm-Bawerk, Eugen von (1849). Capital and interest. South Holland Libertarian Press;
[9] Boucekkine, R., Germain, M., and Licandro, O. (1997). "Replacement echoes in the

vintage capital growth model", Journal of Economic Theory, 74, 333-348;

29

Bambi, Mauro (2007), Some Essays in Growth Theory
European University Institute 10.2870/23610



BIBLIOGRAPHY 30

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Boucekkine, R., Licandro, O., Puch, L., del Rio, F. (2005). "Vintage capital and the
dynamics of the AK model", Journal of Economic Theory, 120, 39-72;

Burnside, C., and Eichenbaum, M. (1996). "Factor-hoarding and the propagation of
business cycle shocks". American Economic Review, 86, 1154-1174;

Collard, F., Licandro, O., and Puch, L. (2004). "The short-run dynamics of optimal
growth models with delays". EUI mimeo;

El'sgol’ts, L. E., and Norkin, S. B. (1973). Introduction to the theory and application of
differential equations with deviating arguments. Academic Press;

Frisch, R., and Holme, H. (1935). "The characteristic solutions of a mixed difference
and differential equation occuring in economic dynamics", Fconometrica 3(2), 225-239;

Greenwood, J., Hercowitz, Z., and Huffman, G.W. (1988). "Investment, capacity uti-
lization, and the real business cycle", American Economic Review, 78(3), 402-417;

Hale, J. K. and Lunel V. S (1993). Introduction to functional differential equations.
Springer-Verlag;

Hayek, F. A. (1940). The pure theory of capital. Routledge & Kegan Paul;

Hayes, N. D. (1950). "Roots of the transcendental equation associated with a certain
difference-differential equation", Journal of the London Mathematical Society 25, 226-
232;

Jevons, W. S. (1871). The theory of political economy. A. M. Kelly;

Kalecki, M. (1935). "A macroeconomic theory of the business cycle", Econometrica,
3(3), 327-344;

Bambi, Mauro (2007), Some Essays in Growth Theory
European University Institute 10.2870/23610



BIBLIOGRAPHY 31

[21] Kydland, F. E., and Prescott, E. C. (1982). "Time to build and aggregate fluctuations",
Econometrica, 50(6), 1345-1370;

[22] Kolmanovskii, V. B., and Myshkis, A. (1998). Introduction to the theory and aplications
of functional differential equations. Kluwer Academic Publishers, Dordrecht;

[23] Kolmanovskii, V. B., and Nosov, V. R. (1986). Stability of functional differential equa-
tions. Academic Press, Inc;

[24] Rustichini, A. (1989). "Hopf bifurcation for functional differential equation of mixed
type", Journal of Dynamics and Differential Equation, 1(20), 145-177.

Bambi, Mauro (2007), Some Essays in Growth Theory
European University Institute 10.2870/23610



CHAPTER 2

(IN)DETERMINACY AND TIME-TO-BUILD.

2.1 Introduction

This paper is an extension of Benhabib and Farmer [6] under the time-to-build assump-
tion that new capital goods become productive with some delay. The main concern is to
understand how the dynamic properties of a neoclassical growth economy with production
externalities change by the introduction of a time-to-build delay, as well as variations on its
magnitude. In particular, we are interested in capturing the influence of time-to-build on
the existence of local indeterminacy.

The implications of time-to-build has long been analyzed by economists (s.a. Bohm-
Bawerk [9]), who have conjectured that production lags may induce cycles in output (see
also Kalecki [21]) and account for the persistence of output fluctuations. In their seminal
paper, Kydland and Prescott [25] argue that time-to-build, in the sense that investment
projects need more than one period to be completed, strongly contributes to the persistence
of the business cycle. Asea and Zak [1] propose a continuum time optimal growth model
with a time-to-build delay and show that the optimal path may converge to the steady state,
eventually by oscillations, or even (Hopf) cycle around it. Consequently, they show that the
dynamics can be intrinsically oscillatory due (entirely) to the time-to-build technology.!

Local indeterminacy is a concept strictly related to the dynamics, and in particular to
the stability properties of the equilibrium in an infinite horizon economy. In a two dimension
dynamic general equilibrium model, with one control and one state, there is local indeter-
minacy when a steady state is not (locally) a saddle path, as usual, but a stable node or a
stable focus.? In these cases, the equilibrium is said to be locally indeterminate since for any
given initial condition for the state variable there exists a continuum of initial levels of the
control (or co-state), each of which associated to a different equilibrium path. Kehoe and
Levine [22] argue that in pure exchange economies with infinitely lived consumers, equilibria

are generically determinate. However, from the beginning of the nineties, infinitely lived

! Asea and Zak [1] use delayed differential equations to rigorously analyze the implications of time-to-build
delays. See also Collard et al [12]. A rigorous proof of the existence of cycles in an optimal growth model
with time-to-build was done by Rustichini [27].

2In continuous time, the eigenvalues lie respectively, in R~/ {0}, and in the left of the imaginary axis.
In discrete time, the eigenvalues are real and inside the unit circle, and complex and inside the unit circle,
respecively.
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agent models with some degree of increasing returns have been shown to exhibit multiple
equilibria, indeterminacy, and the possibility of sunspots. Benhabib and Farmer [6] (here-
after BF') add increasing returns to the one sector neoclassical growth model and show that
the equilibrium may be locally indeterminate?.

In a discrete time Benhabib-Farmer framework, Hintermaier [19] analyses the existence
of indeterminacy for different time frequencies. He shows that the conditions for the existence
of indeterminacy are stronger the lower is the time frequency. At the limit, when the time
frequency goes to infinite, or the period length goes to zero, he obtains the same conditions
than in BF. As it is standard in discrete general equilibrium models, Hintermaier assumes
that capital produced at time ¢ becomes productive at time ¢t + 1. This is a one period
time-to-build assumption. Consequently, by reducing the frequency of the economy the
time-to-build becomes longer and longer.

The introduction of adjustment costs in the BF model, has been shown by Kim [23]
to increase the required degree of increasing returns for indeterminacy to rise; Herrendorf
and Valentinyi [18], starting with a two sector model characterized by mild sector-specific
externalities, extend this result both in the case of total and of sector’s specific capital
adjustment costs.

In this paper, we extend BF by assuming that capital produced at time t becomes
productive at time t 4+ 7, where 7 > 0 is a time-to-build delay. The analysis focuses, first,
on the effect of the time to build in a Ramsey model with endogenous labour supply and
then in a Benhabib Farmer model. It is possible to show that local indeterminacy of the
steady state depends crucially on the level of externalities but also on the choice of the delay
coefficient.

The paper is organized as follows. Section 2.2 describes the time-to-build economy. In
section 2.3 we analyze the dynamics of the model and we present the major theoretical

results; section 2.4 concludes.

2.2 Time-to-Build
We model time-to-build in the simplest possible way by assuming, as suggested by Kalecki

[21], that capital goods produced at time ¢ become operative at time ¢t + 7, the time-to-

build delay 7 being strictly positive*. This assumption is appended to the dynamic general

3The empirically plausibility of the BF model has been extensively discussed in the literature, since
an implausible high level of externalities are required to the equilibrium be indeterminate. Benhabib and
Nashimura [8] and Benhabib and Perli [7] propose more general models where the conditions for indetermi-
nacy are plausible.

4Kalecki refers to the parameter 7 as "gestation period” of any investment. This period starts with the
investment orders and finished with the deliveries of finished industrial equipments.
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equilibrium model with externalities proposed by Benhabib and Farmer [6].

2.2.1 Firm’s Problem

Markets are perfectly competitive and there is a continuum of measure one of identical
firms using a Cobb-Douglas technology that transforms labor N and capital K into output
Y:

Y(t)=AQ)K(t—1)"N(t)".

As said before, the time-to-build assumption imposes that at time ¢ firms use capital goods
produced at time ¢t — 7. The state of technology is A(t) = K(t — 7)* *N(¢)%~°, where 1 >
a>a>0,and § > b > 0. Asin BF, no-tradeable externalities come from the economy-wide
capital average K, and the economy-wide labor average N. Constant returns to scale at the
firm level requires a + b = 1. There are, however, increasing returns to scale at the aggregate
level, since o + 3 > 1. The aggregate technology, after substitution of K by K and N by N,

can be written as
Y(t) = K(t — T)aN(t)B. (2.1)

Under the time-to-build assumption, the representative firm faces the following static

profit maximization problem:

yax AWKt —1)°N()" —w(t)N(t) —[r(t) + 0] K(t — 7).

where w(t) is the wage rate, § > 0 is the depreciation rate and r(t) + ¢ is the rental rate of
capital.

From the first order conditions, we get
bY (t) = w(t)N(t) (2.2)

aY (t) = [r(t) + 6] K(t — 7). (2.3)

Constant private returns to scale imply that factors of production receive a fixed share

of output and profits are zero, which is consistent with perfect competition.

2.2.2 Consumer’s Problem

The economy is inhabited by a continuum of measure one of infinitely lived households,

with preferences depending positively on consumption C' and negatively on employment N.
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Households are assumed to own the capital stock. The representative household faces the

following infinite horizon problem:

max/{logC(t) - 1(t) } e Pdt,
0

st. K(t) =r(t)K(t—71)+wt)N(t) — C(t), (2.4)

given initial conditions K (t) = £(t), for t € [—7,0]. Parameter xy < 0 while p > 0. This
dynamic optimization problem differs from the standard consumers problem mainly because
the budget constraint (2.4) is not an ordinary differential equation but a delayed differential
equation. From the time to build assumption, consumers rent at time ¢ the capital stock
produced at ¢ — 7 and they build new capital which will be available at ¢ + 7. Consequently,
initial conditions £(t) need to be specified in order to identify the relevant history of the
state variable K.
Following Kolimanovskii and Myshkis [24], the Hamiltonian associated to this problem
) N
H(t) = {logC(t) R~
and the associated optimal conditions are
1

cme” = A0 (2:5)

1 —pt  _
N e = Atw(t) (2.6)
At +7)r(t+7) = =) (2.7)

and, as shown by Boucekkine et al [11], the standard transversality conditions

tlim A(t) >0 and tlim AHK(t) =0
holds. The main difference with respect to a standard optimal control problem is in equation
(2.7). The fundamental trade off is between consuming today, whose marginal value is given
by A(t), and consuming at ¢ + 7, with marginal value A (¢ + 7). From (2.5) and (2.6) we get
the standard intratemporal substitution condition between consumption and labor

ci) _
Yoo = w0 (2.8)

From (2.5) and (2.7), we get the forward-looking Euler-type condition:

cw
W Tt e r(t+71)—p, (2.9)
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where the real interest rate, which the household get at time ¢ 4+ 7 by investing in capital
today, is weighted by the marginal elasticity of substitution between consumption at ¢ and
consumption at t + 7. It reflects the fact that investment allows households to substitute

current consumption by consumption at time t 4 7.

2.3 Analysis of the Dynamics

In order to reduce the problem to a nonlinear functional differential equations (FDEs)
system,” we proceed in the following way. Firstly, we use equations (2.2) and (2.3) to
substitute w and r into (2.4), (2.8) and (2.9). Secondly, we substitute N from (2.8). Finally,
we substitute Y from (2.1) in (2.4) and (2.9). After making a logarithmic transformation of
K and C, we get a delayed differential equation (DDE) for capital

k(t) — ek(th)fk(t) { e)\0+)\1k(t7T)+)\26(t) _ (5} . ec(l‘,)fk(t)7 (210)

and an advanced differential equation (ADE) for consumption

C(t) — e—pT+C(t)—c(t+T) {CL e>\0+)\1k(t)+>\zc(t+7') - 5} —p, (211)
where
__ _ Blogb _ (e=D)x-1)-8 _ _ B
Mo =i M=o and =g

Small capital letters refer to variables in logarithms. We can immediately observe the fol-

lowing;:

Remark 2.1 The FDEs system (2.10)-(2.11) becomes the differential system in Benhabib
and Farmer [6]

l%:(t) — QotMk()dect) _ 5 c()—k()
C(t) — g otAk(O)FAe(t) _ 5 p.
when the time-to-build assumption is ruled out, i.e. 7 — 0.

Moreover, we can prove some relevant relations between the signs of Ag, A1 + Ao, and
14+ A

Lemma 2.2 The following relations holds:

sign(Ag) = sign (A + Ag) = —sign(1+ A1) (2.12)
>\1 = —Oé)\g + o — 1 (213)

®See Hale and Lunel [16].
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Proof. See Appendix A.1. =
Finally let us give the following definition of an equilibrium path in a functional differ-

ential equation context.

Definition 2.3 An equilibrium path is any trajectory o(t) = {c(t),k(t)} that solves the
two autonomous mixed differential equations (2.10)-(2.11) subject to the boundary condition
k(t) =log (&(t)), for t € [—7,0], and the transversality conditions

lim e We™ >0 and lim &0 ¢rt =, (2.14)

t—o0 t—o0

2.3.1 Steady State Analysis

Under the usual assumption that at steady state k(t) = ¢(t) = 0, implying ¢(t) =
c(t+7)=csand k(t) = k(t — 7) = ks, from (2.10) and (2.11), we get

1
ks =
AL+ Ao

(log [A] — Aglog[A — 6] — Ao) (2.15)

cs = log [A — 0] + ks, (2.16)
pT
where A = m.

a
Since k, and ¢, are natural logarithms, they may have either positive or negative sign.

Remark 2.4 Fquations (2.15)-(2.16) are identical to those obtained by Benhabib and Farmer
[6], when T = 0.

Moreover, as expected the following result holds:
Proposition 2.5 The time-to-build delay T affects negatively both kg and cs.

Proof. See Appendix A.2. =
The economy is more inefficient the larger the time-to-build delay is, implying that the

steady state values of capital and consumption are smaller.

2.3.2 Stability Analysis

Let first linearize the system (2.10)-(2.11) around its steady state and compute the Ja-
cobian. As shown in Bellman and Cooke [4] (page 337-339), the solution of the linearized
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system will have the same properties of the nonlinearized one for sufficiently small pertur-
bations. After some algebra,®, and taking into account the relation (2.13), our linearized

system around the steady state is

< 3 ) _ < (a1 — Ap)A — 8] e =7 Mo —1)A+6 ) ( k(t) ) e
¢ al(1—=X)a—1Ae™ p—la(l — A )A—J] eTer" c(t)
The characteristic equation associated to (2.17) describes completely the spectrum of the
eigenvalues Z,, = {z}, associated to the FDEs system. Let us call Re(Z,) the set of the
real parts of the eigenvalues; and with Z* and Z¢ the sets of all the eigenvalues coming,
respectively, from the characteristic equation of the linearized law of motions of capital and
consumption.

Before proceeding, let us remember that all the theoretical results on functional differen-
tial analysis are presented in Chapter 1. Now, using Theorem 1.2, we show how it is possible
to write explicitly the general continuous solution of a system of functional differential equa-

tions when the Jacobian is triangular.
Theorem 2.6 Consider the linearized system of functional differential equations
a(t) ~ J(u")u(t) (2.18)

with u : R — R? and J(u*) an upper triangular Jacobian evaluated around the steady state

u* € R Then the general continuous solution of this system is

w(t) = > neM (2.19)
up(t) = Y The 4+ Te! (2.20)

where {2, }, and {\,}, are the zeros, respectively, of the characteristic equations h(z) and

h (X) of the homogenous part of the two equations.

Proof. If the Jacobian is upper triangular then the characteristic equation associated

to it is

then the spectrum of the roots of the system is exactly the union of the spectrum of the

roots coming from the homogenous part of the two equations. Moreover since the triangular

6See Appendix A.3 for technical details.
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assumption, it is also possible to write directly the solution of the linear functional differential

= ne™ (2.21)

Taking into account the result (1.8) in Theorem 1.2, the other solution is

equations without forcing term

e (t— s)

Zpr Z’"t+c/ul Z e (2.22)

which after substituting (2.21) in (2.22), we get

T

Then if we call T', = p, — Z ooy and T, Z oy We obtain exactly (2.19).

—z )W (2 —2)W (=2
[

Observe that the requirement of a triangular matrix is crucial in the context of functional
differential equations since it is never possible, given the presence of (infinite) complex roots
to transform (through a change of variables) a non triangular into a triangular Jacobian.
Moreover, we underline till now that the requirement of triangularity is important both in
checking transversality conditions explicitly and in writing the general continuous solution
of the main variables of our economy’ in closed form. In the following section, we study
a Ramsey model with endogenous labour supply with time to build. In order to do that,
we proceed as follows: first we study an "auxiliary" Jacobian which is the original Jacobian
when one of the coefficient out of the main diagonal has been replaced by a zero. Then we

extend the results by considering small variation of that coefficient from zero.

2.3.3 The Ramsey model with time to build and endogenous labor supply

The Ramsey model is simply a special case of the Benhabib Farmer model when there
are no externalities, namely o = a and g = b.
Proposition 2.7 If 7 € |0, m> then the equilibrium of a Ramsey model with en-

dogenous labor supply exists and is unique.

"If the assumption of triangularity is ruled out is still possible to prove the existence and uniqueness of
the general continuous solution but not the explicit shape of it.
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Proof. Consider the "auxiliary" Jacobian®

j— [a(l —>\2)A—5] e T ()\2 — 1)A+5
B 0 p—la(l —X)A —0] eTe "7

whose characteristic equation is

hz) = \[z —[a(1 = Xp)A = 0] 7] Iz —p+a(l — X)) A — 9] eZTe””l

A B

The spectrum of roots of & (z) is given by all the roots of A and B. Consider first A. By
applying the D-Subdivision method we find that for 7 € [0, m), the spectrum of
roots of A is characterized by all the roots with negative real part but one positive, call it

z7. In particular, observe that
a(l—=X)A—=50=—-Xa(p+0e”)+p+ (" —=1)5 >0

since Ay < 0 and e’” > 1. Now look at B. B is equal to A after the transformation
w = —z + p. Then, B have all the roots with positive real part but one negative, call it A3,
in the considered interval of 7. Moreover, taking into account Theorem 2.6, we can write

the solutions as

k(t) ~ ZFrem—i-ZTve)‘”t
c(t) ~ vae)‘“t

Now we have to check the transversality conditions (2.14), in order to get optimality. Taking
into account the previous consideration on the spectrum of roots, and assuming for now
only one positive root coming from the law of motion of capital, we have that transversality

conditions hold if and only if

n, = 0 VYuo#70 (2.23)
ng = [(1 — )\2) A— 5] D7 (Zf — )\@) h/ (Z,:) (224)

where the last requirement, which is equivalent to I'z = 0, is fundamental in order to rule

out the root with positive real part coming from the law of motion of capital. Then we can

8We consider lower triangularity otherwise the transversality condition should be verified only in the case
that all the roots coming from the law of motion of capital have negative real part.
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write the optimal general solution

R O I
AT ” T v r
C(t) = [(1 — )\2) A — 5] yus (Zf — /\{)) h/ (Z,:) GAﬁt (226)

and since the residues {p,} and {n,} are uniquely determined by the boundary condition of
capital and the transversality condition through (2.23), (2.24), we have that the equilibrium
is locally determinate.

How these results change for a small variation of the zero coefficient? in J? In that case

the new characteristic equation is
h(z)=h(z)—as[A=a(@+e)e

Since p is usually assumed small, the & (z) can be considered an "almost" even function and
then any small shift of the z-axis let the number of roots having positive and negative real

part invariant!®

and then the dynamic behavior of the economy. m
From an economic point of view is also really interesting to observe how Hopf bifurcation

may rise in this context, confirming the prediction in Asea and Zak [1] and Rustichini [27].

Remark 2.8 Hopf bifurcation rises when 7 = T ) A0
Proof. According to the D-Subdivision method when 7 = 7% = m two roots

which have negative real part in the interval 7 € <0, m become purely imaginary

and then positive in the interval 7 € ( oo). Then in 7* we have all the roots

with negative real part but two purely imaginary, since all the (other) roots with positive
real part are ruled out by transversality condition through (2.23) and (2.24). Then according
to Kolmanovskii and Myshkis ([24], Chapter 3, page 183) we have Hopf bifurcation since all
the following conditions are verified

a) if 7 < 7* all the roots have (after transversality condition) negative real part;

b) 212 (7)|__ . = Fiwg, wo > 0;

c¢) Through the D-Subdivision method follows immediately that

d
dReza ()] g Rez,(r)

dr T=T

T=T

<0 (j>2)

Tt is easy to check that a Ramsey model have a lower triangular Jacobian when a value of x equal to
zero is assumed. That is the so-called Gary Hansen model [17].

10A similar argument is invoked by Rustichini [27].
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2.3.4 The Benhabib and Farmer model with time to build

Now we focus on the Benhabib-Farmer model. The analysis in the case of "mild" exter-
nalities, namely 3 € (b,1 — x), leads to results very close to those obtained in the previous
section for a continuity argument. On the other hand, we cannot use the D-Subdivision
method in order to study the dynamics in the case § € [1 — x,00) since § =1 — x is a
discontinuity point for the characteristic equation of system (2.17)!.

Then we proceed as follows. Given any transcendental characteristic equation A(z), by

expanding all exponents in Taylor series we obtain
Az)=> a2 (2.27)
j=0

As observed by Kolmanovskii and Myshkis [24] (Chapter 4, page 240-241) the zeroes of A(z)
coincide with those of A (2);'? hence we can deduce the stability properties of our system
(2.17) by making a n-order Taylor approximation of the exponential terms in i(z) and then
studying the sign of the roots of the polynomial ﬁ(z) of degree j. In the following, we propose
a numerical exercise where we study the stability properties of our system for different values
of the marginal product of labor, 3, and the delay coefficient, 7, given an approximation
of order n = 8 and then a characteristic polynomial of degree j = 14.' Moreover, we have
assumed capital’s share, a, at 0.34, labor’s share, b, at 0.66, marginal product of capital,
a, at 0.83, the discount rate at 0.02, the depreciation rate at 0.05, and the parameter y
at —0.25. Given this parametrization, it is possible to calculate the full spectrum of the
eigenvalues which are the zeros of the j-order polynomial obtained by Taylor expanding the
exponents in h(z). Moreover since the only state variable is capital, the economy will face
local determinacy when the number of roots having negative and positive real part are equal.
On the other hand if the number of roots having negative real part or positive real part is
higher then the equilibrium will be local indeterminate or local unstable respectively. In
Appendix A4, we have reported the spectrum of roots according to different parametrization
of the marginal product of labor and the delay coefficient. In the following graph we have

summarized the dynamics properties of the equilibrium of the economy.

'Remember that the D-Subivision method requires that all the coefficients of the characteristic equation
vary continuously, otherwise it may be that a change in the sign of some roots happen without passing
through zero. This is exactly what happens in the Benhabib Farmer model as clearly shown in Figure 2 and
3 of their article [6].

2To be precise, let A(z) = e *'aA (2) where h,, = max hij. In the case under analysis A(z) =
J

e *TA  (2) €Ay (2) + ¢ = A(z), where ¢ € R.
13The critical values under which there is a change in stability have been controlled for a higher choice of
n. In particular we have tried with n = 12 and then j = 22.
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Figure 2.1: Dynamic behavior of the economy for different choice of (7, 3).

From Figure 2.1, some considerations rise. First of all, the local determinacy for the
case of "mild" externalities is confirmed for any choice of the delay coefficient between 0 and
15. Given a value for the marginal product of capital higher than 1 — y, the presence of
local indeterminacy is confirmed even in the case of time to build but it depends crucially
on the choice of the delay coefficient. In particular, given a value of the marginal product of
capital higher than 1 — y, the equilibrium is locally indeterminate in the interval 7 € [0, 7)
with 7 close to 7* when [ is closed to 1 — x. On the other hand, if the delay coefficient
T € (7,00) this is no more since a couple of conjugate complex roots, having negative real
part, becomes positive. It is also worth noting that 7 = 7 is an Hopf bifurcation point since
all the requirements in Remark 2.8 are respected.'*

Moreover, we have studied how different choice in the marginal product of capital affects
the dynamics of the economy by changing the sign (in a no-continuous manner) of some of

the roots of the spectrum reported in Appendix A4. In particular, we report in Figure 2.2,

14 Observe that such requirements are not respected when we pass from the region of local determinacy to
the region of local instability since the changing in the sign of roots happens in a not continuous way.
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the roots which modify their sign when we set [ in a neighbors of 1 — x for a choice of 7

equals to 0.01.

- - - positive real part
— negative real part

z, ., conjugate
conplex roots

z, ., conjugate
complex roots

z, conjugate
complex roots

Figure 2.2: Behavior of the roots changing their sign at # =1— y and 7 < 7.

Figure 2.2 shows what happens to some roots around the critical value 5 = 1 — x for
a choice of 7 € [0,7). In particular, a couple of conjugate complex roots, z; split in one
positive, z;, and one negative, zj, root while another couple z,,, change the sign of their
real part (from positive to negative). All the signs of the other roots remain unchanged. It
is also possible to observe that for higher choices of 7, the changing in sign of the roots 2, ,
happens for choices of 3 to the right of 1 — y. This is the reason according to which we can

display local instability as reported in Figure 2.2.

2.4  Conclusions

We have studied a Benhabib Farmer model in order to analyze the effect of the time
to build assumption on the dynamic behavior of the economy. In a first moment, we have

focused on a simpler Ramsey model with endogenous labor supply, and we have proved
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that the dynamic behavior of the economy around the steady state remains of "saddle-path"
type. By a continuity argument, the same dynamic behavior is displayed by a Benhabib and
Farmer model when "mild" externalities are assumed. As explained previously, the same
argument cannot be adopted for "higher" externalities, and then the dynamic behavior of
the economy is studied numerically. Presence of local indeterminacy, Hopf bifurcation and
even local instability appear strictly related to the choice of the marginal product of capital

and the delay coefficient.
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2.5 Appendix A: Some proofs

Proof of Lemma 2.2. We start with the case Ay > 0. We can observe immediately
that

AM>0<=[>1—y.

But then given the assumptions a € (0, 1) and y < 0, follows immediately that

do > 0= A+ =00 s

a(x=1)
Ay > 0= 14\ = 6+x1<0

Now we analyze the case Ay < 0.We can observe immediately that
M <0< [g<1l-—x
But then given the assumptions a € (0, 1) and y < 0, follows immediately that

Ao < 0= A\ + N\ :%<0,

a(x=1)
A < 0=14+)\ = 5+X1>0

and then we have proven all the relations between Ay, A\; + A2 and 1+ \;. Moreover since

we can write A\ as follows:

M=ga o=y =R =l a1,

then we’ll have that if

Ay € [% 400) = A <0,
Ao € (=00, =) =\ >0,

Proof of Proposition 2.1.We need to prove that both % and % are negative. First

of all we’ll have that:
%_ A(r) [(1=X)A(T)=9
dr — M+ | A7) [A(T)—(S]

now since A (1) > 0, A’ (1) = ";jem > 0 and A(7) — (5 > O then sign (%) depends
exclusively on Ay, If Ay < 0 then (1 — A3) A(7)—4d > 0 but for Lemmal, A\; + A2 < 0 and then
2k < 0. On the other hand if Ay > 0, since 1 — X < 0, we’ll have that (1 — XAs) A(7) =6 <0
but this time A; + Ay > 0 and then % < 0.
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Now we’ll study the sign (‘fj‘;) in order to do that we put (2.15) into (2.16) and then we

take the derivative respect to 7 :

deg _ A'(r) {(1+)\1)A(7) 5}
dr Mt LA A(r) — 0]

des

as before the szgn( ) depends excluswely on \. In fact if Ay > 0, since 1+ A\ < 0,

we'll have (14+ A1) A(7) =3 < 0 but Ay + Ay % 0 and then 42 < 0. On the other hand

L
suppose that Ay < 0, if we prove that (1 + A;) A(7) —d > 0 since \; + Ay 20 then des < 0.
In order to prove that (1 + A;) A(7) —d > 0 we distinguish the following two cases:

(2.16)
Ao € (—00, ) N > 0= A(1+N)-F>A-6 > 0
Ay € (%,O):>A(1+)\1)—(5>0

where the last relation is obtained by studying the limit case Ay — 07. In fact if

)\2—>0§>1+)\1—>a:>H2—>aA—5>aA—5:pe”T>O.

2.6 Appendix B: Linearization around the steady state

We show how to obtain the Jacobian starting from the DDFE for capital and the ADE
for consumption. In order to simplify the algebra we rewrite the two functional differential

equations as follows:

k(t) _ ef(k:(t) (t—7)) {eg (t—7),c(t)) _ (5} h(k(t
C(t) _ 6'u(() c(t+7)) {aeg(k(t) c(t+T)) 5} P,

and we’ll use the following notation:

€>\o+)\1ks+/\205 _ 6+pem— = A, (228)
a
) T
gk — 0P s 4 (2.29)
a
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Now we calculate the following derivative!®:

ok(t) _ 1, FO@)R(E=7)) § g(k(t—T)c(t))
D = 5 (1), k(e = )] ¢ st o)
ISICON G [_( (t_7> (t))} o9(k(t=T).c(1))
— (6727' . 1) k(t— {6/\0+)\1k(t T)+A2c(t) 5} +
k(t T) t))\ e T )\0+)\1k(t T)+A2c(t) +ef c(t)—k(t )7
and then
Ok(t) ~ \ - _
— 2T 1 o+A1ks+A2cs _ 5 )\ 2T JAo+A1ks+Aacs cs—ks
—816(75) ( ) (e ) + AMe “'e +e ,

and taking into account the relations (2.28) and (2.29) we’ll have finally:

— e T (A= + MA). (2.30)

Now we search for

Ok(t)
Oc(t)

el (HOLK(E=T) [Mg(k(t —7), c<t>)] eok(t=T)e(t)) _ [%@)h(kz(t), c(t))] eh(k(B)c(t))

)\26)\0+)\1k(t—7')+)\2 C(t) .

and then in steady state we get:

Ok (t)
= MMA—A ) 2.31
0 Ao +4 (2.31)
Now we pass to find
8é(t) —__v(e(),e(t+7) ~ G(k(t),c(t+T))
ol k(D). c(t + 7)) ac?

_ eprJrc(t)fc(tJrT) a)\le)\0+)\1k(t)+)\gc(t+7')7

and then in steady state we get:

.
~—

22

=e Ta\ A (2.32)

~
SN—
w

15We search for a solution of type c(t) = k(t) = e*! and then we have the following relations k(t — 7) =
e*=7) and c(t 4 1) = e*(t+7)
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At last we calculate:

a¢(t) [&B(t)v(c(t),c(t%—T))] v(e(t)e(t+r)) {aeg(k(t) e(t+)) Sy

RICORGES) [ 6%) Glk(t), c(t +T))] eI k() .c(t+7))
_ (1 . eZT) e —pT+e(t)—c(t+1) {ae)\o+)\1k(t)+)\gc t+71) (5} +

e—pT+C( )—c(t+7) CL)\ e/\0+)\1k( )+>\gc(t+’r)’

and then in steady state we get

=—(aA =9 —aXA)e "’ + (aA— e "7, (2.33)

and then taking into account (2.30),(3.2),(2.32), and (2.33) we can construct the Jacobian
(2.17).

The trace and the determinant of (2.17) are given by!:

Tr(J) = (A=04+MA)e ™ —(aA -9 —arA)e "e* + (aA—0)e™ ", (2.34)
(A=04+ MA)(aA—=08)e e ™™ — (A—0)(aA — 0 —argA)e "™ (2.35)
+M AL —a)de ",

!
Q
=~
)
I

2.7 Appendix C: Roots of A (2)

All the numerical results are obtained using MatLab and given the parametrization re-
ported in Section 2.3.4. We report in the following only a subset of the whole numerical

simulations for space reasons. More tables available under request.

16 As we expected, we can obtain the same BF results for trace and determinant just assuming the delay
equal to zero.
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Delay coefficient 7=0.01

50

p=11 p=1.24 p=1.26 p=1.3 p=14 p=1.6 p=3
0.90 10.23 381.15 616.28 788.31 925.61 1155.5
817.01+431.78i 539.12+279.12i 609.44 778.39 918.9 1041 12855
704.13+530.18i 363.57+391.83i 345.99+487.98i 434.88+626.89i 507.74+743.46i 570.49+845.37i 695.14+1050.9i
100.394£877.98i 82.848+576.65i 199.76+609.691 283.8+753.53i 357.95+876.85i 420.87+981.47i 530.05+1164i
-104.55+1022.9i -89.60+664.481 -166.741546.69i -231.69+665.61 -294.87+772i -352.531+867.84i -471.38+1065.7i
-568.1+466.94i -281.12+375.76i -394.48+563.21i -495.38+723.54i -576.28+854.84i -642.68+963.96i -755.52+1151.5i
-949.334505.48i -619.93+323.14i -19,56 2791 -0.86 0.34 -0.03+0.02i
-0.017 -0.018 -0.018 -0.018 -0.019 -0.02
-238.9 -480.12 -643.09 -776.2 -1032.9
-701.18 -894.96 -1052.3 -1182.3 -1404.6
Delay coefficient =0.5
0.49 0.90 1.03 1.43 3.64 6.05 9.28
9.04+4.64i 6.02 + 3.04i 6.75 8.59 10.10 1141 14.02
5.32 + 7.4846i 3.01+8.28i 4.01+5.29i 4.95+6.82i 5.79 + 8.06i 6.50 +9.12i 7.88 £ 11.26i
15188 +9.57i 1.67 +5.98i 2.80+8.72i 2.81+9.54i 3.14+10.51i 3.58 +11.44i 452 +13.12i
-1.63 £11.20i -1.31+£7.04i 0.56 * 5.56i 0.57 +4.48i -0.61 £ 2.34i -3.10 +£10.43i -3.99 +12.19i
-4.01 £ 7.55i -2.92 £8.42i -2.84 + 8.56i -2.74 £ 8.94i -2.8 £ 9.65i -7.32+10.37i -8.56 + 12.32i
-10.48 £ 5.42i -6.91 + 3.51i -4.53 + 6.14i -5.66 + 7.86i -6.58 +9.23i -0.78 -0.034 £ 0.02i
-0.016 -0.017 -0.017 -0.017 -0.018 -0.019
-7.77 -9.86 -11.56 -12.94 -15.31
-3.04 -7.61
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ROOTS OF A (2)

Delay coefficient 7=1

51

p-1.1 p=1.24 p=1.26 p=1.3 p=1.4 p=1.6 =3
0.35 0.49 0.52 0.59 0.90 1.92 3.64
4071208 272+1.37i 3.04 3.87 455 5.14 6.30
217+3.74i 147+4191 183+£239 224+3.051 2.62+3.62i 2.94+4.09i 3.57 +5.05i
076 £4.25i 0.81+276i 142+430i 138+453i 144+491i 158+529 1.94+6.01i
-0.77+5.02i -0.66+3.19i 022+275 0.33+262 0.18+1.92 -1.43+487i -1.73+5.60i
-1.68+3.891 -145+4.23i -143+4.26i -1.39+4.35 -1.37+457i -037+1.06i -3.88+553i
-473+243i -312+158i -2.06+2.76i -257+353i -298+4.15i -3.32+4.66i -0.042+0.008i
-0.02 -0.02 -0.02 -0.02 -0.02 -0.02 -2.76
-351 -4.45 -5.21 -5.83 -6.90
Delay coefficient 7=5
0.12 0.13 0.13 0.13 0.13 0.14 0.22
0.64+0.32i 0.42+0.21i 0.48 0.60 0.71 0.80 0.99
031+081i 029+084i 029+038i 0.36+047i 041+055i 046+0.63i 0.56+0.78i
0.17+0.63i 014+047i 028+085i 028+0.86i 027+0.88 027+092i 0.29+1.01i
-0.13+0.77i -0.13+0.52i 0.023+0.50i 0.045+0.55i 0.06 +0.55i 0.067 +£0.51i -0.005+0.28i
-0.29+0.83i -0.28+0.84i -0.28+0.84i -0.28+0.85i -0.28+0.86i -0.27+0.87i -0.28+ 0.95i
-0.75+0.38i -0.49+0.251 -0.33+0.44i -041+0.55i -048+0.65i -0.53+0.73i -0.62+0.87i
-0.01 -0.01 -0.01 -0.01 -0.01 -0.01 -0.01
-0.56 -0.71 -0.82 -0.93 -1.09
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CHAPTER 3

WELFARE RANKING OF NON-MONOTONIC PATHS IN
ONE-SECTOR GROWTH MODELS WITH NON-CONVEX
TECHNOLOGY.

3.1 Introduction

Despite the concavity of the utility function, Christiano and Harrison [3] have estab-
lished that increasing volatility of labor may raise welfare in economies with non-convex
technology sets & la Benhabib and Farmer [1]. In absence of any productive externality,
fluctuations in consumption and labor are welfare-diminishing compared to a smooth con-
sumption/investment plan when the utility function is concave. However, in the presence
of productive externality, the welfare loss implied by fluctuations may be more than com-
pensated by the gain inherited from the increasing returns to scale: for a given capital
stock, by bunching hard work, agents are able to increase the average level of consumption
without raising the average level of labor. When dis-utility of labor does not raise dispro-
portionately compared to the additional utility procured by consumption, this “bunching"
effect dominates the first negative “concavity" effect and makes the agents better-off. Thus,
when the steady state equilibrium is locally indeterminate, that is when there is multiplic-
ity of deterministic equilibria around the steady state, stochastic sunspot equilibria may be
welfare-improving.

In the literature the possibility of stabilizing an economy characterized by local inde-
terminacy has been analyzed in such a framework by Guo and Lansing [5].! However, no
much attention has been dedicated to the choice of the best equilibrium path on which sta-
bilize the economy. It is clear, from Christiano and Harrison’s estimates, that a stabilizing
policy can make the agents worse-off when expectations are pinned down on a suboptimal
path. From Pareto’s criterion viewpoint, any (decentralized) deterministic equilibrium path
of Benhabib and Farmer’s economy is not efficient as long as agents do not internalize the

externality of production. Nevertheless, from a welfare viewpoint, these deterministic equi-

! Economic policy constructed to stabilize the economy by minimizing the variance of output have also
been analyzed in models in which the level of externality required to get indeterminacy is less stringent than
in the current framework. See for instance Guo and Harrison [4] and Sims [2005].
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libria do not display the same level of utility: the optimization programme fails to determine
which of them provides the maximum amount of welfare since they all satisfy the first order
conditions and the transversality condition. Thus, when agents jump from one path to an-
other, the stochastic equilibrium so obtained may increase their welfare provided they leave

a welfare-dominated deterministic path for a welfare-improving deterministic path.

In this paper a welfare ranking of the different deterministic equilibria in an exogenous
growth model with non-convex technology and presence of local indeterminacy is studied.
In the continuity of Christiano and Harrison [3] who determined that a stochastic equilib-
rium may be welfare-improving for agents, we look for the conditions under which a change
in the deterministic path chosen by the agents is welfare-improving. The starting value of
consumption and the speed of capital accumulation (or equivalently the monotonicity of the
consumption /investment plan) determine simultaneously the desirability of a change in the
equilibrium path. Actually, these two components allow us to establish which one of the two
effects described by Christiano and Harrison dominates according to the level of increasing
returns to scale. Since all eigenvalues have strictly negative real part, the model exhibits
local indeterminacy, that is a region of stability in which equilibrium paths converge to the
steady state. According to the Grobman-Hartman theorem, this local stability implies the
preservation of the topological properties of the system under linearization in a neighborhood
of the steady state. Moreover, for a given initial stock of capital, Russell and Zecevic [6]
determined the range of values of initial consumption lying in the region of attraction when
a Benhabib and Farmer model [1] is considered. Then, taking into account these analytical
results we have proposed two approaches. In the first one, we restrict the analysis to the
equilibria converging monotonically to the steady state when the lowest level of increasing
returns required to get indeterminacy is chosen. Then, we determine analytically the opti-
mal starting value of consumption within this set of deterministic equilibria using a linear
approximation of the dynamical system and the utility function around the steady state.
In the other approach, we continue a local analysis but through numerical methods we are
able to enlarge the range of initial conditions and the possible values of the externalities:
these changes let us to consider also paths in the neighborhood of the steady state which
do not converge monotonically to the steady state and are able to determine more precisely
the value of the optimal starting condition of consumption and the optimal behavior of the

consumption /investment plan within the attracting set.

Finally, the aim of the paper is to rank the different deterministic equilibria in terms of
welfare according to the initial level of consumption in the neighborhood of the local indeter-

minacy steady state when a stabilization policy is introduced. In particular we will assume
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that the government can pin down expectations on one of the deterministic equilibria; this
can be done by fixing the rental rate on capital or the real wage at any period (see Saidi
[8]).Then, it will be shown that the (decentralized) optimal welfare equilibrium displays a
path all the less monotonic and an initial level of consumption all the higher since increasing
returns to scale are high. Bunching hard work in the very first periods makes capital accu-
mulation faster. In the next periods, agents can benefit from the high level of capital stock by
maintaining a high level of consumption but decreasing labor significantly. When increasing
returns are high enough, reaching the optimal capital stock requires few time, which explains
the non-monotonicity of the equilibria during the first periods. However, when increasing
returns are close to the condition of indeterminacy, bunching hard work in the first periods
is not sufficient to accumulate a sufficient amount of capital stock, which would require large
levels of labor and a loss of welfare that next periods consumption cannot offset. Thus, when
increasing returns to scale are not high enough, a (second best) optimal policy should pin
down expectations such that agents would rather smooth their consumption and labor paths
and accumulate progressively in order to maximize their welfare.

In the second section, we will present briefly the main characteristics of Benhabib and
Farmer’s model, including uniqueness of the steady state equilibrium and the condition for
indeterminacy. In section 3, we will assume this condition satisfied and specify the set of
monotonic consumption paths for any values of the parameters. These results will be helpful
in establishing the welfare ranking of section 4 when we use a linear approximation of the
utility function and will be confirmed by the more general simulation method. Section 5 will

conclude.

3.2 Model Setup
3.2.1 Agents’ behavior

In this paper we analyze the welfare properties of different equilibrium paths of Benhabib
and Farmer’s model [1]. This deterministic continuous-time model with infinitely lived agents
is characterized by increasing social returns to scale due to externality in the aggregate
production function. However, the representative firm is assumed not to take into account the
externality of production and then faces a Cobb Douglas production function with constant

returns to scale at the micro-level.

Formally:
Y(t) = A)K(t)"L(t)° with 0<a<1, and a+b=1, (3.1)
A(t) = K@)“L(t)™ with 7,7, > 0, (3.2)
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where K and L represent the average economy-wide levels of capital and labor. In equilib-
rium, K = K and L = L and by making the parameters substitutions o = a(1 + v,) and
B =b(1+1,), we get the aggregate production function:

Y(t) = K(t)"L(1)",

which obviously exhibits increasing returns to scale. In the same time, the economy is
populated by a large number of identical consumers. As usual, firms maximize profit, which
breaks down because of the constant returns, while the representative consumer, owner of

the firms, faces the following optimal control problem:
/ <10 C(t L)~ ) e Pldt,
0 L=x

K(t) = (r(t) — 8) K(t) + w(t)L(t) — C(t).

subject to:

3.2.2 Dynamical system and Steady state equilibrium

From the first order conditions and after some algebra, Benhabib and Farmer obtain the

following two nonlinear ordinary differential equations system:

ko= etotmbtime g5 gk (3.3)
¢ = aetotmktine 5, (3.4)
where x =In X, p, = gf;iﬁ, = % and py = B%xfl It is worth noting that the

system represents the global dynamics of the economy.

Taking into account such dynamics, we determine the steady state of the system:

Remark 3.1 The steady state values of labor and consumption are respectively:

1 p+o p+0(l—a)
ks = log — pylog ————— — 1
My T+ o 2 a °
d(1—
CS — IOgW_'_kJS
L cs — aks —log ()
T BHx-1

where the last one can be obtained by the labor demand and labor supply equations.
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Benhabib and Farmer show that, under the condition 8 — 1 + x > 0, that is if the ag-
gregate labor demand curve is upward sloping and steeper than the labor supply curve, the
steady state equilibrium is indeterminate. In the neighborhood of such an equilibrium, there
exists a continuum of paths converging to it and then satisfying the first order conditions of
the optimal control programme, including the transversality condition. In this framework,
perfect foresight hypothesis, which usually leads to a unique equilibrium path, cannot dis-
criminate between the different paths: agents are allowed to switch from one path to another

at any period. However, in terms of welfare, these paths are not equivalent.

3.3 Local analysis

The results of this section are closely related to the classical Grobman-Hartman theorem
that states that, around an hyperbolic equilibrium, the flow of a nonlinear differential equa-
tion is topologically conjugate via an homeomorphism to the flow of its linear approximation.
It is clear from Benhabib and Farmer [1] that no eigenvalues crosses zero as the determinant
changes sign and the steady state becomes stable?. Then, the stationary equilibrium remains
hyperbolic even for the minimum degree of externality necessary for local indeterminacy. In
this section, after having linearly approximated the dynamics for capital and consumption,
we describe qualitatively the different equilibrium paths in term of monotonicity and we
study both analytically and numerically the welfare rank of the different equilibrium paths.

Finally the (second) best equilibrium path in term of welfare is selected through a sta-
bilization policy & la Saidi [8] which is able to coordinate over time the agents on a given

deterministic path (see Appendix for more details).

3.3.1 Linearization

We proceed to a first order approximation of equations (3.3) and (3.4) around the de-
terministic equilibrium and express the general solution in terms of deviation of the two
variables k(t) and c(t) from their steady state values ks and ¢, i.e. Z(t) =In X(¢) — In X.

We get:
[ k(t) ] N [ MU 7V12 ] [ e (3.5)
&t) | | mua mava er2!t '
with
Vol 6] = [Ull V12 ] _ [ (I4+p)¥—0—XN (I+p)¥—0—X ] 7 (3.6)
Va1 U2 (1 — )W —0 (1= )W —0

2To be precise the change in the stability of the equilibrium is related to the presence of a discontinuity in
the value of one of the eigenvalues as a function of the externality, namely \; (7,) with \; the i-eigenvalue.
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where U = (p+ J)/a and &, and &, are eigenvectors associated to the eigenvalues A; and
A2, which can be obtained after computing the Jacobian of the system formed by equations
(3.3) and (3.4). Moreover, given a starting point [K(0), C'(0)], we apply Cramer’s rule and
deduce:

Uggl%([)) — ’Ulgé(O)
V11022 — ’U121~121
?]116(0) — U21/€(0)

V11V22 — V12021

m =

Ny =

3.3.2 Monotonicity of the equilibrium paths

In order to understand the economic implications of the welfare ranking of the equilib-
rium paths in term of consumption smoothness over time, we study in this subsection the
conditions on ¢(0) under which the path is monotonic. It is worth noting that monotonicity
can only appear when eigenvalues are real. In the following, we will assume without loss of
generality that \; < Ay < 0.

Under the condition 5 — 1 + x > 0 the stable manifold has dimension 2. We call stable
arms the two paths such that:

é(t) = nivgie’\it, i={1,2}.

As shown in the Appendix, the starting log-values of consumption on the stable arms for a

given initial stock of capital K (0) are:

g, = e+ k(0)=2 (3.7)
11
Cog, = cs+l;:(0)2—jz. (3.8)

The following proposition holds:

Proposition 3.2 For a given initial stock of capital K(0) < Ky (resp. K(0) > K,), there
exists a strictly positive (resp. negative) € such that for c(0) € [coe, — €, coe,] (resp.

[coe,,Coe, — €¥]) equilibrium paths of consumption are monotonic.

Proof. Monotonicity of consumption paths occurs provided the equation dé(t)/dt = 0

has no solution. This means that there is no t € Rt such that:

N, 2105+ myzpvse®t = 0. (3.9)
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Using the fact that ve; = vgs:

. 1 n Uggk(O) — U126<O) _1
t= ! oo F(0) — 0112(0) 2 2) : (3.10)

)—v12&(0)

A solution exists if and only if F = EES) o) 0. Assume, for instance, that ¢(0) =

Co,e, + €. In this case relation £/ becomes
J(0) ’
[V12V91 — V11022 — U11012€

where v;; < 0 for any 4,5 = {1,2} (as shown in Appendix).

E:

If £ > 0, equation (3.10) has a solution if and only if [v12v9; — 1)111)22]127(0) — v11v126 < 0,
that is for:

or equivalently for:
C(O) > 60751.
If £ < 0, equation (3.10) has a solution if and only if [v1ov9; — 1)111)22]1;7(0) — v11U12€ > 0,
that is for:
e < [@ - @} (0)
V12 V11
< Cogy — Cogys

or equivalently for:
c(0) < coe, — €
with e* = co¢, — coe,, which is positive (resp. negative) according to Appendix provided
K(0) < K (resp. K(0) > Kj).
Thus consumption paths have a monotonic behavior if and only if ¢y € [coe, — €%, o, ]
for K(0) < K, and ¢y € [cog,, o, — €*] for K(0) > K,. m
A specific case with K(0) < Kj is reported in Figure 3.1.

3.3.3 Reformulation of the optimization programme

For a given initial stock of capital K (0), the optimal paths of consumption and capital
can be computed using equations (3.3) and (3.4). Then, optimal path of labor can be

computed using the following first order condition:

(B—14+x)l(t) =c(t) — ak(t) — Inb. (3.11)
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Consumption (log term)

0 50 100 150
Time

Figure 3.1: Consumption dynamic behavior around the equilibrium.

Consequently, once the initial level of consumption C'(0) has been chosen, agent’s welfare
can be derived. Searching the path making the agents better off consists of determining the

initial level of consumption that maximizes welfare:

max/oo (log C(t) — Ll(le> e Pdt. (3.12)

Co —X

Since U (cs, l5) is a constant, it must be noticed that our optimization programme (3.12) can

be rewritten as:

max / O (e(t), 1(t))e~""dt, (3.13)
where:
U(c(t), 1(t) = Ulc(t), 1(t)) — Ulcs, L),
and:
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3.4 Paths Ranking of deterministic paths

When the dynamics is constrained to be linear, an analytical approach can be used to
determine approximatively within the set of possible values the initial level of consumption
maximizing welfare. However, the approximation error implied by such a technique requires
us to work in a small neighborhood of the steady state

The technique used by Benhabib and Farmer and which consists in linearizing the dy-
namical system and checking whether eigenvalues have negative real parts ensures that the
stationary equilibrium is asymptotically stable, that is locally attractive.

Moreover, Russell and Zecevic [6] has shown that it is possible to evaluate the region
of attraction for the Benhabib Farmer model: given the initial level of capital, it can be
computed the largest interval of values of the initial conditions of consumption such that the
stability properties of the linearized and nonlinearized system remain invariant.

Taking into account these results, we propose an analytical and a purely numerical
approach in order to make a welfare rank. In the first case we focus on the minimum degree
of externalities and on the set of monotonic paths; then the analysis is enlarged to any value

of the externalities and on all the equilibrium paths.

3.4.1 Welfare ranking of monotonic paths

3.4.1.1 Approximation method for 5 — 1 + x close to zero

Applying total differentiation around the steady state [cs, [s] to equation (3.13), we get

the difference in welfare units between a given state and the steady state:
Ule(t),1(t)) = &t) —e=1[(t) (3.14)
= ¢, (n noiet + nyvise’ ) + ¢y (n et + 772@22€A2t) ; (3.15)

Wlth ¢1 _ aels(l X) d ¢2 =1— ls 1- X)
terms in k(0 ), the optlmlzatlon programme becomes:

[o¢]
D011 + DU O1V12 + Py - _
max/ {—vu ! 220 oMt g 222 Mt E(0)e P ldt (3.16)
Co V11V22 — V12021 V11V22 — V12021

. If we rearrange equation (3.15) and skip all (constant)

with ¢ € [00@2 — &, 00761] and kg very close and on the left respect to ks. Let F' be the term
in brackets. It is straightforward that if ' > 0 (resp. F' < 0) the optimal value of ¢(0) < ¢
is coe, (resp. cog, —€*) since coe, < Coe, < Cs-
With real eigenvalues, F' becomes:
v12(Pyv11 + Pyv21) v11(P1 V12 + Pov22)
+ .
(P - /\1)(U11U22 - U12U21) (P - )\2)(1?11@22 - 11121)21)

F=—
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For the lowest levels of increasing returns insuring indeterminacy, that is for g — 1 + x
close to 0, it can be shown that F' tends to F' (look at the Appendix) with:

_— els(1=x) T
P () 10

Then the following proposition holds:

Proposition 3.3 For K(0) < K,, U(c(t),1(t)) is always strictly positive for monotonic paths
of consumption with absolute mazimum at coe, —* when [ tends to 1 — x. For K(0) > K,
Ul(e(t),1(t)) is always strictly negative for monotonic paths of consumption with absolute

mazimum at coe, when 3 tends to 1 — x.

Proof. Assume that £(0) < k;. According to Proposition 1 monotonic paths are such
that ¢(0) € [0_0752 —&%, o, ). Since £ = 1—1—% < land 1—a > 0, it is straightforward
to see that F' < 0. Then representative agent’s welfare can be maximized by minimizing
¢(0), that is for C'(0) = ¢, — €*. According to equation (3.16), since F' < 0 and ¢(0) < 0,
representative agent’s welfare is strictly positive.

Assume that k(0) < ks. According to Proposition 1 monotonic paths are such that
c(0) € [cog,, coe, — €*]. It has been showed that F' < 0 then agent’s welfare is negative and

can be maximized by maximizing ¢(0), that is for C'(0) = cp¢,. ®

3.4.1.2 Economic arguments

A government which wants to maximize welfare and is able to pin down expectations
on a given path through a stabilization policy, has an incentive to coordinate consumers’
expectations on a ¢(0) as far as possible to ¢y given an initial capital £(0) on the left hand
side of its steady state value, and on a ¢(0) as close as possible to ¢; when k(0) is on the
right hand side of its steady state value.

For k(0) < ks and 8 — 1 + x close to zero, log-deviations of consumption, capital and

labor are negative and evolve monotonically (approximately) at the same rate \o:
&t) ~ &0)e

B(t) ~ a—22&(0)eM!
V22

~ 1 1)12) ~ ot
I(t) ~ ——— (1 —a—)c(0)e™".
0 ~ g (1-a2) o
Log-deviation of welfare at the initial state is positive and decreases monotonically to zero as
t tends to infinity. Instantaneous utility remains higher for the lowest levels of consumption

(and labor) at any time.
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In the presence of increasing returns to scale, agents have two alternatives for their
consumption/investment plans. Either for large levels of increasing returns to scale they start
with the highest level of consumption, investment and labor, accumulate rapidly capital then
benefit from this accumulation for the rest of the time (since labor can decrease faster than
consumption). Whereas for smaller levels of increasing returns, high levels of consumption
and investment require extremely high levels of labor, which deteriorates welfare compared
to more balanced levels of consumption. This last alternative is the one computed above:
agents are better off when they choose an initial level of consumption equal to cp¢, — €*.

It would be interesting to enlarge the set of possible initial conditions in order to check
whether or not the agents have interest to choose a non-monotonic equilibrium path, whose
starting value of consumption would be higher or lower than cy¢, and ¢g¢, —€*, respectively.

This is the objective of the next subsection.

3.4.2  Welfare-ranking of non-monotonic equilibria

Until now our analysis has focused on the set of monotonic paths. In this section, we
relax the linear approximation of the utility function. Derivations are more complex and
require to switch to the numerical analysis. In the same time, we can consider a larger set
of initial conditions, including the trajectories that do not converge monotonically to the
steady state, and compute formally the (second best) optimal initial level of consumption
which may lay outside the range [co e, —€*, co¢,]. Then, we draw some qualitative predictions
on the relation between the initial level of consumption and the level of increasing returns.
Especially, it will be shown that the higher the increasing returns to scale the higher the
welfare maximizing initial level of consumption. And then, according to Proposition 2, we
can conclude that the higher the level of increasing returns the less smooth the maximizing

welfare paths of consumption, labor and investment.

3.4.2.1 Simulation methods

Now we are interested in understanding the effect of a change in the initial level of
consumption on the welfare for paths which are not monotonic. In Proposition 1, we have
observed that according to the choice of C'(0) consumption converges more or less monoton-
ically to its steady state value. This implies that different feasible equilibrium trajectories
present different degrees of consumption smoothness.

Our problem is to identify what is the best among the welfare optimizing equilibrium

trajectories. Moreover, we are interested in understanding if this trajectory has a high degree
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of consumption smoothness respect the others. In order to solve our problem we proceed as

follows. First, we substitute approximated log-value of consumption into the utility function:

W = MV TV / L(t>1_xe*ptdt.
p M—p A—p 1—x

Then, for different initial values of consumption, we compute the level of labor L(t) at any
period using equation (3.3), (3.4) and (3.11), and compute numerically the agent’s welfare
W.We have parameterized the economy as follows: capital’s share, a, at 0.34, marginal
product of capital, «, at 0.83, the discount rate at 0.02, the depreciation rate at 0.05, and
the parameter y at —0.25. Moreover we have studied the dynamics starting from an initial
value of capital ky = k* — k*/100 and considered initial value of consumption as percentage
variation of its steady state value. All the choices of the initial values are checked to be in
the attraction set®. In Figure 3.2, we have sketched the results for the minimum level of
productive externality -, satisfying the condition for indeterminacy, which implies g = 1.251.
It must be noticed that for readability purpose a zero value has been imposed to any negative
welfare values.

These results confirm Proposition 2 which predicts that within the set of monotonic
paths, the maximizing welfare equilibrium starts with an initial level of consumption ¢(0) =
coe, —€*. It is also interesting to notice that even if we enlarge the range of initial conditions,
the maximum welfare is reached by agents when they choose a path with the highest degree
of consumption smoothness.

However, for a choice of § = 1.66, that is when the economy faces a higher level of
externalities, the maximum welfare is reached for an initial level of consumption outside the
range [co¢, — €*,Co,], meaning that the optimal path is non-monotonic and the degree of
consumption smoothness lower. It is clear, from Figure 3.4, that the maximizing welfare
path’s degree of consumption smoothness decreases as the level of increasing returns to scale

raises.

3.4.2.2 Economic arguments

In optimal growth model a la Benhabib and Farmer with social increasing returns to scale
and productive externalities, Christiano and Harrison [3] distinguish two effects affecting the
consumption /investment plans. For a given technological coefficient (a given productive ex-

ternality), the concavity of the utility function prevents from fluctuations which deteriorate

3Taking into account tablel in Russell and Zecevic (1998) it is, for example, possible to observe that cg
may be chosen in the interval (clfg‘il%, Clos% ) when 8 = 1.26.
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welfare. This "concavity effect" leads to choose monotonic equilibria and smooth consump-
tion over time so as to maximize agent’s welfare. However, when the externality varies with
the average levels of capital and labor, increasing returns to scale appear at the aggregate
level. It may be welfare improving to bunch hard work in the first periods to boost capital
accumulation in order to benefit from higher productive externalities in the future for lower
levels of labor. When this "bunching effect" dominates the "concavity effect", agents bring
forward a part of their labor supply, raising consumption at any period and decreasing labor
after a while. On Figure 3.5, we pictured the optimal paths of capital, consumption and
welfare for § = 1.99.1t is worth noting that, when paths are monotonic, capital, consumption
and labor lay below their steady state value forever. Here, this is no longer true: consumption
and capital remain at any tile above their steady state values whereas labor remains below
its steady state value after a while. It can be easily seen how agents accumulate the capital
stock during the first periods, which erodes gradually afterwards. When increasing returns to
scale are not sufficient, accumulating this comfortable maximum amount of capital requires
to pay a stringent tribute in terms of dis-utility of labor that the increase in consumption
cannot compensate. When the level of increasing returns is close to the minimum value to
get indeterminacy of the steady state, there is no level of comfortable capital stock such that
the "bunching effect" dominates the "concavity effect": far from accelerating capital accu-
mulation, agents are better-off when they smooth consumption and labor over time. Finally,
as increasing returns become more and more important, the "bunching effect" increases and
offsets the "concavity effect": the welfare maximizing initial level of consumption as well as

the maximum amount of capital stock raise.

In that extend, the linear method gives results that are particular cases of what has been
found with the numerical analysis. As the productive externality increases, the maximizing
welfare initial level of consumption moves away from cp¢, — ¥, passes through cg¢, then

keeps raising in the range of non-monotonic paths.*

It is also clear on the simulations above that the loss in welfare for an agent maintaining
coe, — € as a starting level of consumption is increasing with the level of increasing returns.
As this level goes up the “bunching effect" raises and more than offsets the “concavity effect".
A higher level of increasing returns to scale makes capital accumulation larger for the same
amount of worked hours or equivalently allows the representative agent to raise consumption
without raising labor: welfare must go up (Figure 3.6, red line). Finally, the difference

of utility between the optimal path and the path starting with a level of consumption of

Tt must be noticed that the values of co¢, — €* and co¢, are also increasing as the level of increasing
returns gets larger.
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Co, — €* increase exponentially. Then it is clear that a benevolent planner would have to
use its stabilization policy according to the magnitude of the externality: when non-convex
technology set is assumed it may be welfare reducing to pin down expectations of the agents

on a monotonic path respect to a non-monotonic one.

3.5 Conclusion

In this paper, we have proved that in a one-sector growth model with non-convex technol-
ogy and productive externalities it is possible to rank the different equilibrium paths accord-
ing to the initial value of consumption when the steady state is indeterminate. In the con-
tinuity of Christiano and Harrison’s simulations, we have showed that welfare-improvement
of stochastic sunspot equilibria is all the more powerful in the earlier periods of time since
they condition the long run behavior of consumption and labor either by accelerating capital
accumulation when the level of increasing returns is high (for a given elasticity of labor) or
by decelerating the accumulation when it is low. Large fluctuations are then likely to be
welfare-diminishing in the last case where the "concavity effect" dominates the "bunching
effect". It can be inferred that progressive taxes able to pin down expectations as those
developed by Guo and Lansing [5] are more likely to be welfare-diminishing compared to
any stochastic equilibrium when increasing returns are large since they smooth consumption
and labor and decelerate capital accumulation, as shown previously by using a stabilization
policy a la Saidi. Our analysis raises a question that deserve further investigations. Can
we say something about the nature of the social planer’s allocation? All the equilibria we
considered are inefficient since the agents do not internalize the externality of production. In
this case, the maximizing welfare deterministic equilibrium is more or less monotonic accord-
ing to the aggregate level of increasing returns. Christiano and Harrison present an example
of monotonic social planer’s allocation while for different values of the externalities Dupor
and Lenhert [2002] and Saidi [8] show that this allocation is discontinuous and cycling. It
can be conjectured that there is a close relationship between the monotonicity of the first

best allocation and of the decentralized optimal solution.
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3.6  Appendix A: Stabilization policy

Assume that the stationary equilibrium is indeterminate and that the government aims
at coordinating the expectations on a deterministic indeterminate path characterized by the
initial level of consumption and labor (Cy, Ly). The expected rate of returns on capital is
7o = aK§ LY. The economic policy consists in subsidizing or taxing production such that
the rate of returns on capital equals 7 by fixing a tax rate 7o (possibly negative) at the first

period. Firms maximize their profit Ily:
Iy = (1 —70)Yo — r0Ko — woLo,

with:
To — 1—7 0 / To-
Since Ky and 7 are predetermined, the equality of the after-tax rental rate of capital to the

after-tax productivity of capital determines the quantity of labor at time 0:
LO = (770/0[[(3)1/1) = [_/0.

Simultaneously, the couple (Kj, Ly) determines the equilibrium value of the first period
after-tax real wage satisfying the second first order condition of profit maximization:
(1—a)Y

» (3.18)

Wy = (1 —7'0)

Finally, the first order condition (respect to labor) determines consumption at time 0, that
is Cy, which in turn determines the variation of the capital stock K via the law of motion
of capital. It is straightforward to show that, by iteration, fixing the after-tax rental rate of

capital at each period allows to determine the triple (K, Ly, C}) at any time t.

3.7 Appendix B: Slopes of the stable arms
The Jacobian matrix of the system formed by equation (3.3) and (3.4) is:

J— (IT+p) V=06 (pp—1)V+4
apy ¥ apy ¥

where ¥ = (p +6)/a, py = g_f—;ilia My = % and py = g%x,l Let §; = (Ulz’,vm)T,

i = {1, 2}, the eigenvectors of the system defined such that:

<(1+u1)\11—5—&' (ug—l)‘P+5><U1i>:(0)_ (3.19)
ap, U aps U — N V2 0
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The slope of the stable arm associated to £, at the stationary equilibrium is ve; /v1;. We
want to show that:
)
V11 V12
or equivalently that the slope of the stable arm associated to &, is steeper that the slope of
the stable arm associated to &; at the stationary equilibrium.

According to system (3.19), notice first that:

V9; (1+,LL1)\IJ—5—)\Z
— =— : 3.20
1 (e = 1)V +9 (3.20)

Moreover, when Benhabib and Farmer’s condition for indeterminacy is satisfied, that is when
B—14+x>0, u,—1>0and 1+ p; < 0. Since the trace is equal to the sum of the two

eigenvalues, the following relation holds for any i, 7 = {1,2} with i # j:

. dud .
sign { G2} = sign {~(1-+ )0 4+ 3)
1
= sign {au,V — Trace(J) + \;}
= sign{apu,V — \;}.
Under Benhabib and Farmer’s condition for indeterminacy, both au,¥ and —)\; are positive.
Finally since \; < Ay it follows immediately from equation (3.20) that the slope of the
stable arm associated to &,, v92/v12, is steeper than the slope of the stable arm associated
to &, vo1/v11. If we assume to start with an initial stock of capital lower (resp. greater)

than its steady state value, k(0) < 0 (resp. k(0) > 0) and from equations (3.7) and (3.8) it
is easily deduced that coe, > coe, (resp. coe, < Cog,)-

3.8 Appendix C: Solution of some limits

The trace and determinant of the Jacobian matrix J are the following:

ptidl—a) (- -x)

Tr(J) = (p+9)

f—1+x
Det(J) = —@+ﬁxr+ng%%}—5

When the condition for indeterminacy holds, one can see immediately that Tr(.J) tends
to —oo and Det(J) tends to +o0o as  — 1 + x tends to zero. Moreover the two limits have

the same "order" of convergence. Now consider the following limits:

Tr(J) — |Tr(J)]y/1 — 424 Tr(J) — IT
lim A = lim TR gy LA 2N 50y
B—1—x B—1—x 2 B—1—x 2
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Multiplying and dividing by Tr(J) — |Tr(J)[4/1 — 4?:?5‘)]3, we get:

Tr(J) + |Tr( )| /1 — 424

. . r(J)?
1 A = 1
B—I»{Iix 2 5—1{2)( 2
. 2det J
= lim
B=l=xgr ] — JtrJ| /1 — 45;3‘)]2
B Det(J)  (1—a)[p+d(1—a)]
o pelx Tr(J) a—a '
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Figure 3.3: Welfare analysis when 5 = 1.66
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Figure 3.5: Consumption, capital and labor path maximizing welfare.
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Figure 3.6: Welfare gap.
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