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Wzr Qhz Nh|qhvldq Wkhrulhv ri Vwlfn|
Sulfhv4

Urjhu H1 D1 Iduphu5

Ghsduwphqw ri Hfrqrplfv
Hxurshdq Xqlyhuvlw| Lqvwlwxwh

Edgld Ilhvrodqd
L083349

Vdq Grphqlfd gl Ilhvroh +IL,
iduphuClxh1lw

Pd| 4<<<

4Wklv sdshu zdv suhsduhg dv wkh Frolq Fodun Ohfwxuh iru wkh Dxvwudodvldq Phhw0
lqjv ri wkh Hfrqrphwulf Vrflhw| lq V|gqh| Dxvwudold/ Mxo| 4<<<1 Jxlgr Dvfdul*v
frpphqwv rq dq hduolhu sdshu suryhg prvw khosixo lq irupxodwlqj wkh lghdv lq wklv
sdshu1 L wkdqn wkh QVI iru vxssruw xqghu uhvhdufk judqw qxpehu <85<451

5Wkh dxwkru krogv mrlqw dssrlqwphqwv dv Surihvvru ri Hfrqrplfv dw XFOD dqg
wkh Hxurshdq Xqlyhuvlw| Lqvwlwxwh dqg lv d Ihoorz ri FHSU1



Devwudfw

Wklv sdshu frpsduhv wzr dowhuqdwlyh wkhrulhv ri Djjuhjdwh vxsso|/ erwk zlwk
d �Qhz Nh|qhvldq Iodyru�1 Wkh �uvw dvvxphv wkdw sulfhv duh uljlg gxh wr wkh
h{lvwhqfh ri phqx frvwv ri wkh nlqg dgydqfhg e| Pdqnlz ^6;` dqg Dnhuori
dqg \hoohq ^5`1 Wkh vhfrqg ghulyhv sulfh vwlfnlqhvv hqgrjhqrxvo| dv rqh htxl0
oleulxp lq dq hfrqrp| zlwk pxowlsoh htxloleuld1 Lq erwk fdvhv zh vkrz wkdw
wkh Edoo0Urphu frqfhsw ri uhdo uljlglwlhv lv hvvhqwldo wr h{sodlq zk| prqhwdu|
srolf| kdv uhdo shuvlvwhqw h�hfwv1



4 Lqwurgxfwlrq
Pdfurhfrqrplf uhvhdufk/ edvhg rq wkh uhdo exvlqhvv f|foh +UEF, prgho/ kdv
ehhq uhodwlyho| vxffhvvixo dw h{sodlqlqj fr0pryhphqwv dprqj uhdo yduldeohv
lq djjuhjdwh wlph vhulhv gdwd1 Wklv vxffhvv kdv ohg uhvhdufkhuv wr h{whqg
wkh prgho/ e| dgglqj d prwlyh iru djhqwv wr krog prqh|/ vr wkdw lw pd|
dovr eh xvhg wr xqghuvwdqg fr0pryhphqwv ehwzhhq uhdo dqg qrplqdo ydul0
deohv1 Wkuhh prwlyhv wkdw kdyh ehhq zlgho| vwxglhg duh fdvk0lq0dgydqfh frq0
vwudlqwv/ +Vyhqvvrq ^85`/ Oxfdv dqg Vwrnh| ^6:`,/ prqh| lq wkh xwlolw| ixqfwlrq
+Sdwlqnlq ^78`/ Eurfn ^46`, dqg prqh| lq wkh surgxfwlrq ixqfwlrq/ Sdwlqnlq
^78`1 Doo wkuhh phwkrgv ri lqwurgxflqj prqh| lqwr d uhdo exvlqhvv f|foh prgho
ohdg wr vlplodu frqfoxvlrqv1 Jhqhudo htxloleulxp prghov zlwk prqh|/ lq wkh
devhqfh ri vljql�fdqw iulfwlrqv/ fdqqrw h{sodlq lpsruwdqw ihdwxuhv ri wkh re0
vhuyhg fruuhodwlrqv ehwzhhq prqh|/ sulfhv dqg lqfrph1 Wkhvh ihdwxuhv lqfoxgh
wkh revhuydwlrq wkdw/ zkhq wkh qrplqdo prqh| vxsso| lqfuhdvhv/ uhdo ydul0
deohv lqfuhdvh whpsrudulo| dqg uhwxuq dv|pswrwlfdoo| wr wkhlu vwhdg| vwdwh
ydoxhv1 Wkh sulfh ohyho lv vorz wr uhvsrqg wr d vkrfn wr wkh qrplqdo prqh|
vxsso|/ exw zkhq d vkrfn ri wklv qdwxuh rffxuv/ lwv h�hfwv rq wkh sulfh ohyho
duh fxpxodwlyh dqg shupdqhqw1 Lq wklv wdon L zloo uhihu wr wkhvh ihdwxuhv ri
wkh gdwd dv wkh prqhwdu| wudqvplvvlrq phfkdqlvp1

L zloo uhihu wr UEF prghov/ dphqghg zlwk d prwlyh iru kroglqj prqh|/ dv
�uvw jhqhudwlrq prghov ri prqh|1 Wkh dssduhqw idloxuh ri wkhvh prghov wr h{0
sodlq wkh prqhwdu| wudqvplvvlrq phfkdqlvp kdv ohg wr wkh ghyhorsphqw ri d
vhfrqg jhqhudwlrq ri prghov/ dovr edvhg rq jhqhudo htxloleulxp wkhru|/ zklfk
exlog lq h{solflw qrplqdo uljlglwlhv ri rqh nlqg ru dqrwkhu1 Vhfrqg jhqhudwlrq
wkhrulhv lqfoxgh wkh olplwhg sduwlflsdwlrq prgho ri Fkulvwldqr Hlfkhqedxp
dqg Hydqv ^53`/ prghov zlwk frvwo| sulfh dgmxvwphqw vxfk dv wkdw ri Urwhp0
exuj ^7<`/ prghov zlwk qrplqdo frqwudfwlqj +Jdufld dqg Dvfdul ^63`/ Wd|oru
^86`/ Fkdul0Nhkrh0PfJudwwdq ^4:`, dqg pruh uhfhqwo|/ d jurxs ri prghov zlwk
vwdjjhuhg sulfh dgmxvwphqw edvhg rq wkh zrun ri Fdoyr ^48`14 Lw lv wklv odwwhu
jurxs wkdw L zloo frqfhqwudwh rq lq wklv vxuyh|15 Wkhvh prghov kdyh ehfrph

4Zrun lq wklv olwhudwxuh lqfoxghv sdshuv e| Ulfkdug Fodulgd/ hw do1 ^44`/ Mh�uh| Ixkuhu
dqg Jhrujh Prruh ^5;`/ Mrugl Jdol dqg Pdun Jhuwohu ^5<`/ Rolylhu Mhdqqh ^65`/ Plfkdho
Nloh| ^66`/ Plohv Nlpedoo ^67`/ Urehuw Nlqj dqg Doh{dqghu Zropdq/ ^68`/ Mrkq Urehuwv
^7:`/ Mxolr Urwhpexuj dqg Plfkdho Zrrgirug ^83`/ ^84` dqg Wdfn \xq ^89`1

5Wkh uhdghu lv uhihuuhg wr wkh zrun ri Fkulvwldqr Hlfkhqedxp dqg Hydqv ^53` iru d
pruh frpsuhkhqvlyh glvfxvvlrq ri wkh olplwhg sduwlflsdwlrq prgho dqg lwv uhodwlrqvkls wr
wkh vwlfn| sulfh olwhudwxuh1
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h{wuhpho| srsxodu dqg duh qrz zlgho| xvhg dv wrrov wr hydoxdwh wkh sdvw
lpsdfw ri prqhwdu| srolf| dqg dv jxlghv wr wkh frqvwuxfwlrq ri vrxqg ixwxuh
srolflhv1

Dv dq dowhuqdwlyh wr prghov wkdw lqfrusrudwh qrplqdo uljlglwlhv/ dq do0
whuqdwlyh olwhudwxuh dujxhv wkdw sxuho| fodvvlfdo +�uvw jhqhudwlrq prghov, duh
ixoo| fdsdeoh ri h{sodlqlqj wkh prqhwdu| wudqvplvvlrq phfkdqlvp zkhq wkh|
duh dphqghg wr doorz iru wkh srvvlelolw| wkdw htxloleuld pd| ghshqg qrw
rqo| rq ixqgdphqwdov/ exw dovr rq wkh vhoi0ixo�oolqj eholhiv ri krxvhkrogv dqg
�upv1 Wkh dujxphqw iru sxuho| �uvw jhqhudwlrq prghov uholhv rq wkh idfw
wkh htxloleuld ri prqhwdu| prghov pd| eh lqghwhuplqdwh16 Lq prghov zlwk
lqghwhuplqdf|/ rqh ri wkh pdq| srvvleoh htxloleuld lv fkdudfwhul}hg e| fr0
pryhphqwv ehwzhhq uhdo dqg qrplqdo yduldeohv wkdw forvho| uhvhpeoh wkrvh
wkdw rqh �qgv lq wkh gdwd1 Lqghwhuplqdf| kdv ehhq h{whqvlyho| xvhg wr prgho
wkh lghd wkdw cdqlpdo vslulwv* pd| eh lpsruwdqw fdxvhv ri exvlqhvv f|fohv exw
lwv xvh lq prqhwdu| wkhru| lv ohvv zlgho| dffhswhg/ lq sduw/ ehfdxvh wkh phfk0
dqlvpv wkdw ohdg wr lqghwhuplqdf| lq prqhwdu| hfrqrplhv duh qrw zlgho|
xqghuvwrrg1 Zlwk wkh h{fhswlrq ri dq lpsruwdqw uhfhqw sdshu e| Plfkho
Nloh| ^66`/ prvw ri wkh olwhudwxuh rq shuvlvwhqfh lq vwdjjhuhg sulfh vhwwlqj
prghov kdv surfhhghg lqghshqghqwo| ri wkh olwhudwxuh rq lqghwhuplqdf|1 Exw
dv Nloh| srlqwv rxw/ wkh vdph dvvxpswlrq wkdw ohdgv wr lqghwhuplqdf| lv dovr
qhfhvvdu| wr jhqhudwh qrplqdo shuvlvwhqfh lq vwdjjhuhg sulfh prghov1 Wklv
udlvhv wkh reylrxv txhvwlrq ri zk| vwdjjhuhg sulfh prghov gr qrw dovr glv0
sod| lqghwhuplqdwh htxloleuld lq wkh h{dpsohv wkdw kdyh ehfrph frpprq lq
wkh olwhudwxuh1 Wklv sdshu dlpv wr foduli| wkh frqqhfwlrqv ehwzhhq prghov
ri lqghwhuplqdf| dqg prghov ri vwdjjhuhg sulfh vhwwlqj dqg/ lq vr grlqj/ wr
lqfuhdvh wkh dffhswdqfh ri prghov wkdw h{sodlq wkh prqhwdu| wudqvplvvlrq
phfkdqlvp zlwk wkh lqghwhuplqdf| dssurdfk1

P| dujxphqw xqirogv dv iroorzv1 Iluvw/ L gh�qh wkh frqfhsw ri d uhdo
uljlglw|/ lqwurgxfhg e| Edoo dqg Urphu ^8`/ dqg L h{sodlq wkh lpsruwdqfh ri

6Wkh srvvlelolw| ri lqghwhuplqdf| lq prqhwdu| prghov zdv srlqwhg rxw e| Ilvkhu Eodfn
^45` dqg zdv vwxglhg lq hduo| zrun e| Fdoyr ^47`1 Wkh �uvw sdshu wr srlqw rxw wkh srvvlelolw|
ri Nh|qhvldq vw|oh sulfh vwlfnlqhvv dulvlqj iurp lqghwhuplqdf| lq dq ryhuodsslqj jhqhudwlrqv
prgho lv e| Mrkq Jhdqdnrsolv dqg Khudnohv Srohpdufkdnlv ^64` dqg wkhuh duh d qxpehu ri
sdshuv wkdw sxuvxh wklv lghd lq wkh frqwh{w ri wkh ryhuodsslqj jhqhudwlrqv prgho1 Wkhvh
lqfoxgh D}duldglv dqg Frrshu ^7`/ Fkldssrul dqg Jxhvqhulh ^4;`/ ^4<`/ dqg Iduphu ^56`/
^57`1 Pruh uhfhqwo|/ d qxpehu ri sdshuv kdyh vwxglhg wkh lqghwhuplqdf| h{sodqdwlrq iru
prqhwdu| wudqvplvvlrq lq wkh frqwh{w ri lq�qlwh krul}rq prghov/ iru h{dpsoh/ Ehqqhww
^43`/ Ehdxgu| dqg Ghyhuhx{ ^:`/ Ehqkdele dqg Iduphu ^;`/ Ohh ^69`/ Pdwkhq| ^73`/ ^74`/
Pdwvx|dpd ^75` dqg Zrrgirug ^87`/ ^88`1
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wklv frqfhsw lq d prgho zlwk d qhr0fodvvlfdo oderu pdunhw1 Vhfrqg/ L ghyhors
d g|qdplf htxloleulxp prgho wkdw qhvwv wkh Ehqkdele0Iduphu ^<` dqg Fdoyr
^48` prghov dv dowhuqdwlyh vshfldo fdvhv1 Wklug/ L vkrz wkdw erwk vshfldo fdvhv
uhtxluh wkh dvvxpswlrq wkdw wkhuh pxvw eh d odujh uhdo uljlglw|/ wr h{sodlq zk|
vkrfnv wr qrplqdo prqh| kdyh shuvlvwhqw uhdo h�hfwv1 Vlqfh uhdo uljlglwlhv duh
uhtxluhg wr h{sodlq wkh shuvlvwhqw h�hfwv ri prqhwdu| srolf|/ L dujxh wkdw rqh
fdq +dqg vkrxog, glvshqvh zlwk wkh dvvxpswlrq ri vwdjjhuhg sulfh vhwwlqj1

5 Wkh Qhz Nh|qhvldq Prgho
Lq fodvvlfdo prghov/ sulfhv duh dvvxphg wr dgmxvw lqvwdqwo| wr htxdwh txdq0
wlwlhv ghpdqghg dqg vxssolhg ri doo frpprglwlhv1 Pdq| frpphqwdwruv kdyh
vxjjhvwhg wkdw wkh lqvwdqwdqhrxv pdunhw fohdulqj dvvxpswlrq pd| eh xquhdo0
lvwlf vlqfh lw lpsolhv wkdw d srvlwlyh lqfuhdvh lq wkh prqh| vxsso| zloo kdyh qr
h�hfw rq hpsor|phqw ru rxwsxw1 Lqvwhdg/ lq wkh fodvvlfdo prgho/ dq lqfuhdvh
lq wkh qrplqdo txdqwlw| ri prqh| zloo lpphgldwho| udlvh sulfhv lq sursruwlrq
wr wkh pdjqlwxgh ri wkh lqfuhdvh1 Vlqfh wlph vhulhv gdwd vxjjhvwv wkdw wkhuh
duh lpsruwdqw uhdo h�hfwv zkhq qrplqdo prqh| �uvw hqwhuv dq hfrqrp|/ wkhvh
frpphqwdwruv sursrvh wkdw rqh vkrxog frqvwuxfw dq dowhuqdwlyh wkhru| ri dj0
juhjdwh ghpdqg dqg vxsso| wkdw dggv uhdolvwlf ciulfwlrqv* wkdw fdq dffrxqw
iru wkhvh h�hfwv1

D �uvw vwhs wrzdug prgholqj iulfwlrqv lv wr prgli| wkh frpshwlwlyh prgho
e| lqwurgxflqj sulfh vhwwlqj djhqwv1 Wklv vhfwlrq ghvfulehv d vlpsoh zd| ri
dffrpsolvklqj wklv prgl�fdwlrq edvhg rq Fkdpehuolq*v ^49` prgho ri prqrs0
rolvwlf frpshwlwlrq1

514 Pdunhw Vwuxfwxuh lq dPrgho ri Prqrsrolvwlf Frp0
shwlwlrq

Lq wkh prgho ri prqrsrolvwlf frpshwlwlrq/ rxwsxw t lv dvvhpeohg iurp d
frqwlqxxp ri lqwhuphgldwh jrrgv t�c � 5 dfc �o1

t ' 8
�
�t �
�
c

dqg hdfk lqwhuphgldwh jrrg lv dvvhpeohg iurp udz oderu xvlqj wkh whfkqrorj|=

t� ' s Eu�� �
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Lq wklv qrwdwlrq �t� lv d olqhduo| krprjhqrxv phdvxudeoh ixqfwlrq dfc �o$ -n
uhsuhvhqwlqj surgxfwlrq rssruwxqlwlhv dqg s Eu�� lv d qhrfodvvlfdo surgxfwlrq
ixqfwlrq zlwk frqvwdqw ru ghfuhdvlqj uhwxuqv wr vfdoh17 Wkh surgxfwlrq ri
�qdo frpprglwlhv lv frpshwlwlyh dqg �qdo jrrgv surgxfhuv duh dvvxphg wr
pd{lpl}h sur�wv1 Iuhh hqwu| lpsolhv wkdw wkhuh zloo eh }hur sur�wv1 Wkhvh dv0
vxpswlrqv doorz rqh wr ghvfuleh ghpdqg iru wkh ��|� lqwhuphgldwh frpprglw|
dv d ixqfwlrq ri wkh ��|� uhodwlyh sulfh dqg ri djjuhjdwh rxwsxw1 Ghwdlov duh
surylghg lq Dsshqgl{ D/ lq zklfk zh vkrz krz wr ghulyh wkh ��|� surgxfhu*v
ghpdqg ixqfwlrq lq d zlgho| xvhg h{dpsoh ri d whfkqrorj| xvhg ruljlqdoo| e|
Gl{lw dqg Vwljolw} ^55`1

Wkh ��|� lqwhuphgldwh surgxfhu lv prghohg dv d prqrsrolvwlf frpshwlwru
wkdw h{sorlwv lwv pdunhw srzhu e| uhfrjql}lqj wkdw wkh sulfh ri lwv frpprg0
lw| ghshqgv rq krz pxfk lw vhoov1 Lwv uhyhqxh +phdvxuhg lq xqlwv ri �qdo
frpprglwlhv, lv jlyhq e| d ixqfwlrq -c

- ' -
�
tc
��

�

�
c

zkhuh t lv djjuhjdwh rxwsxw dqg ��

�
lv wkh uhodwlyh sulfh ri wkh ��|� surgxfhu1

Wkh �up*v frvwv duh ghwhuplqhg e| wkh txdqwlw| ri oderu wkdw lw ghpdqgv1
Wkhvh dovr ghshqg rq djjuhjdwh ghpdqg dqg uhodwlyh sulfh ��

�
/ wzr yduldeohv

wkdw uh hfw wkh �upv vfdoh ri rshudwlrqv wkurxjk wkhlu lq xhqfh rq vdohv1 Zh
prgho wkh �up*v oderu uhtxluhphqw zlwk wkh ixqfwlrq u=

u� ' u
�
tc
� �

�

�
c

dqg lq Dsshqgl{ D/ zh ghulyh ixqfwlrqdo irupv iru - dqg u lq wkh Gl{lw0
Vwljolw} h{dpsoh1

515 Xwlolw| dqg wkh Uhsuhvhqwdwlyh Frqvxphu

Jlyhq wkh pdunhw vwuxfwxuh ghvfulehg deryh/ zh dvvxph wkdw �upv duh rzqhg
e| d vlqjoh uhsuhvhqwdwlyh krxvhkrog wkdw pd{lpl}hv d xwlolw| ixqfwlrq gh�qhg

7Li zh kdg dvvxphg wkdw wkh qxpehu ri �upv zdv �qlwh/ zh zrxog kdyh ehhq deoh wr
uhsuhvhqw rxwsxw dv iroorzv=

\ @ I +\4> \5> = = = \q, =

Lqvwhdg rxu hfrqrp| kdv d frqwlqxxp ri �upv lqgh{hg e| l 5 ^3> 4` = Wr uhsuhvhqw wkh
ghshqghqfh ri �qdo rxwsxw rq wkh frqwlqxxp ri lqwhuphgldwh lqsxwv zh xvh wkh qrwdwlrq
�\l zkhuh �\l lv d phdvxudeoh ixqfwlrq ^3> 4` $ U. wkdw ghvfulehv wkh rxwsxw ri wkh �up
orfdwhg dw srvlwlrq l lq wkh lqwhuydo ^3> 4` =
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ryhu frqvxpswlrq dqg oderu=8

L E�cu� � +4,

Zkhq wkh krxvhkrog ghflghv wr lqfuhdvh wkh vfdoh ri rshudwlrq ri wkh ��|� �up/
lw lqfxuv d xwlolw| frvw wkdw dulvhv iurp wkh dgglwlrqdo oderu wkdw lw pxvw vxsso|
wr wkh �up1 Oderu vxsso| ri wkh krxvhkrog lv htxdo wr wkh lqwhjudo ri wkh
oderu uhtxluhg wr uxq doo ri wkh lqwhuphgldwh lqgxvwulhv dqg wkhvh oderu lqsxw
uhtxluhphqwv ghshqg rq wkh sulflqj srolf| ri wkh ��|� �up dqg rq djjuhjdwh
ghpdqg=9

u '
]
u
�
tc
��

�

�
_�� +5,

Dq lqfuhdvh lq wkh vfdoh ri rshudwlrq dovr |lhogv d ehqh�w lq wkh irup ri
dgglwlrqdo uhyhqxhv wkdw duh dydlodeoh wr eh vshqw rq dgglwlrqdo frqvxpswlrq
jrrgv1

� '
]
-
�
tc
��

�

�
_�� +6,

Sxwwlqj wkhvh slhfhv wrjhwkhu ohdgv wr wkh pd{lpl}dwlrq sureohp/

4@ 
���

�

L
�]

-
�
tc
��

�

�
_�c

]
u
�
tc
��

�

�
_�
�
c +7,

zklfk pxvw eh vroyhg iru hdfk ri wkh frqwlqxxp ri lqgxvwulhv lq wkh lqwhuydo
dfc �o1

Wr dgg prqh| wr wklv prgho/ iroorzlqj Edoo dqg Urphu ^8`/ zh dvvxph
wkdw djjuhjdwh rxwsxw/ tc lv htxdo wr uhdo edodqfhv �

�
=

t '
�

�
�

Wkhvh dvvxpswlrqv doorzv rqh wr uhsodfh t e| �

�
lq htxdwlrq 7 wr jhqhudwh

wkh xwlolw| ixqfwlrq=

4@ 
���

�

L
�]

-
�
�

�
c
��
�

�
_�c

]
u
�
�

�
c
��
�

�
_�
�
� +8,

8X +F>O, lv dvvxphg dw ohdvw wzlfh frqwlqrxvo| gl�huhqwldeoh/ lqfuhdvlqj lq F/ ghfuhdv0
lqj lq O dqg txdvl0frqfdyh1

9Iru wkh prgho lq wklv vhfwlrq wr pdnh vhqvh/ lw lv lpsruwdqw wkdw wkh ghflvlrq sureohpv
ri krxvhkrogv dqg lqwhuphgldwh �upv duh vroyhg vhsdudwho| iurp wkrvh ri �qdo �upv1 Zh
pdlqwdlq wkh �fwlrq wkdw doo �upv/ lqfoxglqj wkrvh lq wkh frpshwlwlyh vhfwru/ duh rzqhg
e| d vlqjoh uhsuhvhqwdwlyh krxvhrog1 Krzhyhu/ zh gr qrw doorz wkh krxvhkrog wr uhfrjql}h
lqwhughshqghqflhv ehwzhhq wkh pd{lpl}dwlrq sureohpv ri wkh �upv wkdw lw rzqv1
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6 Vwlfn| Sulfhv
Wkh QhzNh|qhvldq olwhudwxuh ehjlqv zlwk wkh prqrsrolvwlf vwuxfwxuh odlg rxw
lq wkh suhylrxv vhfwlrqv dqg prgl�hv lw e| dgglqj d frvw ri fkdqjlqj sulfhv1
Wklv vhfwlrq glvfxvvhv wkh pdlq lvvxh wkdw kdv dulvhq lq wklv olwhudwxuh> d
vhdufk iru frqglwlrqv xqghu zklfk d vpdoo frvw ri fkdqjlqj d qrplqdo sulfh/
frxog kdyh elj h�hfwv rq djjuhjdwh rxwsxw1:

614 Edoo dqg Urphu*v Frqfhsw ri d Uhdo Uljlglw|

Zh ehjlq zlwk d frqfhsw lqwurgxfhg e| Odzuhqfh Edoo dqg Gdylg Urphu
^8` zkr irupdol}h wkh lvvxh ri wkh lpsruwdqfh ri qrplqdo uljlglwlhv lq wkh
iroorzlqj zd|1 Vxssrvh wkdw wkh prqh| vxsso| dqg wkh htxloleulxp sulfh
ohyho duh erwk htxdo wr �> +zh fdq dozd|v gh�qh xqlwv wr pdnh wklv vr1, Qrz
ohw wkh prqh| vxsso| lqfuhdvh e| vrph dprxqw { wr d qhz ohyho/ � zkhuh
{ �� � �� Jlyhq wklv vwuxfwxuh/ Edoo dqg Urphu dvn wkh txhvwlrq> li wkhuh
lv d vpdoo frvw ri fkdqjlqj sulfh/ frxog wkhuh eh d Qdvk Htxloleulxp lq zklfk
qrplqdo sulfhv duh uljlgB Wr dgguhvv wklv txhvwlrq wkh| gh�qh wkh frqfhsw ri
d uhdo uljlglw|1

Wr vlpsoli| qrwdwlrq zh gh�qh d uhgxfhg irup xwlolw| ixqfwlrq`
�
�

�
c
���

�

�
zlwk wkh lghqwlw|=

`

#
�

�
c
���
�

$
� L

�]
-
�
�

�
c
��
�

�
_�c

]
u
�
�

�
c
��
�

�
_�
�
� +9,

Wkh sulfh vhwwlqj djhqw zloo fkrrvh ��

�
wr pd{lpl}h xwlolw|1 Wklv uhtxluhv

wkdw wkh ghulydwlyh ri ` zlwk uhvshfw wr ���

�
/ eh vhw htxdo wr }hur=

`2

#
�

�
c
���
�

$
' f� +:,

Lw iroorzv/ iurp wkh lpsolflw ixqfwlrq wkhruhp/ wkdw rqh fdq zulwh wkh uhodwlyh
sulfh ri wkh ��|� �up dv d ixqfwlrq ri uhdo edodqfhv=

:Li sulydwh djhqwv idfh d vpdoo frvw ri fkdqjlqj sulfhv/ wkh vrfldo frvw ri idlolqj wr ixoo|
dgmxvw qrplqdo sulfhv pd| h{fhhg wkh sulydwh frvw1 Wklv zdv srlqwhg rxw lqghshqghqwo| e|
Dnhuori dqg \hoohq ^5`/ zkr wklqn ri wkh sulydwh ehkdylru dv cqrw ixoo| udwlrqdo* dqg Pdqnlz
^6;` zkr lqwurgxfhg wkh frqfhsw ri cphqx frvwv*1 Edoo dqg Urphu*v ^8` frqwulexwlrq zdv
wr srlqw rxw wkdw wkh jds ehwzhhq sulydwh dqg vrfldo frvwv ri dgmxvwphqw lv vpdoo lq prvw
fdoleudwhg prghov ri prqh|1 Wkh| vkrz wkdw vpdoo sulydwh phqx frvwv fdqqrw kdyh odujh
djjuhjdwh h�hfwv xqohvv wkh hfrqrp| h{klelwv vljql�fdqw uhdo uljlglwlhv1
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��
�

' �
�
�

�

�
c

zkhuh wkh ghulydwlyh ri � lv jlyhq e| wkh h{suhvvlrq=

��

�
�

�

�
' �`2�

�
�

�
c �

�
�

�

��
`22

�
�

�
c �

�
�

�

�� � +;,

Edoo dqg Urphu sursrvh wkdw Z/ gh�qhg dv Z � �� E��/ eh xvhg dv dq lqgh{
ri uhdo uljlglw|1 Wklv frqfhsw phdvxuhv wkh vhqvlwlylw| ri wkh rswlpdo uhodwlyh
sulfh zlwk uhvshfw wr d fkdqjh lq djjuhjdwh ghpdqg1 Li �

�
�

�

����
�

�
'�

lv  dw

+�� E�� lv vpdoo lq devroxwh ydoxh,/ djhqwv zrxog eh zloolqj wr wrohudwh elj
fkdqjhv lq �

�
zlwkrxw orvlqj wrr pxfk xwlolw|1 Lq dq hfrqrp| zlwk uhdo

uljlglwlhv/ li wkhuh lv d vpdoo frvw wr fkdqjlqj d qrplqdo sulfh/ krxvhkrogv
pljkw ghflgh qrw wr dgmxvw wkhlu uhodwlyh sulfh hyhq li wkhuh duh vxevwdqwldo
fkdqjhv lq djjuhjdwh ghpdqg1

615 Uhdo Uljlglw| dqg Lqghwhuplqdf|

Lq d uhfhqw sdshu/ Plfkdho Nloh| ^66` kdv dujxhg wkdw uhdo uljlglw|/ lq g|qdplf
prghov/ pdnhv lqghwhuplqdf| pruh olnho|1 Hyhq lq vwdwlf prghov/ wkhuh lv d
vhqvh lq zklfk uhdo uljlglw| lv d pryh �wrzdugv� lqghwhuplqdf| vlqfh/ zkhq
wkhuh lv d kljk ghjuhh ri uhdo uljlglw|/ vpdoo fkdqjhv lq wkh ixqgdphqwdov ri wkh
hfrqrp| fdxvh yhu| odujh fkdqjhv lq wkh htxloleulxp ohyho ri uhdo edodqfhv1

Iljxuh 4 looxvwudwhv dq hfrqrp| lq zklfk xwlolw| lv lq xhqfhg e| d sdudphwhu
7 wkdw uhsuhvhqwv d surgxfwlylw| ru wdvwh vkrfn1 Wkh �jxuh ghslfwv wkh
ixqfwlrq �

�
�

�
(7
�
iru wzr gl�huhqw ydoxhv ri 71 Htxloleulxp rffxuv zkhq

��

�
' �

�
�

�
c 7
�
' �/ dqg uhdo uljlglw| lv uhsuhvhqwhg e| wkh idfw wkdw wkh ��

orfxv lv  dw> wklv lpsolhv wkdw vpdoo vkliwv lq 7 +pryhphqwv xs dqg grzq ri
��, fdxvh yhu| elj vkliwv lq �

�
� Lq wkh olplwlqj fdvh ri d uhdo uljlglw| � lv

lqghshqghqw ri �

�
dqg lq wklv fdvh/ li dq htxloleulxp h{lvwv/ �

�
�

�
(7
�
lv

lghqwlfdoo| htxdo wr � iru doo ydoxhv ri 7/ dqg htxloleulxp lv lqghwhuplqdwh1
Vlqfh � lv wkh vorsh ri wkh uhsuhvhqwdwlyh djhqw*v remhfwlyh ixqfwlrq/  dw �
lpsolhv wkdw elj fkdqjhv lq �

�
gr qrw fkdqjh xwlolw| e| yhu| pxfk dqg lq

wklv fdvh vpdoo phqx frvwv pd| vxssruw elj fkdqjhv lq uhdo edodqfhv1

:



Iljxuh 4= Uhdo Uljlglw| dqg Lqghwhuplqdf|

;



616 Uhdo Uljlglw| lq wkh Prgho ri Prqrsrolvwlf Frp0
shwlwlrq

Wkh frqfhsw ri uhdo uljlglw| lv uhodwlyho| devwudfw dqg fdq eh dssolhg wr d
odujh fodvv ri hfrqrplhv iru zklfk wkhuh h{lvwv vrph ixqfwlrq `

�
�

�
c ��
�

�
wkdw

uhodwhv wkh xwlolw| ri d sulfh vhwwlqj djhqw wr dq djjuhjdwh yduldeoh �

�
dqg

lwv uhodwlyh sulfh/ ��

�
1 Wr xqghuvwdqg pruh fohduo| wkh frqvhtxhqfhv ri wklv

dvvxpswlrq/ wklv vhfwlrq ghulyhv dq h{solflw h{suhvvlrq iru wkh ixqfwlrq �
�
�

�

�
iru wkh prgho ri prqrsrolvwlfdoo| frpshwlwlyh lqgxvwulhv1

Lq wkh Edoo0Urphu prgho/ wkh ��|� sulfh vhwwlqj djhqw vhwv`2 htxdo wr }hur1
Iru wkh prgho ri prqrsrolvwlf frpshwlwlrq wklv ohdgv wr iroorzlqj h{suhvvlrq=

`2

#
�

�
c
���
�

$
� LS E�cu�-2

�
tc
��
�

�
n Lu E�cu�u2

�
tc
��
�

�
' fc +<,

zkhuh -2

�
tc ��

�

�
/ dqg u2

�
tc ��

�

�
duh sduwldo ghulydwlyhv ri wkh uhyhqxh ixqf0

wlrq dqg wkh oderu lqsxw ixqfwlrq zlwk uhvshfw wr ��

�
1 Iru wkh fodvv ri Gl{lw0

Vwljolw} whfkqrorjlhv/ wkh udwlr -2*u2 lv sursruwlrqdo wr wkh pdujlqdo surgxfw
ri oderu dqg frqglwlrq < fdq eh zulwwhq dv=;

�Lu E�cu�
L� E�cu�

' bsu Eu��
��
�

+43,

zkhuh b lv d frqvwdqw wkdw uh hfwv wkh ghjuhh ri frpshwlwlyhqhvv ri wkh lq0
whuphgldwh jrrgv pdunhw1 Uhduudqjlqj wklv h{suhvvlrq ohdgv wr dq htxdwlrq
wkdw gh�qhv wkh uhodwlyh sulfh ri d sulfh vhwwlqj djhqw dv d ixqfwlrq ri wkh
udwlr ri wkh pdujlqdo frvw ri hpsor|lqj dq h{wud xqlw ri oderu +wklv lv wkh
whup 3Lu

L�
, wr lwv pdujlqdo surgxfw lq lqgxvwu| �/ +wklv lv wkh whup su Eu��,1

��
�

'
�

b

�Lu E�cu�
L� E�cu�

�

su Eu��
� +44,

Lq d v|pphwulf htxloleulxp doo �upv zloo fkrrvh wr hpsor| wkh vdph txdq0
wlw| ri oderu dqg/ lq wklv fdvh/ u� fdq eh uhsodfhg e| djjuhjdwh oderu/ u1 Lw
zloo dovr eh wuxh/ lq htxloleulxp/ wkdw wkh txdqwlw| htxdwlrq ri prqh| zloo
krog/ � ' t ' �

�
dqg/ �upv zloo surgxfh rq wkhlu surgxfwlrq ixqfwlrqv1 Lw

;Vhh Dsshqgl{ D iru ghwdlov1

<



iroorzv wkdw/ lq htxloleulxp/ u ' s3�
�
�

�

�
� Zh fdq xvh wkhvh idfwv wr ghulyh

wkh iroorzlqj h{solflw h{suhvvlrq iru wkh ixqfwlrq �
�
�

�

�
=

�
�
�

�

�
'

�

b

�Lu Es Eu� c u�
L� Es Eu� c u�

�

su Eu�
c zkhuh u ' s3�

�
�

�

�
� +45,

Htxdwlrq 45 ghvfulehv �
�
�

�

�
dv wkh udwlr ri wkh pdujlqdo frvw ri klulqj dq

h{wud zrunhu wr klv pdujlqdo surgxfw1 Zh uhihu wr wkh udwlr 3Lu

L�
dv pdujlqdo

frvw/ ehfdxvh lq d frpshwlwlyh oderu pdunhw wklv whup zrxog eh htxdwhg wr
wkh uhdo zdjh1 Lq wkh iroorzlqj vhfwlrq zh sxuvxh wklv lghd e| fkdudfwhul}lqj
uhdo uljlglwlhv lq whupv ri vorshv ri ghpdqg dqg vxsso| fxuyhv ri oderu1

617 Uhdo Uljlglw| dqg wkh Ghpdqg dqg Vxsso| ri Od0
eru

Frqvlghu wkh zd| wkdw d ghfhqwudol}hg oderu pdunhw zrxog rshudwh1 Krxvh0
krogv zrxog fkrrvh wr vxsso| oderu wr wkh srlqw zkhuh wkh pdujlqdo udwh ri
vxevwlwxwlrq zdv htxdo wr wkh uhdo zdjh=

�Lu E�cu�
L� E�cu�

'
�

�
c +46,

dqg �upv zrxog fkrrvh wr ghpdqg oderu wr wkh srlqw zkhuh wkh pdujlqdo
surgxfw ri oderu zdv sursruwlrqdo wr wkh uhdo zdjh=<

su Eu� '
�

b

�

�
� +47,

Li zh zhuh wr dqdo|}h d frpshwlwlyh oderu pdunhw lq wklv prgho zh frxog
uhsuhvhqw d orj0olqhdul}hg yhuvlrq ri htxdwlrq 46 dv d oderu vxsso| fxuyh=

/ ' &� n @�, n @2S +48,

zkhuh &� lv d frqvwdqw/ / lv wkh orj ri wkh uhdo zdjh dqg orzhu fdvh � dqg u
duh orjdulwkpv1 Vlploduo|/ d orj0olqhdu yhuvlrq ri htxdwlrq 47 uhsuhvhqwv oderu
ghpdqg=

/ ' &2 n K�,� +49,

<Lq d frpshwlwlyh hfrqrp| wkh vdph htxdwlrq zrxog krog zlwk wkh h{fhswlrq wkdw wkh
pdunxs sdudphwhu ��4 lv htxdo wr 41
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Iljxuh 5= Uhdo Uljlglw| lv Odujh Zkhq Ghpdqg dqg Vxsso| Fxuyhv Kdyh
Vwdqgdug Vorshv

Vlqfh frqvxpswlrq/ lq htxloleulxp/ lv htxdo wr rxwsxw/ s E,� c htxdwlrqv 48 dqg
49 fdq erwk eh zulwwhq dv ixqfwlrqv ri , dorqh1 Wkh fdvh zkhq wkh vorshv ri
wkhvh ixqfwlrqv duh htxdo frlqflghv zlwk wkh pd{lpxp ghjuhh ri uhdo uljlglw|
lq wkh Edoo0Urphu gh�qlwlrq dqg lq wklv fdvh/ li dq htxloleulxp h{lvwv/ wkh
oderu ghpdqg dqg vxsso| fxuyhv pxvw frlqflgh dqg khqfh wkh htxloleulxp lv
lqghwhuplqdwh1

Wkh fkdudfwhul}dwlrq ri uhdo uljlglw| lq whupv ri oderu ghpdqg dqg vxsso|
vxjjhvwv d jhrphwulf fkdudfwhul}dwlrq ri uhdo uljlglw|1 Frqvlghu �jxuhv 5 dqg
6/ wkdw sorw wkh vxsso| sulfh ri oderu +wkh fxuyh / ' &� n @�,n @2s,,, dqg lwv
ghpdqg sulfh +wkh fxuyh / ' &2n K�,, iru wzr gl�huhqw hfrqrplhv1 Hfrqrp|
5 lv rqh lq zklfk ghpdqg dqg vxsso| fxuyhv kdyh vwdqgdug vorshv/ hfrqrp|
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Iljxuh 6= Uhdo Uljlglw| lv Vpdoo Zkhq wkh Vxsso| Fxuyh ri Oderu Vorshv
Grzq
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6 lv rqh lq zklfk oderu vxsso| vorshv grzq143 Vlqfh uhdo edodqfhv duh lq0
fuhdvlqj lq u/ uhdo uljlglw| fdq eh uhsuhvhqwhg rq wkh �jxuh dv wkh yhuwlfdo
glvwdqfh ehwzhhq vxsso| dqg ghpdqg fxuyhv � wkh jds ehwzhhq wkh vxsso|
sulfh dqg wkh ghpdqg sulfh ri oderu1 Lq hfrqrp| 5 wklv jds jhwv elj txlfno|
dv wkh hfrqrp| pryhv dzd| iurp wkh htxloleulxp1 Lq hfrqrp| 6 wkh jds
lqfuhdvhv vorzo| dqg wkh hfrqrp| fdq wrohudwh elj ghyldwlrqv ri oderu iurp
lwv htxloleulxp ydoxh zlwkrxw jhqhudwlqj odujh suhvvxuhv iru uhodwlyh sulfhv wr
dgmxvw1

7 Gl�huhqw Urxwhv wr Uhdo Uljlglw|
Dowkrxjk wkh lpsruwdqfh ri uhdo uljlglwlhv iru qrplqdo shuvlvwhqfh lv zlgho|
uhfrjql}hg lq wkh olwhudwxuh/ pdq| dxwkruv vk| dzd| iurp surylglqj h{solflw
wkhrulhv ri wkh oderu pdunhw wkdw fdq jhqhudwh uhdo uljlglw|1 Iru h{dpsoh/ lw
kdv ehfrph frpprq iroorzlqj Edoo dqg Urphu wr vshfli| d zdjh htxdwlrq dv d
sulplwlyh ri d prgho zlwkrxw hqtxlulqj dv wr krz wklv pd| eh frqvlvwhqw zlwk
rswlpl}lqj ehkdylru e| krxvhkrogv1 Lq wkh iroorzlqj dqdo|vlv/ lq frqwudvw/ zh
frqfhqwudwh rq uhdo uljlglwlhv wkdw duh dvvrfldwhg zlwk ixoo| frpshwlwlyh vsrw
pdunhwv iru oderu144

714 Wkh Ehqkdele0Iduphu Frqglwlrqv

Lq vsrw oderu pdunhwv/ uhdo uljlglwlhv uhtxluh wkh vorshv ri oderu ghpdqg dqg
vxsso| htxdwlrqv wr eh vlplodu> wklv lv uhodwhg wr wkh frqglwlrq wkdw Ehqkdele
dqg Iduphu ^;` ghulyh dv qhfhvvdu| iru lqghwhuplqdf| lq d uhdo exvlqhvv f|foh
prgho1 Wkh Ehqkdele0Iduphu frqglwlrq lv wkdw wkh oderu ghpdqg dqg vxsso|
fxuyhv vkrxog furvv zlwk �zurqj vorshv�1 Dowkrxjk wkhuh lv qrwklqj lq wkh
vwdwhphqw ri wklv frqglwlrq wkdw uhtxluhv wkh vorshv wr eh vlplodu/ pxfk ri
wkh zrun wkdw kdv lpsohphqwhg wkh Ehqkdele0Iduphu frqglwlrq lq fdoleudwhg
prghov kdv xvhg fdoleudwlrqv ri wkh oderu pdunhw wkdw zrxog vdwlvi| wkh Edoo0
Urphu gh�qlwlrq ri uhdo uljlglwlhv1

43Dq h{dpsoh ri dq hfrqrp| olnh wklv zrxog eh surylghg e| wkh suhihuhqfhv X @ �+O.E,
F

zkhuh E lv d frqvwdqw1 Lq wklv fdvh ohlvxuh lv dq lqihulru jrrg1
44Lq dq lq xhqwldo sdshu/ Fkdul Nhkrh dqg PfJudwwdq ^4:` dujxh wkdw prghov zlwk

ryhuodsslqj frqwudfwv fdqqrw h{sodlq wkh prqhwdu| wudqvplvvlrq phfkdqlvp1 Wkhlu dujx0
phqw dssolhv htxdoo| wr prghov ri vwdjjhuhg sulfh vhwwlqj dqg lw lv edvhg rq wkh lpsolflw
dvvxpswlrq wkdw uhdo uljlglwhv duh lpsodxvleoh ghvfulswlrqv ri oderu pdunhwv1
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Wkhuh duh wzr zd|v wkdw oderu ghpdqg dqg vxsso| fxuyhv fdq kdyh vlplodu
vorshv1 Wkh �uvw lv wkdw djjuhjdwh oderu ghpdqg pd| vorsh xs dv lq Ehqkdele
dqg Iduphu ^;` ru Iduphu dqg Jxr ^58` gxh wr h{whuqdolwlhv lq surgxfwlrq145

Dowkrxjk wklv frqglwlrq lqlwldoo| vhhphg surplvlqj dv d ghvfulswlrq ri djjuh0
jdwh gdwd/ uhfhqw hpslulfdo zrun e| Edvx dqg Ihuqdog ^9`/ kdv fdvw grxew rq
lwv hpslulfdo uhohydqfh lq wkh X1V1 hfrqrp|1 Dq dowhuqdwlyh srvvlelolw| lv wkdw
wkh frqvwdqw frqvxpswlrq oderu vxsso| fxuyh +oderu vxsso| dv d ixqfwlrq ri
wkh uhdo zdjh kroglqj frqvwdqw frqvxpswlrq, vorshv grzq1 Wklv dvvxpswlrq
lv wkh rqh h{sorlwhg lq uhfhqw zrun e| Ehqkdele dqg Iduphu ^<` lq zklfk wkh|
frqvwuxfw d vlpsoh prqhwdu| prgho zlwk lqghwhuplqdf|146

Grzqzdug vorslqj oderu vxsso| uhtxluhv wkh dvvxpswlrq wkdw hlwkhu ohlvxuh
ru frqvxpswlrq lv dq lqihulru jrrg/ dq dvvxpswlrq wkdw vhhpv d sulrul lp0
sodxvleoh1 Qhyhuwkhohvv/ d grzqzdug vorslqj oderu vxsso| fxuyh lv uhtxluhg wr
h{sodlq gdwd li rqh pdlqwdlqv wkh dvvxpswlrq ri d frpshwlwlyh oderu pdunhw1
Lw lv dovr d surshuw| ri hvwlpdwhg prghov ri wkh oderu pdunhw1 Wkh gdwd irufhv
rqh wr lqihu wkdw ohlvxuh ru frqvxpswlrq lv lqihulru ehfdxvh/ dw exvlqhvv f|foh
iuhtxhqflhv/ frqvxpswlrq dqg dyhudjh krxuv vxssolhg wr wkh pdunhw duh erwk
surf|folfdo yduldeohv1 Li wkh uhsuhvhqwdwlyh krxvhkrog fkrrvhv wr vxsso| pruh
oderu dqg wr frqvxph pruh rxwsxw dv d uhvxow ri d ghpdqg gulyhq pryhphqw
dorqj d qhrfodvvlfdo surgxfwlrq ixqfwlrq/ wkhq hlwkhu frqvxpswlrq ru ohlvxuh
pxvw eh lqihulru1 Li wkh| zhuh erwk qrupdo jrrgv/ wkhq wkh krxvhkrog zrxog
fkrrvh pruh ohlvxuh +ohvv krxuv zrunhg, dw wkh vdph wlph wkdw lw fkrvh pruh
frqvxpswlrq147

Rqh grhv qrw qhhg wr eholhyh wkdw ohlvxuh lv lqihulru lq sudfwlfh lq rughu
wr xvh wkh dvvxpswlrq wr h{sodlq gdwd> prghov gr qrw qhhg wr eh fruuhfw
wr eh xvhixo1 Rqh frxog eholhyh wkdw wkh vsrw oderu pdunhw dvvxpswlrq lv
lqfruuhfw/ exw d frqyhqlhqw zd| ri vxppdul}lqj gdwd1 Li rqh iroorzv wklv

45Wklv lv wkh urxwh hpskdvl}hg e| Plfkdho Nloh| ^66`1
46Lq d uhodwhg sdshu/ Shoorql dqg Zdogpdqq ^79` ghulyh frqglwlrqv iru lqghwhuplqdf|

lq dq hqgrjhqrxv jurzwk prgho zlwk lqihulru ohlvxuh1 Pdwkhq|/ ^74`/ vwxglhv wkh h�hfw ri
prqh| rq fdvk0lq0dgydqfh hfrqrplhv zkhq frqvxpswlrq dqg ohlvxuh duh Sduhwr vxevwlwxwhv1

47Pdqnlz/ Urwhpexuj dqg Vxpphuv ^6<` srlqw rxw wkdw lqihulru ohlvxuh lv uhtxluhg wr
h{sodlq wkh idfwv1 Wkh| hvwlpdwh d fodvvlfdo prgho ri wkh X1V1 hfrqrp| dqg lq vhyhudo ri
wkhlu vshfl�fdwrqv �qg wkdw suhihuhqfhv duh qrq0frqyh{1 Iduphu dqg Jxr ^59` hvwlpdwh d
vlplodu prgho rq dqqxdo gdwd dqg �qg hylghqfh ri lqihulru ohlvxuh +vhh dovr wkh glvfxvvlrq
e| Udr D|djdul ^4`,1 Iduphu dqg Rkdqldq ^5:` xvh wkh vdph gdwd vhw dv Iduphu dqg Jxr
dqg duh deoh wr �w wkh gdwd uhodwlyho| zhoo zlwk d qrq0vhsdudeoh xwlolw| ixqfwlrq1 Wkhlu
hvwlpdwhv duh frqvlvwhqw zlwk frqyh{ suhihuhqfhv exw lpso| lqihulru ohlvxuh dv lq wkh zrun
e| Pdqnlz Urwhpexuj dqg Vxpphuv dqg Iduphu dqg Jxr1
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urxwh/ rqh zrxog krsh wkdw wkh dvvxpswlrq ri d frpshwlwlyh oderu pdunhw
frxog hyhqwxdoo| eh uhsodfhg e| d pruh dffxudwh dssur{lpdwlrq wr wkh uhdo
zruog1 Wkh pdlq uhdvrq wr eh vnhswlfdo ri wkh lqihulrulw| dvvxpswlrq lv wkdw
dw exvlqhvv f|foh iuhtxhqflhv/ prvw pryhphqwv lq djjuhjdwh krxuv rffxu dv
zrunhuv duh �uhg ru uhkluhg> qrw dv pryhphqwv lqwr dqg rxw ri wkh oderu irufh
dv krxvhkrogv rswlpdoo| fkrrvh wr vshqg pruh ru ohvv wlph lq ohlvxuh1 Wr
dffrxqw iru wkhvh idfwv/ rqh zrxog qhhg d prgho wkdw uhfrjql}hv dw ohdvw wkuhh
dfwlylwlhv/ hpsor|phqw/ ohlvxuh dqg vhdufk +wlph vshqw lq xqhpsor|phqw,1
Wkh iroorzlqj vlpsoh prgho/ edvhg rq xqsxeolvkhg uhvhdufk mrlqw zlwk Qlfrod
Jldppdulrol pdnhv wklv fdvh1

715 D Vhdufk Prgho zlwk Uhdo Uljlglwlhv dqg Qrupdo
Ohlvxuh

Wklv vhfwlrq xvhv wkh lghd ri d pdwfklqj ixqfwlrq/ pdgh srsxodu e| Pruwhq0
vrq dqg Slvvdulghv ^77`/ wr h{solflwo| prgho xqhpsor|phqw lq dq htxloleulxp
exvlqhvv f|foh prgho148 Vxssrvh wkdw xwlolw| lv jlyhq e|

L ' L E�� c

dqg wkdw �upv surgxfh zlwk wkh whfkqrorj|

t ' 8 Eu�� ac

zkhuh a uhsuhvhqwv uhdo uhvrxufhv xvhg lq uhfuxlwlqj1 Qrz ohw wkh qxpehu ri
zrunhuv kluhg hyhu| shulrg eh jlyhq e|

M ' 6 E7c a�

zkhuh 6 E7c a� lv d frqvwdqw uhwxuqv wr vfdoh pdwfklqj ixqfwlrq lq zklfk M lv
wkh qxpehu ri qhz pdwfkhv/ 7 lv wkh qxpehu ri oderu krxuv vshqw vhdufklqj
iru hpsor|phqw e| zrunhuv dqg a lv wkh uhdo uhvrxufhv xvhg xs lq vhdufk e|
�upv1

Wkh vlpsohvw fdvh wr vwxg| lv dq h{wuhph rqh lq zklfk wkh hqwluh zrunirufh
lv uhkluhg hyhu| shulrg1 Lq wklv fdvh/ vlqfh zrunhuv jhw qr glvxwlolw| iurp
vhdufk/ wkh| zloo vxsso| doo ri wkhlu wlph wr wkh vhdufk dfwlylw|1 Zh fdq

48Uhfhqw olwhudwxuh wkdw lqfrusrudwhv vhdufk lqwr d uhdo exvlqhvv f|foh hfrqrp| xvlqj d
Pruwhqvrq0Slvvdulghv pdwfklqj ixqfwlrq lqfoxghv Dqgroidwwr ^6` dqg Phuw} ^76`1 Frroh|
dqg Txdgulql ^54`/ vwxg| lq dwlrq dqg xqhpsor|phqw xvlqj wkh vdph ghylfh1
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qrupdol}h wklv dqg vhw 7 ' �� Vlqfh wkh hqwluh zrunirufh lv uhkluhg hyhu|
shulrg/ hpsor|phqw zloo eh htxdo wr wkh qxpehu ri pdwfkhv/ u ' M1 Lq
d uhsuhvhqwdwlyh djhqw hfrqrp|/ wklv vlpsoh vhdufk whfkqrorj| ohdgv wr wkh
htxloleulxp frqglwlrqv/

8u Eu
W�6a E�c a

W� ' �c +4:,

uW ' 6 E�c aW� � +4;,

Zrxog wklv hfrqrp| h{klelw d vljql�fdqw uhdo uljlglw|B Wklv ghshqgv rq
wkh surshuwlhv ri wkh pdwfklqj ixqfwlrq 6 E7c a�1 Uhphpehu wkdw lq wkh vsrw
pdunhw iru oderu/ lq zklfk ohlvxuh jlyhv glvxwlolw|/ wkh uhtxluhphqw iru uhdo
uljlglw| lv wkdw

8u Eu
W� �'

�Lu E8 EuW� c uW�

L� E8 EuW� c uW�
�

Lq rxu vhdufk hfrqrp| rqh fdq �qg d vlplodu frqglwlrq lq zklfk wkh surshuwlhv
ri wkh xwlolw| ixqfwlrq duh uhsodfhg e| wkh surshuwlhv ri wkh pdwfklqj ixqfwlrq=

8u Eu
W� �'

�

6a E�c a duWo�
c

zkhuh wkh ixqfwlrq a duWo lv gh�qhg lpsolflwo| iurp htxdwlrq 4;1 Lq wkh
vshfldo fdvh lq zklfk wkh surgxfwlrq ixqfwlrq lv olqhdu/ uhdo uljlglw| uhtxluhv
6a wr eh frqvwdqw/ dq dvvxpswlrq zklfk lpsolhv wkdw krxuv vshqw zrunlqj e|
zrunhuv dqg uhdo uhvrxufhv vshqw lq uhfuxlwlqj e| �upv duh jrrg vxevwlwxwhv iru
hdfk rwkhu1 Wklv pd| qrw eh dq lpsodxvleoh ghvfulswlrq ri wkh dfwxdo vhdufk
surfhvv/ dowkrxjk fohduo| rqh zrxog olnh d pruh uhdolvwlf prgho1 Lw zrxog dovr
eh ghvludeoh wr nqrz vrphwklqj derxw wkh hodvwlflw| ri vxevwlwxwlrq ri uhdo
zruog pdwfklqj ixqfwlrqv149

8 D G|qdplf Fodvvlfdo Prgho
Lq vhfwlrqv 8 dqg 9/ zh zloo frqvwuxfw g|qdplf fodvvlfdo dqg Nh|qhvldq prghov
dqg vkrz krz hdfk ri wkhp kdv ehhq xvhg wr h{sodlq wkh prqhwdu| wudqvplv0
vlrq phfkdqlvp1 Rxu dlp lv wr surylgh d vwuxfwxuh lq zklfk wkh wzr prghov

49Prvw h{lvwlqj zrun ri zklfk L dp dzduh pdlqwdlqv wkh dvvxqswlrq ri Free0Grxjodv
pdwfklqj ixqfwlrqv zklfk lpsrvhv wkh uhvwulfwlrq wkdw wkh hodvwlflw| ri vxevwlwxwlrq lv htxdo
wr xqlw|1 Lq frqwudvw/ wkh prgho vnhwfkhg lq wklv sdshu vxjjhvwv wkdw uhdo uljlglw| rffxuv dv
wkh hodvwlflw| ri vxevwlwxwlrq ri wkh pdwfklqj dssurdfkhv lq�qlw| +wkh pdwfklqj ixqfwlrq
lwvhoi ehfrphv forvh wr olqhdu,1
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fdq eh hdvlo| frpsduhg1 Zh zloo ghyhors wkh lghd wkdw wkh| duh erwk vshfldo
fdvhv ri d pruh jhqhudo prgho wkdw pdnh gl�huhqw vlpsoli|lqj dvvxpswlrqv1

Wkh fodvvlfdo prgho devwudfwv iurp vwdjjhuhg sulfh vhwwlqj dqg khqfh wkh
rqo| g|qdplf htxdwlrq ri wkh prgho lv wkh Hxohu htxdwlrq wkdw h{sodlqv krz
wkh uhsuhvhqwdwlyh djhqw fkrrvhv wr doorfdwh uhdo edodqfhv ryhu wlph1 Wkh Qhz
Nh|qhvldq prgho dvvxphv d fdvk0lq0dgydqfh frqvwudlqw dqg khqfh wkh Hxohu
htxdwlrq lv wulyldo> wkh djhqw pxvw krog hqrxjk fdvk wr phhw lwv frqvxpswlrq
qhhgv1 Lq wklv prgho wkh rqo| g|qdplf htxdwlrq lv rqh wkdw iroorzv iurp
vwdjjhuhg sulfh vhwwlqj1 Erwk wkh fodvvlfdo dqg qhz Nh|qhvldq prghov duh
fdsdeoh ri h{sodlqlqj wkh shuvlvwhqfh ri qrplqdo vkrfnv rqo| li wkh oderu
pdunhw h{klelwv vljql�fdqw uhdo uljlglwlhv1

814 Dvvxpswlrqv derxw Whfkqrorj| dqg Suhihuhqfhv

Lq g|qdplf prqhwdu| prghov rqh wklqnv ri d frqwlqxxp ri lghqwlfdo idplolhv/
hdfk ri zklfk pd{lpl}hv wkh h{shfwhg ydoxh ri d xwlolw| ixqfwlrq=

4@ 
"[
|'�

q|3�L E�|c u|�

vxemhfw wr wkh frqvwudlqwv

�| '�|3� n �|8
�
u|c

�|3�

�|

�
� �|�| n A|c +4<,

*�4
r<"

'r

|

�r

�r
� fc +53,

zkhuh A| lv d oxps0vxp qrplqdo wudqvihu iurp wkh jryhuqphqw/ dqg 'r

|
lv wkh

sulfh ri d xqlw ri fxuuhqf| lq shulrg | iru gholyhu| dw gdwh r14: Htxdwlrq 4<
lv d shulrg e| shulrg lqwhuwhpsrudo exgjhw frqvwudlqw dqg 53 lv d cqr Srq}l
vfkhph* frqvwudlqw wkdw uhtxluhv wkh djhqw wr eh vroyhqw dw hyhu| gdwh1

Wr lqwurgxfh prqh| lqwr wkh fodvvlfdo prgho zh kdyh prghohg lw dv d
surgxfwlyh dvvhw1 Zh dvvxph wkdw rxwsxw lv surgxfhg e| wkh ixqfwlrq

t| ' 8
�
u|c

�|3�

�|

�
c

4:Lw lv srvvleoh wr dgg jryhuqphqw ghew wr wklv prgho zlwkrxw fkdqjlqj wkh htxloleulxp
ri wkh prgho/ surylglqj rqh dvvxphv wkdw ghew lv lq }hur qhw vxsso|1 Wkh dgydqwdjh ri
dgglqj ghew/ lv wkdw lw doorzv rqh wr gh�qh wkh qrplqdo lqwhuhvw udwh lq htxloleulxp1 Zh
kdyh ohiw wkh erqg pdunhw rxw ri rxu prgho wr nhhs wkh qrwdwlrq wr d plqlpxp1
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zkhuh t| lv rxwsxw/ u| lv oderu lqsxw/ dqg
�|3�

�|

lv prqh| edodqfhv dffxpxodwhg
dw gdwh |� � dqg xvhg lq surgxfwlrq dw gdwh |14;

D vlpsoh zd| ri vroylqj sureohpv lq wklv fodvv lv e| vxevwlwxwlqj wkh
exgjhw frqvwudlqw lqwr wkh remhfwlyh ixqfwlrq wr |lhog wkh sureohp=

4@ 
tu|c�|�
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q|3�L
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u|c
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Djhqwv fkrrvh vhtxhqfhv ri oderu vxsso| dqg uhdo edodqfhv wr pd{lpl}h wkh
glvfrxqwhg ydoxh ri xwlolw|1

815 Prqh| dqg Djjuhjdwh Vxsso|

Dowkrxjk zh kdyh lqfoxghg prqh| lq wkh surgxfwlrq ixqfwlrq/ zh frxog
htxdoo| zhoo kdyh dgghg prqh| wr wkh xwlolw| ixqfwlrq1 Fdvk0lq0dgydqfh/ krz0
hyhu/ lv pruh uhvwulfwlyh wkdq hlwkhu prqh| lq wkh xwlolw| ixqfwlrq ru prqh|
lq wkh surgxfwlrq ixqfwlrq dowkrxjk lw fdq eh prghohg dv d vshfldo fdvh ri
hlwkhu vshfl�fdwlrq lq zklfk wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq prqh| dqg
oderu +lq wkh fdvh ri prqh| lq surgxfwlrq, ru prqh| dqg frqvxpswlrq +lq
wkh fdvh ri prqh| lq wkh xwlolw| ixqfwlrq, dssurdfkhv plqxv lq�qlw|1

Lq wkh prgho ri prqh| lq wkh surgxfwlrq ixqfwlrq/ wkh �uvw rughu frqglwlrq
iru oderu vxsso| lq hdfk shulrg wdnhv wkh irup=

�Lu E�|c u|�
L� E�|c u|�

' 8u
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u|c

�|

�|

�
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Li lqvwhdg/ rqh prghov prqh| lq wkh xwlolw| ixqfwlrq/ wklv htxdwlrq zrxog wdnh
wkh irup=
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� ' 8u Eu|� �

Lq hlwkhu fdvh e| vxevwlwxwlqj wkh h{suhvvlrq �| ' 8 Eu|� lqwr wkh dssursuldwh
�uvw rughu frqglwlrq rqh fdq �qg uhgxfhg irup h{suhvvlrqv olqnlqj rxwsxw dqg
hpsor|phqw wr uhdo edodqfhv=

u| ' �
�
�|

�|

�
c t| ' M
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�|

�|

�
� +54,

4;Wklv pluuruv wkh vshfl�fdwlrq lq Ehqkdele dqg Iduphu ^<`/ zlwk wkh h{fhswlrq wkdw
wkh| doorz prqh| wudqvihuv Ww wr hqwhu wkh surgxfwlrq ixqfwlrq1 Wklv doorzv prqhwdu|
vkrfnv wr kdyh frqwhpsrudqhrxv h�hfwv rq rxwsxw1
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Zh zloo uhihu wr wkh h{suhvvlrq

t| ' M
�
�|

�|

�

dv wkh djjuhjdwh vxsso| fxuyh1 Wklv htxdwlrq jhqhudol}hv wkh djjuhjdwh vxs0
so| fxuyh wkdw lv riwhq ghulyhg lq wh{werrn fodvvlfdo prghov lq zklfk djjuh0
jdwh vxsso| lv irxqg e| frpelqlqj wkh oderu ghpdqg dqg vxsso| htxdwlrqv
zlwk wkh surgxfwlrq ixqfwlrq1 Lq wh{werrn suhvhqwdwlrqv/ djjuhjdwh vxsso| lv
lqghshqghqw ri uhdo edodqfhv ehfdxvh prqh| lv lqfoxghg lq uhodwlyho| vlpsoh
zd|v1 Iru h{dpsoh/ xwlolw| dqg surgxfwlrq pd| eh vhsdudeoh ixqfwlrqv ri uhdo
edodqfhv/ ru prqh| pd| eh lqfoxghg wr vdwlvi| d fdvk0lq0dgydqfh frqvwudlqw
rq frqvxpswlrq1 Lq wkhvh vshfldo fdvhv/ wkh ixqfwlrqv M

�
�

�

�
dqg �

�
�

�

�
duh

lqghshqghqw ri uhdo edodqfhv1

816 Prqh| dqg Djjuhjdwh Ghpdqg

Lq dgglwlrq wr wkh �uvw rughu frqglwlrq iru wkh fkrlfh ri oderu/ wr vroyh wkh
g|qdplf fodvvlfdo prgho rqh pxvw vshfli| dq Hxohu htxdwlrq wkdw iroorzv iurp
rswlpdoo| fkrrvlqj vhtxhqfhv ri uhdo edodqfhv=4<
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� +55,

Wr vroyh wkh fodvvlfdo prgho/ rqh frpelqhv wkh oderu pdunhw frqglwlrq
zlwk wkh Hxohu htxdwlrq wr �qg d gl�huhqfh htxdwlrq wkdw ghwhuplqhv uhdo
edodqfhv lq htxloleulxp1 Vxevwlwxwlqj wkh ixqfwlrqv �

�
�

�

�
dqg M

�
�

�

�
lqwr

htxdwlrq 55/ ohdgv wr wkh iroorzlqj htxdwlrq lq wkh vlqjoh vwdwh yduldeoh/ 6 �
�

�
G

C E6|� '
q

>|n�
C E6|n��f E6|n�� c +56,

zkhuh C E6� dqg f E6� duh gh�qhg e| wkh h{suhvvlrqv

C E6� � 6L� EM E6� c � E6�� c f E6� � � n 86 E� E6� c 6� c +57,

4<Iru wkh prgho ri prqh| lq wkh xwlolw| ixqfwlrq/ wkhuh lv dq dqdorj ri wklv frqglwlrq
wkdw wdnhv wkh irup=
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dqg >
|
lv wkh prqh| jurzwk idfwru �|

�|3�

� Wkh iroorzlqj vhfwlrq glvfxvvhv wkh
nlqgv ri htxloleuld wkdw fdq dulvh lq wklv hfrqrp| dqg uhodwhv wkhp wr wkh
frqfhsw ri uhdo uljlglwlhv1

817 Ghwhuplqdf| ri Htxloleulxp

Wkh fdvh zkhq htxdwlrq 56 lv orfdoo| xqvwdeoh durxqg wkh vwhdg| vwdwh lv
uhihuuhg wr dv rqh lq zklfk wkh htxloleulxp ri wkh prgho lv ghwhuplqdwh153 Lq
wkh fdvh ri qr vkrfnv wr wkh v|vwhp wklv vroxwlrq zrxog fruuhvsrqg wr uhdo
edodqfhv uhpdlqlqj dw wkh vwhdg| vwdwh1 Zkhq htxloleulxp lv ghwhuplqdwh/
wkh fodvvlfdo prgho lv xqdeoh wr h{sodlq wkh prqhwdu| wudqvplvvlrq phfkdqlvp
vlqfh wkh uhdo htxloleulxp ri wkh hfrqrp| lv lqyduldqw wr d fkdqjh lq wkh vfdoh
ri prqhwdu| srolf|1 Prvw lqwhusuhwhuv ri wlph vhulhv gdwd kdyh frqfoxghg wkdw
li rqh frxog frqgxfw dq h{shulphqw lq zklfk rqh pryhg iurp wkh prqhwdu|
srolf| i��

|
j"
|'�

wr wkh srolf| ib��

|
j"
|'�

c rqh zrxog h{shfw wkdw uhdo rxwsxw
dqg hpsor|phqw zrxog eh d�hfwhg dw wkh gdwh wkdw wkh fkdqjh rffxuuhg1 Iru
wklv uhdvrq/ hfrqrplvwv kdyh vhdufkhg iru prghov wkdw h{klelw qrq0qhxwudolwlhv
lq wkh vkruw uxq154

Lq d uhfhqw sdshu/ Ehqkdele dqg Iduphu ^<` kdyh vkrzq wkdw zkhq wkh
oderu pdunhw h{klelwv vljql�fdqw uhdo uljlglw|/ wkh fodvvlfdo prgho lv ixoo|
fdsdeoh ri h{sodlqlqj qrq0qhxwudolwlhv1 Wkhlu zrun klqjhv rq wkh lghd wkdw
wkh gl�huhqfh htxdwlrq 56 pd| vzlwfk vwdelolw| dqg lq wklv fdvh wkhuh pd|
eh htxloleuld lq zklfk qhz prqh| hqwhulqj wkh hfrqrp| d�hfwv txdqwlwlhv lq
wkh vkruw uxq dqg ihhgv dv|pswrwlfdoo| lqwr sulfhv1 Wkh iroorzlqj vxevhfwlrq
h{sodlqv wkh Ehqkdele0Iduphu dujxphqw1

53Dq htxloleulxp lv frpsohwho| fkdudfwhul}hg e| d erxqghg vroxwlrq wr htxdwlrq 57 dqg
lqvwdelolw| ri wklv htxdwlrq durxqg wkh vwhdg| vwdwh lpsolhv wkdw wkhuh lv rqo| rqh vxfk
vroxwlrq1

54Hyhq lq wkh ghwhuplqdwh yhuvlrq ri wkh fodvvlfdo prgho/ lw lv qrw wuxh wkdw wkh uhdo
htxloleulxp ri wkh hfrqrp| lv lqyduldqw wr duelwudu| fkdqjhv lq wkh prqhwdu| srolf| vh0
txhqfh iPwj4w@41 Iru h{dpsoh/ d fkdqjh lq prqhwdu| srolf| iurp wkh frqvwdqw prqh|
jurzwk uxoh Pw @ +4 . �

4
,Pw�4 wr vrph qhz uxoh Pw @ +4 . �

5
,Pw�4 zloo/ lq jhqhudo/

fkdqjh vwhdg| vwdwh uhdo edodqfhv/ rxwsxw dqg hpsor|phqw1 Wklv surshuw| ri htxloleulxp lv
uhihuuhg wr dv idloxuh ri wkh hfrqrp| wr glvsod| vxshuqhxwudolw|1 Dowkrxjk wkh h{lvwhqfh ri
qrq0vxshuqhxwudolwlhv lv lqwhuhvwlqj/ lw lv qrw hqrxjk wr h{sodlq wkh prqhwdu| wudqvplvvlrq
phfkdqlvp1
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Iljxuh 7= Htxloleulxp lq d Ghwhuplqdwh Prqhwdu| Hfrqrp|

818 Lqghwhuplqdf| dqg wkhPrqhwdu| WudqvplvvlrqPhfk0
dqlvp

Wklv vhfwlrq h{sodlqv krz d prgho zlwk dq lqghwhuplqdwh htxloleulxp fdq
h{sodlq wkh uhdo h�hfwv ri prqhwdu| srolf|1 Iljxuh 7 looxvwudwhv htxdwlrq
56 iru wkh fdvh zkhuh wkh vwhdg| vwdwh htxloleulxp ri d prqhwdu| prgho lv
orfdoo| ghwhuplqdwh1 Pxfk ri rxu lqwxlwlrq derxw wkh h�hfwv ri prqhwdu|
srolf| lqwhuyhqwlrqv lv lpsolflwo| exlow rq wklv fdvh1

Wr xqghuvwdqg wkh lpsolfdwlrqv ri ghwhuplqdf| iru wkh prqhwdu| wudqvplv0
vlrq phfkdqlvp/ zh frqvlghu d wkrxjkw h{shulphqw1 Rxu h{shulphqw ehjlqv
e| vxssrvlqj wkdw qrwklqj kdv hyhu fkdqjhg lq wkh hfrqrp| iru doo ri hwhu0
qlw|1 Dw rqh sduwlfxodu gdwh/ zh fdoo wklv gdwh A / wkhuh lv dq xqdqwlflsdwhg
lqfuhdvh lq wkh prqh| vxsso| wkdw lv glvwulexwhg wr krxvhkrogv lq sursruwlrq
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Iljxuh 8= Htxloleulxp lq dq Lqghwhuplqdwh Prqhwdu| Hfrqrp|
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wr h{lvwlqj prqh| edodqfhv1 Diwhu gdwh Ac doo krxvhkrogv fruuhfwo| uhdol}h
wkdw wklv hyhqw zloo qhyhu eh uhshdwhg1 Li djhqwv lqkdelw wkh zruog ghslfwhg
lq �jxuh 7 wkhq wkh rqo| srvvleoh htxloleulxp lv rqh lq zklfk wkh sulfh ohyho
dw gdwh A lqfuhdvhv lpphgldwho| lq sursruwlrq wr wkh lqfuhdvh lq uhdo edodqfhv
dqg uhdo edodqfhv uhpdlq dw wkhlu vwhdg| vwdwh htxloleulxp ohyho/ 6W1

Vxssrvh lqvwhdg wkdw djhqwv lqkdelw wkh zruog ghslfwhg lq Iljxuh 81 Wklv
�jxuh ghslfwv wkh fdvh lq zklfk wkh gl�huhqfh htxdwlrq 56 lv orfdoo| vwdeoh>
d vlwxdwlrq wkdw fdq rffxu li prqh| hqwhuv wkh surgxfwlrq ixqfwlrq ru wkh
xwlolw| ixqfwlrq lq d qrq0vhsdudeoh zd| dqg li lq dgglwlrq wkhuh duh lpsruwdqw
uhdo uljlglwlhv1 Zkhq htxdwlrq 56 lv vwdeoh/ wkhuh duh pxowlsoh htxloleuld vlqfh
dq| erxqghg vhtxhqfh wkdw vdwlv�hv wklv htxdwlrq lv d ydolg htxloleulxp sulfh
vhtxhqfh1 Lq wklv vhqvh vwdelolw| lv dvvrfldwhg zlwk lqghwhuplqdf|1 Frqvlghu
zkdw zrxog kdsshq lq wklv hfrqrp| li wkh qrplqdo prqh| vxsso| lqfuhdvhv
dw gdwh A 1 Iru wkh hfrqrp| ghslfwhg lq Iljxuh 8 wkh qrplqdo sulfh qhhg qrw
dgmxvw lpphgldwho|1 Vxssrvh/ lqvwhdg ri lqvwdqw sulfh dgmxvwphqw/ djhqwv
gr qrw dgmxvw qrplqdo sulfhv dw doo> lqvwhdg/ uhdo edodqfhv lqfuhdvh iurp 6W

wr 6A 1 Xqolnh wkh hfrqrp| lq Iljxuh 7/ wklv odfn ri sulfh uhvsrqvh lv ixoo|
frqvlvwhqw zlwk udwlrqdo h{shfwdwlrqv dqg pdunhw fohdulqj1

Lq rughu wr ydolgdwh qrplqdo uljlglw|/ dv d udwlrqdo h{shfwdwlrqv htxlole0
ulxp/ wkh sulfh ohyho pxvw lqfuhdvh lq shulrg A n �1 Dv sulfhv ulvh/ vr uhdo
edodqfhv idoo dqg pryh edfn ryhu wlph frqyhujlqj dv|pswrwlfdoo| wr6W� Vlqfh
wkh prqh| vwrfn grhv qrw lqfuhdvh ixuwkhu diwhu lw mxpsv lq shulrg A / wkh gh0
fuhdvh lq uhdo edodqfhv pxvw eh dffrpsolvkhg e| d vorz lqfuhdvh lq wkh sulfh
ohyho1 Iljxuhv 9 dqg : looxvwudwh wkh wlph sdwk ri wkh sulfh ohyho/ wkh qrplqdo
prqh| vxsso| dqg uhdo edodqfhv lq wkhvh wzr hfrqrplhv1 Lq wkh htxloleulxp
ghvfulehg lq Iljxuh 7/ dv lq Iljxuh 8/ doo pdunhwv fohdu dqg djhqwv kdyh ud0
wlrqdo h{shfwdwlrqv ri ixwxuh sulfhv1 Prqh| kdv uhdo h�hfwv lq wklv hfrqrp|
ehfdxvh qrplqdo uljlglw| lv wkh xqltxh htxloleulxp uhvsrqvh zkhq wkh prgho
lv vxssohphqwhg e| d frpsohwh ghvfulswlrq ri wkh zd| wkdw djhqwv irup eholhiv1

9 D G|qdplf Qhz Nh|qhvldq Prgho
Wklv vhfwlrq lv edvhg rq uhfhqw sdshuv e| d jurxs ri hfrqrplvwv zulwlqj lq
wkh Qhz Nh|qhvldq wudglwlrq hdfk ri zklfk lv edvhg rq wkh vwdjjhuhg sulfh
vhwwlqj sdshu ri Fdoyr ^48`155 Wkh prgho zh zloo frqvwuxfw gudzv rq frpprq

55Wkhvh lqfoxgh wkh sdshuv e| Ulfkdug Fodulgd/ hw do1 ^44`/ Mh�uh| Ixkuhu dqg Jhrujh
Prruh ^5;`/ Mrugl Jdol dqg Pdun Jhuwohu ^5<`/ Rolylhu Mhdqqh ^65`/ Plfkdho Nloh| ^66`/
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Iljxuh 9= Suhglfwhg Lpsxovh Uhvsrqvhv lq d Ghwhuplqdwh Fodvvlfdo Prqhwdu|
Hfrqrp|
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Iljxuh := Htxloleulxp lq dq Lqghwhuplqdwh Fodvvlfdo Prqhwdu| Hfrqrp|
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ihdwxuhv ri doo ri wkhvh sdshuv1

914 Fkrrvlqj wkh Sulfh Ohyho

Lq wkh vwdjjhuhg sulfh vhwwlqj prgho/ d iudfwlrq �� k ri sulfh vhwwlqj djhqwv
lv deoh wr fkdqjh lwv sulfh hdfk shulrg exw wkh uhpdlqlqj iudfwlrq/ k pxvw
nhhs lwv sulfh �{hg1 Wkh delolw| wr fkdqjh sulfh lv dq h{rjhqrxv udqgrp
yduldeoh zklfk lv lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg wkurxjk wlph vr
wkdw doo sulfh vhwwlqj �upv kdyh wkh vdph ixwxuh survshfwv ri fkdqjlqj sulfh
lqghshqghqwo| ri zkhq wkh| prvw uhfhqwo| dgmxvwhg1 Wklv ghylfh lv d fohyhu
dqg frqyhqlhqw zd| ri nhhslqj wkh dojheud ri wkh Qhz Nh|qhvldq prgho
pdqdjhdeoh/ zklovw pdlqwdlqlqj prvw ri wkh  dyru ri wkh lghd wkdw sulfh
vhwwlqj lv vwdjjhuhg1

Dv lq wkh fodvvlfdo prgho/ zh ehjlq e| dvvxplqj wkdw wkhuh h{lvwv d uhs0
uhvhqwdwlyh djhqw wkdw vroyhv wkh sureohp=
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Rxu prgho gl�huv iurp wkh fodvvlfdo dssurdfk e| dgrswlqj dq lqgxvwuldo vwuxf0
wxuh edvhg rq wkh vwdwlf prgho ri prqrsrolvwlf frpshwlwlrq1 Zh dvvxph wkdw
wkh �qdo jrrgv vhfwru lv frpshwlwlyh dqg wkdw wkh krxvhkrog hduqv uhyhqxhv
iurp lwv rzqhuvkls ri lqwhuphgldwh lqgxvwulhv1 Wkhvh uhyhqxhv pxvw eh vshqw
rq frqvxpswlrq frpprglwlhv/ ru xvhg wr dffxpxodwh prqh| edodqfhv1

Wr lqwurgxfh prqh| lqwr rxu prgho/ zh lpsrvh d fdvk0lq0dgydqfh frq0
vwudlqw1 Vlqfh lq htxloleulxp/ qhz prqh| hqwhulqj wkh hfrqrp| zloo h{dfwo|
htxdo qrplqdo wudqvihuv/ A|/ wkh krxvhkrog pxvw fkrrvh wr vshqg lwv uhyhqxhv
rq frqvxpswlrq1 Xvlqj wkhvh dvvxpswlrqv/ zh gh�qh wkh krxvhkrog*v lqgluhfw
shulrg xwlolw| ixqfwlrq `
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zh uhzulwh wkh pd{lpl}dwlrq sureohp

ri wkh uhsuhvhqwdwlyh djhqw=
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Urehuw Nlqj dqg Doh{dqghu Zropdq/ Plohv Nlpedoo ^67`/ Mrkq Urehuwv ^7:`/ ^7;`/ Mxolr
Urwhpexuj dqg Plfkdho Zrrgirug ^83`/ ^84` dqg Wdfn \xq ^89`1
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Lq htxdwlrq 58/ .� lv wkh h{shfwdwlrq rshudwru frqglwlrqdo rq gdwh � lqiru0
pdwlrq dqg ���| lv wkh sulfh fkrvhq lq shulrg | e| d udqgrpo| fkrvhq vxevhw
ri �upv1

D frxsoh ri revhuydwlrqv juhdwo| vlpsoli| wkh dqdo|vlv ri wklv prgho1 Iluvw/
lw iroorzv iurp v|pphwu| wkdw doo djhqwv wkdw fkdqjh wkhlu sulfh dw gdwh |
zloo pdnh wkh vdph ghflvlrq1 Iroorzlqj Plohv Nlpedoo ^67` zh uhihu wr wkh
sulfh wkdw zrxog eh fkrvhq dv wkh rswlpdo uhvhw sulfh ghqrwhg 	�|� Vhfrqg/
wkh vwdwh vsdfh iru wklv sureohp lv srwhqwldoo| lq�qlwh vlqfh dw dq| srlqw lq
wlph/ wkhuh h{lvwv d frqwlqxxp ri �upv zlwk sulflqj srolflhv/ vrph ri zklfk/
zloo kdyh ehhq lq sodfh vlqfh | ' �4� Exw wkh frqvxphu fduhv rqo| derxw
djjuhjdwh rxwsxw/ dqg iru wklv wkhuh lv d frqyhqlhqw vfdodu vwdwh yduldeoh wkdw
vxppdul}hv wkh lpsdfw ri klvwrulhv rq zhoiduh= wkh sulfh ohyho wkdw uxohg dw
gdwh |� �1 Lq wkh iroorzlqj vxevhfwlrq/ zh h{sorlw wkhvh revhuydwlrqv wr �qg
wzr htxdwlrqv wkdw fkdudfwhul}h wkh g|qdplfv ri wkh Fdoyr prgho1

915 Vwlfn| Sulfhv dqg wkh Qhz0Nh|qhvldq Skloolsv Fxuyh

Wklv vhfwlrq ghulyhv d olqhdu dssur{lpdwlrq wr wkh �uvw rughu frqglwlrq iru
sulfh vhwwlqj �upv wkdw ehduv d forvh uhvhpeodqfh wr wkh Skloolsv fxuyh lq wh{w0
errn Nh|qhvldq prghov1 Wklv htxdwlrq lv uhihuuhg wr dv wkh Qhz Nh|qhvldq
Skloolsv fxuyh1

Zh ehjlq e| ghulylqj wkh rswlpdo uhvhw sulfh dv d ixqfwlrq ri lq dwlrq e|
h{sorlwlqj wkh idfwru sulfh iurqwlhu1 Wklv lv dq htxdwlrq olqnlqj wkh rxwsxw
sulfh �| wr wkh lqsxw sulfhv/ ���| wkdw iroorzv iurp wkh dvvxpswlrq wkdw wkhuh
duh }hur sur�w rssruwxqlwlhv lq wkh pdunhw iru �qdo frpprglwlhv1 Zkhq wkh
surgxfwlrq ixqfwlrq lv jlyhq e| htxdwlrq 6; wkh idfwru sulfh iurqwlhu kdv wkh
iroorzlqj irup=
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Xvlqj htxdwlrq 59/ rqh fdq ghulyh wkh iroorzlqj htxdwlrq wkdw olqnv lq d0
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wlrq zlwk wkh rswlpdo uhvhw sulfh=56
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D �up wkdw grhv fkdqjh lwv sulfh lq shulrg | zloo fkrrvh 	�| wr pd{lpl}h
wkh glvfrxqwhg suhvhqw ydoxh ri h{shfwhg xwlolw|1 Wklv ohdgv wr wkh iroorzlqj
�uvw rughu frqglwlrq=
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Htxdwlrq 5; frqwdlqv dq lq�qlwh zhljkwhg vxp ri ixwxuh pdujlqdo xwlolwlhv
ehfdxvh wkh �up wdnhv dffrxqw ri wkh idfw wkdw wkhuh lv srvlwlyh +exw ghfolq0
lqj, suredelolw| wkdw wkh sulfh lw vhwv lq shulrg | zloo suhydlo iru wkh lq�qlwh
ixwxuh157

Htxdwlrqv 5: dqg 5;/ wrjhwkhu zlwk d vshfl�fdwlrq ri prqhwdu| srolf| +d
uxoh iru ghwhuplqlqj i�|j"|'�,/ frpsohwho| fkdudfwhul}h dq htxloleulxp lq wkh
vwdjjhuhg sulfh prgho1 Wkh vlpsohvw h{dpsoh ri d prqhwdu| srolf| uxoh lv
wkh jlyhq e| wkh htxdwlrq=

�| '� n �|c +5<,

zkhuh �| lv d udqgrp yduldeoh zlwk }hur phdq wkdw uhsuhvhqwv d prqh| vxsso|
vkrfn1

Lq Dsshqgl{ E/ zh vkrz wkdw e| frpelqlqj htxdwlrqv 5:/ 5; dqg 5</ dqg
olqhdul}lqj wkh uhvxowlqj h{suhvvlrq durxqg d vwhdg| vwdwh/ rqh fdq ghulyh d

56Ohw Mw � ^3> 4` eh wkh vhw ri doo �upv wkdw fkdqjh sulfh lq shulrg w dqg gh�qh d yduldeoh
tw dv iroorzv>

tw
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tw lv d jhrphwulfdoo| zhljkwhg dyhudjh ri wkh sulfhv ri doo wkrvh �upv wkdw grq*w fkdqjh
sulfh lq shulrg w1 Lw fdq eh gluhfwo| revhuyhg vlqfh wkh dyhudjh sulfh ri doo �upv wkdw grq*w
fkdqjh sulfh pxvw eh wkh vdph dv dyhudjh sulfh ri doo �upv lq wkh suhylrxv shulrg1 Xvlqj
wklv idfw/ htxdwlrq 5:/ iroorzv iurp wkh idfwru sulfh iurqwlhu dqg wkh gh�qlwlrq ri tw1

57Lq hdfk shulrg w.v> iru v � 3> wkh �up zloo eh doorzhg wr uhvhw lwv sulfh zlwk suredelolw|
+4� �, dqg zloo eh irufhg wr pdlqwdlq aSw zlwk suredelolw| �1 Pd{lpl}dwlrq ri h{shfwhg
xwlolw| lpsolhv wkdw xwlolw| lq shulrg w . v zloo eh glvfrxqwhg dw udwh +��,v zklfk uh hfwv
wkh udwh dw zklfk gdwh xwlolw| lv glvfrxqwhg/ fdswxuhg e| wkh whup �v dqg wkh suredelolw|
wkdw wkh sulfh aSw zloo vwloo suhydlo lq shulrg w. v/ fdswxuhg e| wkh whup �v=

5;



olqhdu htxdwlrq wkdw lv uhihuuhg wr lq wkh olwhudwxuh dv wkh Qhz Nh|qhvldq
Skloolsv fxuyh1 Lw kdv wkh iroorzlqj vwuxfwxuh=

+| ' &f n KfZ| � Kfq.| dZ|n�o c +63,

zkhuh wkh yduldeohv +| dqg Z| duh gh�qhg dv/

+| � *L} Et|� c dqg Z| � *L} E�|�� *L}�|3�c

&f lv d frqvwdqw/ dqg wkh frh!flhqw K dqg f duh jlyhq e| wkh h{suhvvlrqv/
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Wkhuh duh wzr fkdudfwhulvwlfv ri wkh hfrqrp| wkdw ghwhuplqh wkh g|qdplfv
ri wkh hfrqrp| lq d vljql�fdqw zd|1 Wkh �uvw lv K/ d phdvxuh ri wkh lpsruwdqfh
ri qrplqdo uljlglwlhv lq wkh hfrqrp|> wkh vhfrqg lvf/ wkh Edoo0Urphu phdvxuh
ri uhdo uljlglwlhv1

Wkh sdudphwhu k phdvxuhv wkh suredelolw| wkdw wkh sulfh zloo uhpdlq �{hg
lq wkh vxevhtxhqw shulrg dqg/ lq wklv hfrqrp|/ wkh h{shfwhg gxudwlrq ri sulfh
uljlglw| lv �

�3k
1 Iru txduwhuo| gdwd/ d ydoxh ri k lq wkh ylflqlw| ri �*e vhhpv

d uhdvrqdeoh qxpehu ohdglqj wr dq h{shfwhg gxudwlrq ri sulfh vwlfnlqhvv ri
irxu txduwhuv1 Wkh g|qdplfv ri wkh prgho ghshqg rq K zklfk lv d ixqfwlrq
ri k dqg q/ wkh glvfrxqw idfwru=
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Iru k ' �*e/ dqg d glvfrxqw udwh ri �I shu txduwhu/ K lv dssur{lpdwho| htxdo
wr ��1 Dv k jhwv forvh wr }hur/ qrplqdo uljlglwlhv ehfrph vpdoo dqg K whqgv
wr f� Dv k whqgv wr �/ qrplqdo uljlglwlhv ehfrph pruh lpsruwdqw dqg K whqgv
wr 41

Wkh devroxwh ydoxh ri f lv wkh Edoo0Urphu phdvxuh ri uhdo uljlglw|1 Zkhq
mfm lv elj/ ��

�
�

�

�
lv vpdoo dqg wkh uhodwlyh sulfh ri wkh djhqw lv uhodwlyho| lq0

vhqvlwlyh wr elj fkdqjhv lq djjuhjdwh ghpdqg1 Wkh vljq rif lv dovr lpsruwdqw
lq wkh iroorzlqj glvfxvvlrq dqg iru wkh prgho ri prqrsrolvwlf frpshwlwlrq/
f lv srvlwlyh158 Wkh iroorzlqj vhfwlrq xvhv wkhvh idfwv wr fkdudfwhul}h wkh
g|qdplfv ri sulfh dgmxvwphqw durxqg wkh vwhdg| vwdwh ri wklv hfrqrp|1

58[ � ��!3
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����4 = Iru wkh prgho ri prqrsrolvwlf frpshwlwlrq/ !3 kdv wkh vdph vljq dv
wkh fkdqjh lq wkh jds ehwzhhq wkh vxsso| sulfh dqg wkh ghpdqg sulfh ri oderu1 Dv orqj dv
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916 Wkh G|qdplfv ri wkh Qhz Nh|qhvldq Prgho

Wkh g|qdplfv ri wkh Qhz Nh|qhvldq prgho duh juhdwo| vlpsol�hg e| wkh
dvvxpswlrq wkdw

�|

�|

' t|� +64,

Htxdwlrq 64 lpsolhv wkdw wkh ghpdqg0iru0prqh| lv lqwhuhvw lqhodvwlf dqg lw
doorzv rqh wr xvh wkh txdqwlw| htxdwlrq ri prqh| dv dq djjuhjdwh ghpdqg
fxuyh1 Wdnlqj �uvw gl�huhqfhv ri htxdwlrq 64 dqg frpelqlqj lw zlwk wkh
Skloolsv fxuyh/ htxdwlrq 63/ ohdgv wr wkh iroorzlqj sdlu ri htxdwlrqv wkdw
fkdudfwhul}h htxloleulxp=
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zkhuh >
|
lv wkh prqh| jurzwk udwh dqg �|n� lv wkh h{shfwdwlrqdo huuru
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zkhuh wloghv ghqrwh ghyldwlrqv iurp wkh vwhdg| vwdwh dqg ��|n�/ � ' i�c 2j duh
olqhdu frpelqdwlrqv ri wkh vkrfnv �|n� dqg >|1

Wkh g|qdplfv ri wklv v|vwhp ghshqg rq wkh urrwv ri wkh pdwul{
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zklfk kdv d wudfh htxdo wr
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wkh ghpdqg fxuyh vorshv xs pruh vwhhso| wkdq wkh ghpdqg fxuyh/ !3 zloo eh srvlwlyh1 Wklv
lv wkh fdvh lq doo fdoleudwhg prghov lq wkh olwhudwxuh1 Lw lv dovr wuxh lq wkh Ehqkdele0Iduphu
^;` prgho vlqfh wkhlu gh�qlwlrq ri oderu vxsso| grhv qrw lqfoxgh wkh jhqhudo htxloleulxp
h�hfw wkdw dulvhv iurp wkh lpsdfw ri oderu vxsso| rq frqvxpswlrq1 Wklv whup grhv dsshdu
lq wkh gh�qlwlrq ri uhdo uljlglw| xvhg lq wklv sdshu1
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dqg d ghwhuplqdqw htxdo wr

(.A '
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Qrwlfh wkdw wkh urrwv ghshqg rq wkuhh sdudphwhuv> K zklfk lv ghwhuplqhg e|
wkh ghjuhh ri qrplqdo uljlglwlhv/ f zklfk lv wkh Edoo0Urphu gh�qlwlrq ri uhdo
uljlglwlhv/ dqg q/ wkh glvfrxqw idfwru1 Wkh iroorzlqj dujxphqw hvwdeolvkhv wkdw
wkh pdwul{ � kdv wzr srvlwlyh uhdo urrwv wkdw vsolw durxqg xqlw| lpso|lqj wkdw
wkh vwhdg| vwdwh lv d vdggoh1 Iluvw qrwh wkdw wkh wudfh ri d pdwul{ lv htxdo wr
wkh vxp ri lwv urrwv dqg wkh ghwhuplqdqw lv wkh surgxfw ri lwv urrwv1 Frqvlghu
wkh fdvh zkhq f ' 41 Lq wklv fdvh wkh urrwv duh htxdo wr � dqg �

q
1 Qrz

frqvlghu wkh fdvh zkhq Kf lv d �qlwh srvlwlyh qxpehu1 Dv EqKf�3� lqfuhdvh
iurp }hur/ wkh vxp ri wkh urrwv lqfuhdvhv exw wkhlu surgxfw lv xqfkdqjhg1 Wr
lqfuhdvh wkh vxp ri wzr qxpehuv zkloh suhvhuylqj wkhlu surgxfw rqh pxvw
ehfrph odujhu dqg wkh rwkhu vpdoohu1 Lw iroorzv wkdw erwk urrwv duh srvlwlyh/
rqh urrw lv dozd|v juhdwhu wkdq �

q
dqg wkh rwkhu vpdoohu wkdq �1

Vlqfh h{shfwhg lq dwlrq lv d mxps yduldeoh/ wkh xqltxh udwlrqdo h{shfwd0
wlrqv htxloleulxp lq wkh vwdjjhuhg sulfh prgho lv irxqg e| holplqdwlqj wkh
xqvwdeoh urrw1 Wkh g|qdplfv ri dgmxvwphqw ri wkh uhdo yduldeohv/ lq uhvsrqvh
wr d qrplqdo vkrfn/ duh jryhuqhg e| wkh vwdeoh urrw dqg iru prqhwdu| vkrfnv
wr eh shuvlvwhqw wklv urrw pxvw eh uhodwlyho| forvh wr rqh1 Lw lv lqvwuxfwlyh wr
frqvlghu wkh fdvh zkhq f dssurdfkhv n 4 vlqfh lq wklv fdvh wkh wzr urrwv
duh htxdo wr � dqg �

q
1 Lq wklv fdvh/ wkh urrw �

q
lv vroyhg iruzdugv dqg wkh

vpdoohu urrw/ xqlw|/ jryhuqv wkh g|qdplfv ri wkh v|vwhp1 Wklv lv wkh fdvh
zkhuh qrplqdo vkrfnv duh lq�qlwho| shuvlvwhqw1 Iru f 	 4/ wkh odujhu urrw
ri � lqfuhdvhv deryh �

q
dqg wkh vpdoohu urrw idoov ehorz �1 Lw lv wkh pdjqlwxgh

ri wklv vpdoohu urrw wkdw jryhuqv wkh shuvlvwhqfh ri qrplqdo vkrfnv dqg dv
f lqfuhdvhv wklv urrw lv sxvkhg ixuwkhu dzd| iurp � wrzdugv f� Lq sudfwlfh/
f pxvw eh yhu| odujh lq rughu iru wkh urrw wr uhpdlq forvh wr � vr wkdw wkh
prgho lv deoh wr h{sodlq wkh ghjuhh ri qrplqdo shuvlvwhqfh wkdw rqh �qgv lq
gdwd1

: Ohvvrqv iru Olqhdu Prghov
Lq vhfwlrqv 8 dqg 9 zh vwxglhg wzr txlwh gl�huhqw h{sodqdwlrqv iru wkh prqh0
wdu| wudqvplvvlrq phfkdqlvp/ exw wkh iudphzrunv wkdw zh xvhg wr hoxflgdwh
wkhvh wkhrulhv zhuh yhu| forvh1 Lq wklv vhfwlrq zh gudz rq hohphqwv ri erwk
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wkh lqghwhuplqdf| dqg vwdjjhuhg sulfh prghov wr zulwh grzq d orj0olqhdu
hfrqrplf prgho ri wkh nlqg xvhg e| wkh Qhz0Nh|qhvldqv1

Rqh ri wkh wkhphv wkdw kdv ehhq vwuhvvhg e| wkh Qhz0Nh|qhvldqv lv wkdw
wkh vwdjjhuhg sulfh vhwwlqj prgho ehduv d vwurqj uhvhpeodqfh wr wkh wh{w0
errn LV0OP prgho/ vxssohphqwhg e| d sulfh vhwwlqj htxdwlrq1 Vlqfh wkhuh
duh pdq| glphqvlrqv lq zklfk wkh LV0OP prgho grhv d uhodwlyho| jrrg mre
ri ghvfulelqj gdwd/ d yhuvlrq ri wkh prgho zlwk vrxqg plfur irxqgdwlrqv kdv
ehfrph vrphwklqj ri d kro| judlo1 Lq wkh iroorzlqj glvfxvvlrq/ zh zloo kdyh
qr txduuho zlwk wkh LV0OP sduw ri wkh Qhz0Nh|qhvldq dujxphqw1 D g|qdplf
yhuvlrq ri wkh LV fxuyh kdv d shuihfwo| vhqvleoh lqwhusuhwdwlrq dv d uhsuhvhqwd0
wlrq ri wkh Hxohu htxdwlrq lq d vlpsoh hfrqrp| zlwk orjdulwkplf suhihuhqfhv1
Vlploduo|/ dq OP fxuyh hphujhv dv d �uvw rughu frqglwlrq iru rswlpdo prqh|
kroglqj lq doprvw dq| g|qdplf prgho wkdw lqfoxghv d zhoo gh�qhg prwlyh
iru kroglqj uhdo edodqfhv1 Lw lv wkh sulfh vhwwlqj htxdwlrq wkdw zh zlvk wr
txhvwlrq dqg lq wklv vhfwlrq zh zloo vwxg| d olqhdu prgho wkdw fdq dffrxqw
iru hlwkhu wkh lqghwhuplqdf|/ ru wkh vwdjjhuhg sulfh vhwwlqj h{sodqdwlrqv ri
wkh Skloolsv fxuyh1

:14 LV OP dqg Pd{lpl}lqj Prghov

Zh ehjlq e| zulwlqj grzq d olqhdul}hg Hxohu htxdwlrq lq d prgho zlwk orj0
dulwkplf suhihuhqfhv ryhu frqvxpswlrq1 Doo orzhu fdvh yduldeohv uhsuhvhqw
orjdulwkplf ghyldwlrqv iurp edodqfhg jurzwk sdwkv/ +| lv rxwsxw/ �| lv wkh
qrplqdo lqwhuhvw udwh dqg R| lv wkh sulfh ohyho1 ��

|n� lv wkh h{shfwdwlrqdo huuru
gh�qhg dv wkh uhdol}dwlrq ri d@f n +| n @2 E�| � R|n� n R|�o plqxv lwv h{shfwd0
wlrq>

+|n� ' +| n @� E�| � R|n� n R|� n ��
|n�� +66,

Htxdwlrq 66 lv zkdw Zrrgirug dqg Urwhpexuj kdyh fdoohg dq rswlpl}dwlrq
edvhg LV fxuyh1

D vhfrqg htxdwlrq wkdw iroorzv iurp prqh| lq wkh surgxfwlrq ixqfwlrq/
ru iurp prqh| lq wkh xwlolw| ixqfwlrq/ lv dq OP fxuyh1 Lq wkh prqh| lq wkh
surgxfwlrq ixqfwlrq prgho/ wkhuh lv d �uvw rughu frqglwlrq ri wkh irup=
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�
uc

�

�

�
' �c

zkhuh 8
�
uc �

�

�
lv d qhrfodvvlfdo surgxfwlrq ixqfwlrq dqg 86 lv lwv ghulydwlyh

zlwk uhvshfw wr �
�
� E| frpelqlqj wklv �uvw rughu frqglwlrq zlwk wkh surgxf0
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wlrq ixqfwlrq t ' 8
�
uc �

�

�
wr holplqdwh oderu rqh duulyhv dw d olqhdul}hg

htxdwlrq ri wkh irup=
6| � R| ' +| � @2�|� +67,

Lq wkh fdvh ri prqh| lq xwlolw|/ rqh kdv d vlplodu frqglwlrq=

�L6
�
�cuc �

�

�
L�

�
�cuc �

�

� ' ��

Iru wkh fdvh ri d vhsdudeoh xwlolw| ixqfwlrq rqh frpelqhv wklv frqglwlrq zlwk
wkh surgxfwlrq ixqfwlrq dqg wkh htxloleulxp frqglwlrq/ � ' t ' 8 Eu� wr
�qg dq htxdwlrq olqnlqj uhdo edodqfhv/ rxwsxw dqg wkh lqwhuhvw udwh zlwk wkh
vdph irup dv htxdwlrq 671 Zkhq xwlolw| lv qrq0vhsdudeoh/ rqh pxvw dovr
h{sorlw wkh �uvw rughu frqglwlrq iru wkh oderu pdunhw/

�Lu
�
�cuc �

�

�
L�

�
�cuc �

�

� c

wr holplqdwh u1 Rqfh djdlq/ rqh duulyhv dw dq htxdwlrq olqnlqj rxwsxw/ uhdo
edodqfhv dqg wkh lqwhuhvw udwh> dq OP fxuyh1

:15 Wkh Skloolsv Fxuyh dqg Rswlpl}lqj Prghov

Wklv eulqjv xv wr wkh fulwlfdo htxdwlrq> wkh sulfh vhwwlqj htxdwlrq ri wkh prgho1
Lq wkh vwdwlf yhuvlrq ri wkh Qhz0Nh|qhvldq prgho/ rswlpdo sulfh vhwwlqj ohdgv
wr wkh htxdwlrq=
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�
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�
�LuE�cuc�� �

L�E�cuc�� �

�
�
bsu

�
uc �

�

�� � +68,

Wkh qxphudwru ri wklv h{suhvvlrq lv wkh pdujlqdo udwh ri vxevwlwxwlrq dqg
wkh ghqrplqdwru lv sursruwlrqdo wr wkh pdujlqdo udwh ri wudqvirupdwlrq1 Wkh
frqvwdqw ri sursruwlrqdolw|/ b lv d phdvxuh ri wkh ghjuhh ri frpshwlwlyhqhvv lq
wklv hfrqrp|1 Zh kdyh lqfoxghg prqh| lq erwk wkh surgxfwlrq ixqfwlrq dqg
lq wkh xwlolw| ixqfwlrq lq wklv h{suhvvlrq/ dowkrxjk prvw prghov zloo lqfoxgh
rqo| rqh ri wkhvh prwlyhv iru kroglqj prqh|1 Htxdwlrq 68 lv vroyhg/ lq wkh
vwdwlf yhuvlrq ri wkh Qhz Nh|qhvldq prgho/ e| vhwwlqj �� ' � iru doo sulfh
vhwwhuv1 Wklv wkhq ohdgv wr d vwdqgdug oderu pdunhw fohdulqj frqglwlrq1 Qrwlfh
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krzhyhu wkdw/ lq jhqhudo/ uhdo edodqfhv zloo hqwhu wkh oderu pdunhw htxdwlrqv
xqohvv prqh| hqwhuv wkh hfrqrp| lq d vhsdudeoh zd|1

Lq wkh vwdwlf prgho/ d olqhdul}hg yhuvlrq ri wkh sulfh vhwwlqj htxdwlrq
zrxog ohdg wr wkh djjuhjdwh vxsso| fxuyh=

+| ' @� E6| � R|� � +69,

Lw lv htxdwlrq 69 wkdw zh h{sorlw lq wkh lqghwhuplqdf| prgho zkhuh wkh idfw
wkdw uhdo edodqfhv d�hfwv djjuhjdwh vxsso| lv fhqwudo wr wkh lqghwhuplqdf|
h{sodqdwlrq ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp1 Uhdo uljlglw| lv lp0
sruwdqw wr wkh h{sodqdwlrq ehfdxvh wkh ghpdqg dqg vxsso| fxuyhv ri oderu
pxvw kdyh vlplodu vorshv lq rughu iru uhdo edodqfhv wr kdyh d elj h�hfw rq
rxwsxw159

Lq wkh g|qdplf Qhz Nh|qhvldq hfrqrp|/ wkh sulfh vhwwlqj htxdwlrq lv
g|qdplf dqg qrw doo sulfh vhwwhuv duh doorzhg wr uh0rswlpl}h hyhu| shulrg1
Wkh lqdelolw| wr uh0rswlpl}h hyhu| shulrg lpsolhv wkdw �� 9' � 1 Lqvwhdg/ wklv
lghqwlw| lv uhsodfhg e| dq htxdwlrq olqnlqj wkh rswlpdo uhvhw sulfh 	�

�
zlwk

lq dwlrq1 Wkh �uvw rughu frqglwlrq iru wkh rswlpdo uhvhw sulfh lqyroyhv dq lq0
�qlwh glvfrxqwhg vxp ri udwlrv ri pdujlqdo udwhv ri vxevwlwxwlrq dqg pdujlqdo
udwhv ri wudqvirupdwlrq dqg lw lv wklv lq�qlwh vxp wkdw fdq eh wudqviruphg wr
ohdg wr wkh Qhz Nh|qhvldq Skloolsv fxuyh=

+| ' @e ER| � R|3��� @D ER|n� � R|� n �2
|n�c +6:,

zkhuh @e dqg @D duh sdudphwhuv dqg �2
|n� lv dq h{shfwdwlrqdo huuru1 Lq rughu

wr ghulyh htxdwlrq 6:/ rqh ri wzr frqglwlrqv pxvw krog1 Hlwkhu/ prqh| pxvw
hqwhu wkurxjk d fdvk0lq0dgydqfh frqvwudlqw vr wkdw wkh ghpdqg iru prqh|
htxdwlrq 67/ grhv qrw ghshqg rq wkh lqwhuhvw udwh1 Ru prqh| pxvw hqwhu wkh
prgho lq d vhsdudeoh zd| vr wkdw prqh| grhv qrw hqwhu wkh xwlolw| ru surgxf0
wlrq ixqfwlrqv1 Wkh iruphu phwkrg lv hpsor|hg e| Rolylhu Mhdqqh ^65` zkr lv
wkhq deoh wr vwxg| htxdwlrqv 67 dqg 6: lqghshqghqwo| ri wkh Hxohu htxdwlrq
66 +wkh LV fxuyh,1 Wkh odwwhu lv hpsor|hg e| Zrrgirug dqg Urwhpexuj zkr
xvh d vhsdudeoh prgho dqg vwxg| prqhwdu| srolflhv wkdw �{ wkh lqwhuhvw udwh1
Wkh| duh deoh wkhuhe| wr vwxg| htxdwlrqv 66 dqg 6: lqghshqghqwo| ri wkh
prqhwdu| htxdwlrq 67 +wkh OP fxuyh,1 Exw wkhvh fdvhv duh vshfldo dqg qrq0
jhqhulf dqg iru doprvw doo sdudphwhul}dwlrqv ri prqhwdu| hfrqrplhv/ prqh|

59Lw zrxog dovr eh srvvleoh iru prqh| wr kdyh d elj h�hfw rq rxwsxw li wkh gluhfw hodv0
wlflw| ri prqh| lq wkh surgxfwlrq ixqfwlrq zdv elj1 Wklv fdq eh uxohg rxw e| uhdvrqdeoh
fdoleudwlrqv wkdw sodfh wkh hodvwlflw| ri p lq surgxfwlrq dw ohvv wkdq 4(1
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zloo hqwhu wkh djjuhjdwh vxsso| htxdwlrq dqg wkh ghpdqg0iru0prqh| zloo eh
lqwhuhvw hodvwlf1 Lw iroorzv wkdw wkh djjuhjdwh vxsso| htxdwlrq zloo jhqhudoo|
eh ri wkh irup=

+| ' @� E6| � R|� n @e ER| � R|3��� @D ER|n� � R|� n �2

|n��

Wkh idfw wkdw @� lv jhqhulfdoo| qrq0}hur grhv qrw lpso| wkdw wkh Qhz Nh|qh0
vldq prgho zloo qhfhvvdulo| glvsod| lqghwhuplqdf|1 Krzhyhu/ uhfdoo wkdw uhdo
uljlglwlhv duh hvvhqwldo iru wkh vwdjjhuhg sulfh prgho wr glvsod| shuvlvwhqfh
ri prqhwdu| vkrfnv1 Uhdo uljlglw| lpsolhv wkdw wkh vorshv ri oderu ghpdqg
dqg vxsso| duh vlplodu dqg lq jhqhulf prqhwdu| prghov/ rqh ru rwkhu ri wkhvh
fxuyhv zloo eh vkliwhg e| d fkdqjh lq uhdo edodqfhv1 Li wkh fxuyhv kdyh vlplodu
vorshv wkhq vpdoo vkliwv lq uhdo edodqfhv zloo kdyh elj h�hfwv rq rxwsxw1 Lq
rwkhu zrugv/ uhdo uljlglwlhv lpso| wkdw dv vrrq dv rqh pryhv dzd| iurp wkh
vhsdudeoh fdvh/ uhdo edodqfhv duh olnho| wr kdyh elj h�hfwv rq rxwsxw dqg iru
wkh vdph fdoleudwlrqv wkdw duh uhtxluhg wr jhqhudwh shuvlvwhqfh lq vwdjjhuhg
sulfh prghov/ @� zloo qrw mxvw eh qrq }hur exw dovr uhodwlyho| odujh1

Zlwkrxw dqdo|}lqj d frpsohwh prgho wkdw vxevxphv erwk wkh lqghwhupl0
qdf| dqg vwdjjhuhg sulfh vhwwlqj prgho dv vshfldo fdvhv/ rqh fdqqrw vd| iru
vxuh wkdw vxfk d v|vwhp zloo qhfhvvdulo| glvsod| lqghwhuplqdwh htxloleuld1 Exw
wkh srlqwhuv iurp wkh wzr prghov wkdw L kdyh dqdo|}hg lq wklv sdshu fhuwdlqo|
srlqw lq wkdw gluhfwlrq1 Li wklv suryhv wr eh wkh fdvh/ wkhq rqh pljkw krsh
wr lghqwli| wkh sdudphwhuv ri wkh jhqhudo prgho hfrqrphwulfdoo| wr �qg rxw
li wkh fkdqqhov ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp dulvh iurp wkh lq0
ghwhuplqdf| urxwh wkurxjk wkh Hxohu htxdwlrq/ ru iurp wkh vwdjjhuhg sulfh
vhwwlqj urxwh wkurxjk wkh Skloolsv fxuyh g|qdplfv1

Rqh srvvleoh zd| ri glvhqwdqjolqj wkh lqghwhuplqdf| dqg vwdjjhuhg sulfh
vhwwlqj phfkdqlvpv/ lv e| frpsdulqj wkhlu lpsolfdwlrqv iru wkh vorsh ri wkh
orqj uxq djjuhjdwh vxsso| fxuyh1 Wkh lqghwhuplqdf| dssurdfk uhtxluhv wkdw
wkh sdudphwhu @e eh uhodwlyho| odujh1 Lw iroorzv wkdw srolflhv wkdw fdxvh qrpl0
qdo lqwhuhvw udwhv wr eh kljk dqg uhdo edodqfhv wr eh orz/ lq wkh orqj uxq/ zloo
kdyh dgyhuvh h�hfwv rq rxwsxw1 Wkhuh zloo eh d orqj Skloolsv fxuyh/ doehlw rqh
zlwk wkh czurqj vorsh*1 Wkh vwdjjhuhg sulfh vhwwlqj prgho/ rq wkh rwkhu kdqg/
suhglfwv wkdw wklv fkdqqho zloo eh vpdoo ru qrq0h{lvwhqw dqg wkdw orqj uxq dj0
juhjdwh vxsso| vkrxog eh lqghshqghqw ri prqhwdu| srolf|1 Dowkrxjk wklv lv
qrw wkh rqo| zd| ri glvwlqjxlvklqj ehwzhhq wkh wzr prghov/ lw lv rqh wkdw kdv
lqwhuhvwlqj qrupdwlyh lpsolfdwlrqv iru wkh frqgxfw ri prqhwdu| srolf|1
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; Frqfoxvlrqv
Dowkrxjk wkh lvvxh lv qrw ixoo| uhvroyhg/ pdq| revhuyhuv djuhh wkdw qrplqdo
fkdqjhv lq wkh txdqwlw| ri prqh| kdyh uhdo vkruw0uxq h�hfwv rq rxwsxw dqg
hpsor|phqw1 Wklv kdv ohg wr d vhdufk iru wkh cplfurirxqgdwlrqv* ri pdfurhfr0
qrplfv1 Wkh prvw uhfhqw fodvv ri h{sodqdwlrqv iru wkh uhdo h�hfwv ri prqh|
duh edvhg durxqg wkh dvvxpswlrq ri vwdjjhuhg sulfh vhwwlqj � iru vrph uhdvrq
+xqh{sodlqhg lq wkh prghov, qrw doo �upv duh deoh wr dgmxvw qrplqdo sulfhv
lq hyhu| shulrg1 Wkh vwxg| ri vwdjjhuhg sulfh vhwwlqj prghov kdv uhyhdohg/
krzhyhu/ wkdw qrplqdo uljlglwlhv duh qhfhvvdu| exw qrw vx!flhqw wr h{sodlq
wkh revhuyhg shuvlvwhqw h�hfwv ri prqhwdu| srolf|1 Lq dgglwlrq wr qrplqdo
uljlglwlhv wkhuh pxvw dovr eh vljql�fdqw uhdo uljlglwlhv1 Wkh gh�qlwlrq ri uhdo
uljlglw| lv wkdw sulfh vhwwlqj djhqwv fdq wrohudwh odujh fkdqjhv lq djjuhjdwh
ghpdqg zlwkrxw dowhulqj uhodwlyh sulfhv1 Lwv lpsolfdwlrq/ lq d prgho zlwk
dq htxloleulxp oderu pdunhw/ lv wkdw wkh vorshv ri oderu ghpdqg dqg vxsso|
fxuyhv pxvw eh forvh1 Wkhuh duh pdq| srvvleoh h{sodqdwlrqv iru uhdo uljlglwlhv1
L eholhyh wkh prvw surplvlqj ri wkhvh lv wkdw vhdufk lv dq lpsruwdqw vhsdudwh
dfwlylw| dqg L krsh wr sxuvxh wklv lghd lq ixwxuh uhvhdufk1

D vhfrqg h{sodqdwlrq iru wkh shuvlvwhqw h�hfwv ri qrplqdo uljlglwlhv lv
wkdw htxloleulxp lv lqghwhuplqdwh1 Lq uhvsrqvh wr dq lqfuhdvh lq wkh qrpl0
qdo txdqwlw| ri prqh|/ wkhuh duh pdq| srvvleoh htxloleulxp uhvsrqvhv1 Rqh
ri wkhvh lv iru djhqwv wr udwlrqdoo| h{shfw wkdw fkdqjh zloo wdnh wlph1 Wklv
h{sodqdwlrq ohdgv wr d vhsdudwh vhw ri lqwhoohfwxdo fkdoohqjhv> krz duh h{shf0
wdwlrqv iruphgB krz duh wkh| fr0ruglqdwhgB zk| wklv htxloleulxp udwkhu
wkdq dqrwkhuB Lw lv/ krzhyhu/ d orjlfdoo| frqvlvwhqw h{sodqdwlrq ri wkh prq0
hwdu| wudqvplvvlrq phfkdqlvp dqg rqh wkdw fdq eh vkrzq wr eh frqvlvwhqw
zlwk doo ri wkh nqrzq ihdwxuhv ri wkh fr0pryhphqwv ehwzhhq yduldeohv lq dj0
juhjdwh gdwd1 Mxvw olnh wkh vwdjjhuhg sulfh vhwwlqj prgho/ wkh lqghwhuplqdf|
dssurdfk uhtxluhv wkdw wkh hfrqrp| glvsod| vljql�fdqw uhdo uljlglwlhv1

Lq doprvw doo uhfhqw uhvhdufk lq prqhwdu| wkhru|/ wkh lqghwhuplqdf| ds0
surdfk dqg wkh vwdjjhuhg sulfh dssurdfk kdyh ehhq sxuvxhg lqghshqghqwo|1
Wkh rqh h{fhswlrq lv wkh uhfhqw zrun e| Plfkdho Nloh| ^66` zkr srlqwv rxw
wkh frqqhfwlrqv ehwzhhq wkhp1 Lqghwhuplqdf| prghov dqg vwdjjhuhg sulfh
prghov erwk qhhg wr dvvxph odujh uhdo uljlglwlhv lq rughu wr h{sodlq wkh shu0
vlvwhqfh ri prqhwdu| vkrfnv1 Lqghwhuplqdf| prghov ohdyh rxw wkh vwdjjhuhg
sulfh urxwh wr shuvlvwhqfh ehfdxvh lw lv vxshu xrxv1 Vwdjjhuhg sulfh prghov
dyrlg lqghwhuplqdf| e| pdnlqj vshfldo/ dqg qrq jhqhulf dvvxpswlrqv/ derxw
wkh zd| wkdw prqh| hqwhuv wkh hfrqrp| wkdw doorz wkhp wr vwxg| d vxevhw
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ri wkh htxloleulxp htxdwlrqv ri wkhlu prghov lqghshqghqwo| iurp wkh rwkhuv1
Zkhq wkhvh dvvxpswlrqv duh uhod{hg/ vwdjjhuhg sulfh vhwwlqj prghov duh olnho|
dovr wr glvsod| lqghwhuplqdf|1 Vlqfh lqghwhuplqdf| lv d jhqhulf sureohp lq
prghov zlwk uhdo uljlglwlhv/ wkh txhvwlrqv wkdw lw udlvhv iru wkhrulhv ri h{shf0
wdwlrqv irupdwlrq zloo kdyh wr eh dgguhvvhg dw vrph vwdjh1 Lw lv srvvleoh wkdw
dgglqj vwdjjhuhg sulfh vhwwhuv pd| surylgh dgglwlrqdo h{sodqdwru| srzhu> xo0
wlpdwho| wkdw lv iru wkh gdwd wr ghflgh1 P| rzq jxhvv lv wkdw wkh edjjdjh ri
vwdjjhuhg sulfh vhwwlqj zloo xowlpdwho| eh glvshqvhg zlwk1

< Dsshqgl{ D= Vrph Ghwdlov ri wkh Prqrs0
rolvwlfdoo| Frpshwlwlyh Prgho

Wklv dsshqgl{ ghvfulehv d vlpsoh yhuvlrq ri wkh prqrsrolvwlfdoo| frpshwlwlyh
prgho edvhg rq wkh whfkqrorj| vwxglhg e| Gl{lw dqg Vwljolw} ^55`1

Lq wkh Gl{lw0Vwljolw} prgho/ wkh �qdo whfkqrorj| lv jlyhq e| wkh ixqfwlrq=
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��*b
_�c +6;,

zkhuh t lv �qdo rxwsxw dqg t� lv lqsxw ri wkh ��|� lqwhuphgldwh jrrg15:

Wkh lqyhuvh ghpdqg ixqfwlrq idfhg e| lqwhuphgldwh surgxfhuv lv rewdlqhg
e| dvvxplqj wkdw wkh �qdo whfkqrorj| lv rshudwhg lq d frpshwlwlyh pdunhw
dqg wkdw �qdo jrrgv surgxfhuv fkrrvh wkhlu lqsxw pl{ wr plqlpl}h frvw1 Ilqdo
jrrgv surgxfhuv vroyh

4�?
�t�

] ��

�
t�_� vxfk wkdw

�]
�

f

t b
�

��*b
_� � tc

wdnlqj lqwhuphgldwh jrrgv sulfhv dqg �qdo jrrgv sulfhv dv jlyhq1 Wkh vroxwlrq
wr wkhlu ghflvlrq sureohp/ soxv wkh dvvxpswlrq ri }hur sur�wv/ ohdgv wr wkh
lqyhuvh ghpdqg ixqfwlrq=

�� ' �
�
t�
t

�b3�

c +6<,

zklfk lv wdnhq dv sdudphwulf e| hdfk ri wkh pdq| lqwhuphgldwh jrrgv surgxf0
huv1 Wr pdnh wkh sureohp lqwhuhvwlqj zh pxvw dvvxph wkdw f 	 b � �/ zklfk

5:Zh dvvxph wkdw wkhuh lv d frqwlqxxp ri prqrsrolvwlf frpshwlwruv glvwulexwhg xql0
irupo| rq wkh lqwhuydo ^3> 4` =
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lpsolhv wkdw lqwhuphgldwh jrrgv duh vxevwlwxwhv iru hdfk rwkhu/ udwkhu wkdq
frpsohphqwv1 Qrwlfh wkdw wkh hfrqrp| ehfrphv frpshwlwlyh zkhq b ' �1 Lq
wklv fdvh wkh lqwhuphgldwh jrrgv duh shuihfw vxevwlwxwhv dqg wkh lqyhuvh gh0
pdqg fxuyh lv krul}rqwdo1 Zkhq f 	 b 	 � krzhyhu/ hdfk ri wkh lqwhuphgldwh
jrrgv surgxfhuv kdv vrph prqrsro| srzhu1

Hdfk lqwhuphgldwh surgxfhu lv d prqrsrolvwlf frpshwlwru wkdw surgxfhv
wkh ��|� lqwhuphgldwh jrrg iurp oderu xvlqj wkh whfkqrorj|=

u� ' s3� Et�� c

zkhuh s3� Et�� lv wkh oderu uhtxluhg wr surgxfh wkh rxwsxw t��

Wkh uhyhqxh ixqfwlrq -
�
tc ��

�

�
lv jlyhq e| wkh h{suhvvlrq

-
�
tc
��

�

�
� t

�
��

�

� b

b3�

dqg wkh oderu ghpdqg ixqfwlrq e|=

u
�
tc
��

�

�
� s3�

3
Ct �

��

�

� �

b3�

4
D �

Wkh ghulydwlyh ri wkh uhyhqxh ixqfwlrq zlwk uhvshfw wr sulfh lv

-2 � t
b

b� �

�
��

�

� �

b3�

' t�

b

b� �
c +73,

dqg wkh ghulydwlyh ri wkh oderu lqsxw ixqfwlrq lv

u2 � �

su
t

�

b� �

�
��
�

� �

b3�
3�

'
��

��

�

�
su
t�

�

b� �
� +74,

Zkhuh wkh vhfrqg htxdolwlhv lq hdfk h{suhvvlrq h{sorlw wkh lqyhuvh ghpdqg
ixqfwlrq1 Wdnlqj wkh udwlr ri htxdwlrqv 73 dqg 74 ohdgv wr wkh h{suhvvlrq

-2

u2

' bsu Eu��
��
�
c

zklfk wkh h{suhvvlrq lq wkh wh{w rq sdjh <1
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43 Dsshqgl{ E= Ghulylqj wkh Skloolsv Fxuyh
lq wkh Vwdjjhuhg Sulfh Prgho

Wklv dsshqgl{ vkrzv krz wr ghulyh wkh Qhz Nh|qhvldq Skloolsv fxuyh dv d
olqhdu dssur{lpdwlrq wr wkh g|qdplfv ri htxdwlrq/ 5;/ lq wkh qhljkerukrrg ri
wkh qrq0vwrfkdvwlf vwdwlrqdu| vwdwh/

q
� Wc 	� Wc�

r
1 Iluvw/ gh�qh wkh yduldeoh

>r| dv iroorzv=

>r| �
�|nr

�|

c

dqg ohw 6| � �|

�|
�Xvlqj wkhvh gh�qlwlrqv/ zulwh htxdwlrq 5; dv

.|

"[
r'f

Ekq�r
6|nr

6|>r|
`2

#
6|nrc

	�|
�|

6|nr

6|>r|

$
' f� +75,

Vlqfh lq wkh vwhdg| vwdwh/

�

�� kq
`2 E6

Wc �� ' f�

lw iroorzv wkdw `2 E6
Wc �� ' f� Qrz gh�qh wkh qxpehuv Kr dqg Sr/

Kr � Ekq�r`2� E6
Wc �� c

Sr � Ekq�r`22 E6
Wc �� �

dqg qrwlfh wkdw/
Kr ' Kr3�kqc Sr ' Sr3�kq� +76,

Xvlqj wkhvh gh�qlwlrqv/ wdnh d �uvw rughu Wd|oru vhulhv dssur{lpdwlrq wr
htxdwlrq 75 lq wkh qhljkerukrrg ri wkh vwhdg| vwdwh1 Ohwwlqj _%| eh wkh
orjdulwkplf ghyldwlrq ri d yduldeoh %| iurp lwv vwhdg| vwdwh ydoxh ohdgv wr wkh
olqhdul}hg h{suhvvlrq=

.|

"[
r'f

k
Sr E_6|nr � _6| � _>r|� n Kr_6|nr n Sr

�
_ 	�| � _�|

�l
' f�

Vlqfh wkh prqhwdu| srolf| lv vwdwlrqdu| dqg vlqfh zh dvvxph ����_� lqqrydwlrqv
wr wkh prqh| vxsso|/ zh fdq ixuwkhu vlpsoli| wklv h{suhvvlrq e| h{sorlwlqj
wkh idfw wkdw .|_>

r
| ' f=

.|

"[
r'f

k
Sr E_6|nr � _6|� n Kr_6|nr n Sr

�
_ 	�| � _�|

�l
' f� +77,
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Htxdwlrq 77 lv d olqhdu dssur{lpdwlrq wr wkh �uvw rughu frqglwlrq iru wkh
rswlpdo uhvhw htxdwlrq dw gdwh |1 Wklv htxdwlrq pxvw dovr krog dw gdwh |n�=

.|

"[
r'f

k
Sr E_6|nrn� � _6|n�� n Kr_6|nrn� n Sr

�
_ 	�|n� � _�|n�

�l
' fc +78,

zkhuh zh kdyh hydoxdwhg wkh h{shfwdwlrq lq htxdwlrq 78 dw | xvlqj wkh odz ri
lwhudwhg h{shfwdwlrqv/ .| d.|n� E%|nr�o ' .| E%|nr�1 Qrz zulwh rxw htxdwlrq
77 lq wzr sduwv/

Kf_6| n Sf
�
_ 	�| � _�|

�

n.|

S
"

r'�

k
Sr E_6|nr � _6|� n Kr_6|nr n Sr

�
_ 	�| � _�|

�l
' f�

+79,

Xvlqj wkh uhfxuvlyh uhodwlrqvkls ehwzhhq frh!flhqwv/ zh fdq uhzulwh htxdwlrq
79 dv iroorzv=

Kf_6| n Sf
�
_ 	�| � _�|

�

nkq.|

S
"

r'f dSr E_6|nrn� � _6|� �

nKr_6|nrn� n Sr
�
_ 	�| � _�|

�l
' f�

+7:,

Vxewudfwlqj kq wlphv htxdwlrq 78 iurp htxdwlrq 7: ohdgv wr wkh h{suhvvlrq

Kf_6| n Sf
�
_ 	�| � _�|

�
n kqSf

E�3kq�

�
_ 	�| � _�|

�

n kqSf
�3kq

E_6|n� � _6|�

�.|
kqSf

E�3kq�

�
_ 	�|n� � _�|n�

�
' f

+7;,

zkhuh zh kdyh xvhg wkh idfw wkdw
"[
|'f

Sr '
Sf

E�� kq�
�

Zh xvh wzr ixuwkhu idfwv wr vlpsoli| wklv h{suhvvlrq ixuwkhu1 Iluvw/ wkh idfw
wkdw prqh| vxsso| vkrfnv duh ����_� lpsolhv=

.| E_6|n� � _6|� ' �.| E_�|n� � _�|� � +7<,
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Vhfrqg/ zh fdq olqhdul}h wkh sulfh htxdwlrq wr zulwh wkh uhdo ydoxh ri wkh
rswlpdo uhvhw sulfh dv d ixqfwlrq ri odjjhg lq dwlrq=

�
_ 	�| � _�|

�
'

k

�� k
E_�| � _�|3�� +83,

zkhuh wkh frh!flhqw k
�3k

iroorzv iurp olqhdul}lqj wkh sulfh htxdwlrq 5: durxqg
wkh vwhdg| vwdwh1 Vxevwlwxwlqj htxdwlrqv 7< dqg 83 edfn lqwr htxdwlrq 7;
ohdgv wr wkh h{suhvvlrq=

*L} E6|� ' &f n Kf E*L} E�|�� *L} E�|3���� Kf q.| E*L} E�|n��� *L} E�|�� c

zkhuh

K � k

�� k

�

�� kq
c dqg f '

�`22

`2�
�

Vlqfh/ iurp wkh fdvk0lq0dgydqfh htxdwlrq 6| ' t| wklv fdq eh zulwwhq dv

*L} Et|� ' &f n Kf E*L} E�|�� *L} E�|3���� Kfq.| E*L} E�|n��� *L} E�|�� c

zklfk lv wkh htxdwlrq wkdw dsshduv lq wkh wh{w1

Uhihuhqfhv
^4` Dl|djdul/ V1 Udr/ +4<<8,1 �Wkh Hfrqrphwulfv ri Lqghwhuplqdf|/ dq Ds0

solhg Vwxg|1 D Frpphqw�/ Fduqhjlh Urfkhvwhu Vhulhv rq Sxeolf Srolf|/
761

^5` Dnhuori/ Jhrujh dqg Mdqhw \hoohq/ +4<;8,1 �D qhdu Udwlrqdo Prgho ri
wkh Exvlqhvv F|foh/ zlwk Zdjh dqg Sulfh Lqhuwld�/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv 433 vxssohphqw= ss1 ;56�;6;1

^6` Dqgroidwwr/ Gdylg/ +4<<9,1 �Exvlqhvv F|fohv dqg Oderu Pdunhw Vhdufk�/
Dphulfdq Hfrqrplf Uhylhz/ ;9+4,1 ss1 445�651

^7` D}duldglv/ Frvwdv dqg Uxvvhoo Frrshu1 +4<;8,1 �Qrplqdo Zdjh0Sulfh
Uljlglw| dv d Udwlrqdo H{shfwdwlrqv Htxloleulxp/� Dphulfdq Hfrqrplf
uhylhz :61 ss1 64�691

^8` Edoo/ Odxuhqfh dqg Gdylg Urphu/ +4<<3,1 �Uhdo Uljlglwlhv dqg wkh Qrq0
Qhxwudolwlhv ri Prqh|/� Uhylhz ri Hfrqrplf Vwxglhv ss1 4;6�5361
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^9` Edvx/ Vxvdqwr dqg Mrkq Ihuqdog/ +4<<7,1 �Duh Dssduhqw Surgxfwlylw|
Vslooryhuv d Iljphqw ri Vshfl�fdwlrq HuuruB� Lqwhuqdwlrqdo Ilqdqfh Glv0
fxvvlrq Sdshuv 7961 Erdug ri Jryhuqruv ri wkh Ihghudo uhvhuyh V|vwhp1

^:` Ehdxgu|/ Sdxo dqg Plfkdho Ghyhuhx{1 +4<<6,1 �Prqrsrolvwlf Frpsh0
wlwlrq/ Sulfh Vhwwlqj dqg wkh H�hfwv ri Uhdo dqg Prqhwdu| Vkrfnv/�
Xqlyhuvlw| ri Eulwlvk Froxpeld/ plphr1

^;` Ehqkdele/ Mhvv dqg Urjhu H1 D1 Iduphu/ +4<<7,1 �Lqghwhuplqdf| dqg
Lqfuhdvlqj Uhwxuqv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 961 ss1 4<�741

^<` Ehqkdele/ Mhvv dqg Urjhu H1 D1 Iduphu/ +4<<<,1 �Wkh Prqhwdu| Wudqv0
plvvlrq Phfkdqlvp�/ XFOD plphr1

^43` Ehqqhww/ Urvdolqg +4<<:,1 �Hvvd|v rq Prqh|�/ Sk1G1 Wkhvlv XFOD1

^44` Fodulgd/ Ulfkdug/ Mrugl Jdol dqg Pdun Jhuwohu/ +4<<<,1 �Wkh Vflhqfh
ri Prqhwdu| Srolf|= D Qhz Nh|qhvldq Shuvshfwlyh�1 Q\X plphrjudsk
Mdqxdu| 4<<<1

^45` Eodfn/ Ilvkhu1 +4<:7,1 �Xqltxhqhvv ri wkh Sulfh ohyho lq d Prqhwdu|
Jurzwk Prgho�/ Mrxuqdo ri Hfrqrplf Wkhru| :1 ss1 86�981

^46` Eurfn/ Zlooldp1 +4<:7,1 �Prqh| dqg Jurzwk/ wkh Fdvh ri Orqj0Uxq
Shuihfw Iruhvljkw/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz 481 ss1 :83�:8:1

^47` Fdoyr/ Jxloohupr/ +4<:<,1 �Rq Prghov ri Prqh| dqg Shuihfw Iruhvljkw�/
Lqwhuqdwlrqdo Hfrqrplf Uhylhz 531 ss1 ;6�4361

^48` Fdoyr/ Jxloohupr/ +4<;6,1 �Vwdjjhuhg Sulfhv lq d Xwlolw| Pd{lpl}lqj
Iudphzrun/� Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 45/ 6;6�6<;1

^49` Fkdpehuolq/ Hgzdug K1/ +4<66,1 Wkh Wkhru| ri Prqrsrolvwlf Frpshwl0
wlrq/ Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh Pdvv1

^4:` Fkdul/ Y1Y1/ Sdwulfn M1 Nhkrh dqg Hoohq U1 PfJudwwdq/ +4<<9,1 �Vwlfn|
Sulfh Prghov ri wkh Exvlqhvv F|foh= Fdq wkh Frqwudfw Pxowlsolhu Vroyh
wkh Shuvlvwhqfh SureohpB� Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Uh0
vhdufk Ghsduwphqw Vwd� Uhsruw 54:1
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^4;` Fkldssrul/ Slhuuh0Dqguì/ +4<<3, �Dqwlflsdwlrqv/ Lqghwhuplqdwlrq hw
Qrq0qhxwudolwh gh od Prqqdlh1 +H{shfwdwlrqv/ Lqghwhuplqdf| dqg wkh
Qhxwudolw| ri Prqh|1 Zlwk Hqjolvk vxppdu|1,� Dqqdohv0g*Hfrqrplh0hw0
gh0Vwdwlvwltxh/ 4<1 ss1 40581

^4<` Fkldssrul/ Slhuuh0Dqguì/ +4<<5,1 �Wkh Oxfdv Htxdwlrq/ Lqghwhuplqdf|/
dqg Qrq0Qhxwudolw|= dq H{dpsoh�/ lq Hfrqrplf Dqdo|vlv ri Pdunhwv
dqg Jdphv= Hvvd|v lq Krqrxu ri Iudqn Kdkq1 Sduwkd Gdvjxswd/hw1 do1
hgv1 Fdpeulgjh dqg Orqgrq/ PLW Suhvv1

^53` Fkulvwldqr/ Odzuhqfh M1/ Pduwlq Hlfkhqedxp dqg Fkduohv O1 Hydqv/
+4<<9,1 �Vwlfn| Sulfh dqg Olplwhg Sduwlflsdwlrq Prghov ri Prqh|= D
Frpsdulvrq�/ Hxurshdq Hfrqrplf Uhylhz/ 74 +6,1 ss1 45340457<1

^54` Frroh|/ Wkrpdv I1 dqg Ylqfhq}r Txdgulql/ +4<<;,1 �D Qhrfodvvlfdo
Prgho ri wkh Skloolsv Fxuyh Uhodwlrq�/ plphr/ Xqlyhuvlw| ri Urfkhvwhu1

^55` Gl{lw/ Dylqdvk N1 dqg Mrvhsk H1 Vwljolw}/ +4<::,1 �Prqrsrolvwlf Frp0
shwlwlrq dqg Rswlpxp Surgxfw Glyhuvlw|/� Dphulfdq Hfrqrplf Uhylhz
9:1 ss1 5<:�63;1

^56` Iduphu/ Urjhu H1 D1/ +4<<4,1 �Vwlfn| Sulfhv/� Hfrqrplf Mrxuqdo 4341
ss1 469<�46:<1

^57` Iduphu/ Urjhu H1 D1/ +4<<5,1 �Qrplqdo Sulfh Vwlfnlqhvv dv d Udwlrqdo
H{shfwdwlrqv Htxloleulxp/� Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frq0
wuro1 ss1 64:�66:1

^58` Iduphu/ Urjhu H1 D1 dqg Mdqj0Wlqj Jxr/ +4<<7,1 �Uhdo Exvlqhvv F|fohv
dqg wkh Dqlpdo Vslulwv K|srwkhvlv� Mrxuqdo ri Hfrqrplf Wkhru| 961
ss= 75�:51

^59` Iduphu/ Urjhu H1 D1 dqg Mdqj Wlqj0Jxr/ +4<<8,1 �Wkh Hfrqrphwulfv ri
Lqghwhuplqdf|/ dq Dssolhg Vwxg|�/ Fduqhjlh Urfkhvwhu Vhulhv rq Sxeolf
Srolf|/ 761 ss1 558�5:51

^5:` Iduphu/ Urjhu H1 D1 dqg Ohh Rkdqldq/ +4<<<,1 �Wkh Suhihuhqfhv ri wkh
Uhsuhvhqwdwlyh Dphulfdq�/ plphr/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh1

^5;` Ixkuhu/ Mh�uh| F1/ dqg Jhrujh U1 Prruh/ +4<<8,1 �Lq dwlrq Shuvlvwhqfh�/
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Qr1 773/ Iheuxdu|/ ss 45:�48<1
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^5<` Jdol/ Mrugl dqg Pdun Jhuwohu/ +4<<;,1 �Lq dwlrq G|qdplfv= D Vwuxfwxudo
Hfrqrphwulf Dqdo|vlv/� plphr/ Qhz \run Xqlyhuvlw|1

^63` Jdufld/ Mxdq Dqjho dqg Jxlgr Dvfdul/ +4<<<,1 �Dq Lqyhvwljdwlrq lqwr
wkh Vrxufhv ri Lq dwlrq Shuvlvwhqfh�/ Xqlyhuvlw| ri Zduzlfn plphr1

^64` Jhdqdnrsrolv/ Mrkq G1/ dqg Khudnohv P1 Srohpdufkdnlv1 +4<;9,1 �Zdo0
udvldq Lqghwhuplqdf| dqg Nh|qhvldq Pdfurhfrqrplfv�/ Uhylhz ri Hfr0
qrplf Vwxglhv/ 861 ss1 :880::<1

^65` Mhdqqh/ Rolylhu/ +4<<;,1 �Jhqhudwlqj Uhdo Shuvlvwhqw H�hfwv ri Prqhwdu|
Vkrfnv= Krz Pxfk Qrplqdo Uljlglw| gr zh Uhdoo| Qhhg/� Hxurshdq
Hfrqrplf Uhylhz 75/ ss1 433<�43651

^66` Nloh|/ Plfkdho/ +4<<:,1 �Vwdjjhuhg Sulfh Vhwwlqj/ dqg Uhdo Uljlglwlhv/�
plphr/ Ihghudo Uhvhuyh Erdug1

^67` Nlpedoo/ Plohv/ +4<<8,1 �Wkh Txdqwlwdwlyh Dqdo|vlv ri wkh Edvlf Qhr0
Prqhwdulvw Prgho/� Mrxuqdo ri Prqh| Fuhglw dqg Edqnlqj 5:= ss1 4574�
45::1

^68` Nlqj/ Urehuw J1 dqg Doh{dqghu O1 Zropdq1 +4<<;, �Zkdw Vkrxog wkh
Prqhwdu| Dxwkrulw| Gr Zkhq Sulfhv duh Vwlfn|�1 Iruwkfrplqj lqPrq0
hwdu| Srolf| Uxohv/ Mrkq Wd|oru/ hg1

^69` Ohh/ Mrqj \dqq1 +4<<6,1 �Hvvd|v rq Prqh| dqg Exvlqhvv F|fohv�/ Sk1G1
Wkhvlv/ XFOD1

^6:` Oxfdv/ Urehuw H1 Mu1 dqg Qdqf| O1 Vwrnh|/ +4<;:,1 �Prqh| dqg Lqwhuhvw
lq d Fdvk0lq Dgydqfh Hfrqrp|�/ Hfrqrphwulfd 881 ss1 7<4�8471

^6;` Pdqnlz/ Q1 Juhjru|/ +4<;8,1 �Vpdoo phqx Frvwv dqg Odujh Exvlqhvv
F|fohv= D Pdfurhfrqrplf Prgho ri Prqrsro|�/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv 433 +Pd|,1 ss1 85<�86<1

^6<` Pdqnlz/ Q1 Juhjru|/ Mxolr Urwhpehuj/ dqg Odzuhqfh K1 Vxpphuv/
+4<;8, �Lqwhuwhpsrudo Vxevwlwxwlrq lq Pdfurhfrqrplfv�/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv> 43+4,/ ss1 5580841

^73` Pdwkhq|/ Nhqqhwk/ +4<<5,1 �Hvvd|v rq Eholhiv dqg Exvlqhvv F|fohv�/
Sk1G1 Wkhvlv XFOD1

77



^74` Pdwkhq|/ Nhqqhwk/ +4<<;,1 �Qrq0Qhxwudo Uhvsrqvhv wr Prqh| Vxsso|
Vkrfnv zkhq Frqvxpswlrq dqg Ohlvxuh duh Sduhwr Vxevwlwxwhv�/ Hfr0
qrplf Wkhru| 441 ss1 6:<�7351

^75` Pdwvx|dpd/ Nlplqrul1 +4<<4, �Hqgrjhqrxv Sulfh Ioxfwxdwlrqv lq dq Rs0
wlpl}lqj Prgho ri d Prqhwdu| Hfrqrp|/� Hfrqrphwulfd/ 8<1 ss1 494:�
49641

^76` Phuw}/ Prqlfd/ +4<<8,1 �Vhdufk lq wkh Oderu Pdunhw dqg wkh Uhdo Exvl0
qhvv F|foh�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 691 ss1 59<�6331

^77` Pruwhqvrq/ Gdoh W1 dqg Fkulvwrskhu Slvvdulghv/ +4<<7,1 �Mre Fuhdwlrq
dqg Ghvwuxfwlrq�/ Uhylhz ri Hfrqrplf Vwxglhv/ 941 ss1 6<:�7481

^78` Sdwlqnlq/ Grq/ +4<98,1Prqh| Lqwhuhvw dqg Sulfhv vhfrqg hglwlrq1 Kdushu
dqg Urz/ Qhz \run1

^79` Shoorql/ Dohvvdqgud dqg Urehuw Zdogpdqq/ +4<<:,1 �Lqghwhuplqdf| lq
d Jurzwk Prgho zlwk Hodvwlf Oderu Vxsso|�/ Ulylvwd Lqwhuqd}lrqdoh gl
Vflhq}h Vrfldol/ 61 ss1 535�5441

^7:` Urehuwv/ Mrkq/ +4<<8,1 �Qhz Nh|qhvldq Hfrqrplfv dqg wkh Skloolsv
Fxuyh/� Mrxuqdo ri Prqh| Fuhglw dqg Edqnlqj Yro1 5:+7, +Qryhpehu>
Sduw 4, ss1 <:8�<;71

^7;` Urehuwv/ Mrkq P1/ +4<<:,1 �Lv Lq dwlrq Vwlfn|B�/ Mrxuqdo ri Prqhwdu|
Hfrqrplfv/ Qr1 6</ ss 4:6�4<91

^7<` Urwhpexuj/ Mxolr/ +4<<9,1 �Vwlfn| Sulfhv lq wkh Xqlwhg Vwdwhv/� Mrxuqdo
ri Srolwlfdo Hfrqrp| <3+9,/ ss1 44;:�45441

^83` Urwhpexuj/ Mxolr dqg Plfkdho Zrrgirug/ +4<<:,1 �Dq Rswlpl}dwlrq0
Edvhg Hfrqrphwulf Iudphzrun iru wkh Hydoxdwlrq ri Prqhwdu| Srolf|�/
plphr/ Sulqfhwrq Xqlyhuvlw|1

^84` Urwhpexuj Mxolr dqg Plfkdho Zrrgirug/ +4<<:,1 �Lqwhuhvw Udwh Uxohv
lq dq Hvwlpdwhg Vwlfn|0Sulfh Prgho�/ plphr/ Sulqfhwrq Xqlyhuvlw|1

^85` Vyhqvvrq/ Oduv1 H1 R1 +4<;8,1 �Prqh| dqg Dvvhw Sulfhv lq d Fdvk0lq0
Dgydqfh Hfrqrp|�/ Mrxuqdo ri Srolwlfdo Hfrqrp| <61 ss1 <4<�<771
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^86` Wd|oru/ Mrkq E1/ +4<:<,1 �Hvwlpdwlrq dqg Frqwuro ri d Pdfurhfrqrplf
Prgho zlwk Udwlrqdo H{shfwdwlrqv/� Hfrqrphwulfd/ yro1 7:/ +Vhswhp0
ehu,/ ss1 459:�45;91

^87` Zrrgirug/ Plfkdho/ +4<;9,1 �Vwdwlrqdu| Vxqvsrw Htxloleuld lq d Ilqdqfh
Frqvwudlqhg Hfrqrp|�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 731 ss1 45;�46:1

^88` Zrrgirug/ Plfkdho/ +4<;;,1 �H{shfwdwlrqv/ Ilqdqfh dqg Djjuhjdwh Lq0
vwdelolw|�/ lq P1 Nrkq dqg V1 F1 Wvldqj/ hgv1 Ilqdqfh Frqvwudlqwv/ H{0
shfwdwlrqv dqg Hfrqrplfv/ R{irug Xqlyhuvlw| Suhvv/ Qhz \run1

^89` \xq/ Wdfn1 +4<<9,1 �Qrplqdo Sulfh Uljlglw|/ Prqh| Vxsso| Hqgrjhqhlw|/
dqg Exvlqhvv F|fohv�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 67 ss1 678�6:31
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