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Abstract

Despite the global nature of many ecological problems, so far 
little has been done to  realise an international environmental in
tervention. The ecological policies of most industrialised countries 
have been mainly addressed to guarantee an environmentally sus
tainable future to their own direct descendants rather than to  the 
earth  as a whole. This consideration raises the following issue: 
can this “partial” intergenerational altruism achieve sustainable 
development? Taking the notion of fairness as criterion of sus
tainable development, the paper examines the effects of partial 
intergenerational altruism in a simple two-region (North-South) 
non cooperative Nash Equilibrium model.

'I  am grateful to David Cass and Antonio Villanacci for their precious supervision 
on the present work. I would like to thank Pierpaolo Battigalli, Giuseppe Bertola and 
seminar participants at the E.U.I. for helpful comments. The help of David Ulph on 
a previous version of the paper is also gratefully acknowledged. All remaining errors 
are obviously mine.
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1 In trod u ction

Today environmental policies play a central role in the agenda of many 
governments. Although many of these policies are motivated by purely 
selfish reasons, such as the need of a cleaner environment at present, 
some of them reflect an increasing concern for the welfare of generations 
to come (intergenerational altruism)1. This concern can explain measures 
like the reduction of greenhouse gases, which will produce their benefits 
only in a distant future far beyond our limited life horizon. Most of the 
negative effects of problems like rising sea levels and climate change will 
be felt only after our death and we could simply ignore them if we were 
not concerned with the welfare of those as yet unborn.

However, my opinion is that a ‘’restricted'1 or “partial” version of 
intergenerational altruism has been prevailing up till now, since the eco
logical policies of the most industrialised countries have been mainly 
addressed to guarantee an environmentally sustainable future to their 
own direct descendants rather than to the earth as a whole. As Schelling 
(1995) argues, people have preferences about whom to help and tend to 
decide the recipients of their redistribution policies according to several 
factors (distance in space, time, political ideas, religion etc.). So it should 
not surprise that an American today is more interested in the next gen
eration of Americans than of Indians. However, the welfare of future 
Americans will also depend on what future Indians do. One unit of car
bon dioxide emitted in India, in fact, will contribute to global warming 
as much as one emitted in the United States. Therefore this approach, 
which restricts altruism to the national borders, can work if applied to 
local problems, such as air and water pollution, soil erosion or the extinc
tion of species. But the lack of a worldwide coordinated environmental 
policy could hinder a solution to global problems, like the destruction of 
the ozone layer or global warming.

'The concept of altruism has attracted the interest of many economists and its 
different interpretations have produced an extensive literature on this notion. In 
the present paper I will adopt the definition given by Hammond (1987): ’’altruism 
is regard for the others’ welfare”. This can be translated in analytical terms by 
internalising the welfare of the others in one’s utility function with a positive weight.
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This consideration raises the issue that I intend to examine in the 
present work: can a partial intergenerational altruism achieve sustainable 
development?2

The analysis will proceed as follows. In the first part I will deter
mine what sustainable development is and suggest how we could express 
it in analytical terms, by exploiting the notion of fair allocation extended 
to the intergenerational context. In the second section I will examine the 
effects of “partial intergenerational altruism” in a two-region (North and 
South) non-cooperative Nash equilibrium model. The question I intend 
to answer is whether each hemisphere, taking care only of its own direct 
descendants, can autonomously achieve sustainability, namely, both eq
uity and efficiency, regardless of what the other hemisphere does. Simple 
mathematical computations show that, if the elasticity of substitution 
between consumption over time is lower or equal to one, partial inter
generational altruism can achieve sustainability in each hemisphere. But 
this might not be the case when the elasticity is greater than one. Some 
concluding remarks will follow.

2 Susta inab le D evelop m en t, E q u ity  and E f
ficiency: th e  C oncept o f Fairness

The term ‘‘sustainable development” is today commonly used by scien
tists, politicians and the mass-media. It can be found in all environmental 
policy statements, being intuitively appealing both to experts and non
specialists. However, despite the growing importance of this notion as 
a policy goal, there is as yet no agreement on its exact meaning among 
economists. The existence in the economic literature of many different

2To the best of my knowledge, this question has been mainly neglected by the 
literature so far. The only work that examines a similar problem is the one by 
Bhaskar (1995). However, his analytical framework is considerably different from the 
one presented in this paper since Bhaskar tries to determine the equilibrium transfers 
across generations, taking production and environmental damages as exogenously 
given.
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and sometimes conflicting versions of sustainable development makes this 
notion still partially undefined.

Among the numerous definitions of sustainable development, one 
of the most commonly quoted is that of the Brundtland Commission 
(WCED, 1987, p.43): “sustainable development is development that 
meets the needs of the present without compromising the ability of future 
generations to meet their own needs”.

As many authors have emphasised (Howarth 1991, Turner 1991), 
this definition, which made the term so popular, entails both an efficiency 
and an equity criterion. More specifically, sustainability can be con
ceived as an equity criterion to choose among different intergenerational- 
efficient allocations. Both an efficiency and an equity criterion are there
fore needed to determine an operational criterion of sustainability which 
can translate this notion into analytical terms.3 The first requirement 
does not seem to be a problem. In the economic theory there is, in fact, 
wide agreement on the notion of efficiency proposed by Pareto. But the 
concept of intergenerational equity is still the object of a wide debate 
among economists.

As suggested by Chichilnisky (1994, p.2), sustainable development 
can be interpreted, in its broadest sense, as “development which gives 
an equal opportunity to future generations”. At the same time, one 
could in my opinion reverse the Brundtland Report's definition and claim 
that allowing future generations to meet their needs should not compro
mise our ability to meet present needs. This point has been emphasised 
by Chichilnisky (1994, p.4) who maintains that intergenerational equity 
should be interpreted as “non-dictatorship among generations” : “nei
ther the present nor the future should be favoured over the other”, thus 
playing a dictatorial role, but they should receive a symmetric treatment.

3The operational definitions of sustainability most frequently used in the literature 
represent a much smaller subset of all the existing ones and generally have a com
mon structure: economic development is defined as sustainable whenever a crucial 
variable is non-declining over time. Following this criterion, we can distinguish three 
main definitions of sustainability according to whether the crucial variable is utility, 
consumption or capital.
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But how can we define symmetry in economic terms? Among the various 
proposals to define a proper concept of symmetry, the “envy-free” crite
rion suggested by Foley (1967) seems particularly suitable for our goal. 
An allocation is defined as “envy-free" if no agent prefers the bundle of 
any other agent to her own. In the case of a two-person economy (A and 
B), this requirement can be expressed in analytical terms as follows:

f (*) UA(CA) > UA(CB) 
l  (H)UB(CB) > UB(CA)

where U = utility and C = consumption bundle. Replacing the term 
“agent” with the word “generation”, we can easily extend this criterion 
to the intergenerational context. If A and B indicate respectively the 
present and the future generation and assuming that all generations have 
the same preferences, the envy-free principle is equivalent to a criterion 
of equal welfare across generations. In fact, substituting UA = UB = U 
in (i) and (ii), these two conditions are simultaneously satisfied only by 
U(CA) = U(CB).4

Having defined a clear notion of intergenerational equity, we can 
now determine the corresponding definition of sustainability. As men
tioned above, sustainability constitutes an efficiency as well as an equity 
concept. Therefore an allocation of resources will be sustainable only if 
Pareto-efficient and envy-free. In economic theory (Varian 1987), such a 
distribution is defined as “fair” .5 In my opinion, therefore, the concept of 
“fairness” could constitute a valid criterion of sustainable development. 
In fact, it represents a criterion of intergenerational equity to choose 
among all existing Pareto-efficient allocations which is consistent with 
the “non-dictatorship” principle suggested by Chichilnisky.

I am fully aware of the limits which can affect this proposal. In 
the first place, the structure of preferences tends to change both within

4Thus, if we take the non-envy principle as a criterion of equity, the non-declining 
utility rule (f/>  0) mentioned above (see note 2) should be replaced by a constant 
intergenerational utility principle (£/= 0).

5Although ’’fair” and ’’equitable” are often used as synonyms, in what follows I 
will use the terminology proposed by Varian (1987), where fairness is a larger concept 
than equity, since it also comprises the notion of efficiency.
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and across generations.6 If preferences vary from one generation to the 
other, inequalities (i) and (ii) do not imply U{Ca ) = U(Cb), therefore 
the “non-envy principle” cannot be translated in terms of constant in- 
tergenerational utility. Nonetheless, the constant utility assumption can 
be partially justified by maintaining that utility is a function not only 
of preferences but also of basic needs. And basic needs (especially those 
concerning environmental resources) tend to remain constant both within 
and across generations.7 In the second place, the constant utility crite
rion can be criticised as being rather restrictive from an evolutionary 
viewpoint. In fact, one could argue that giving all generations “equal op
portunities” - as Chichilnisky (1994) interprets sustainable development 
- does not mean that they should all be the same, but that they should 
all have the same starting points. In other words, a symmetric treatment 
of all generations does not mean that we guarantee every generation the 
same level of utility, but a minimal amount of it, a bottom line which 
should not be violated. There is no reason, in fact, why we should prevent 
future generations from being able to increase their own utility. This is 
particularly important in the case of underdeveloped countries, where a 
constant utility criterion would imply preserving over time low welfare 
levels in the South as well as the existing differences between North and 
South. However, although not immune to possible critiques, the adop
tion of the concept of fairness provides us with a notion of sustainable 
development which is well-defined in economic theory.

6As Pearson (1994, p.205) claims ”a single universal set of preferences for all 
countries seems highly implausible” . In fact, developed and underdeveloped countries 
often show distinct preferences which, in turn, reflect deep cultural differences. But 
preferences change also over time, as shown by the rapid modification of tastes within 
the same culture in a world in continuous evolution.

'The link between needs and preferences is matter of dispute among economists 
(see Braybrooke, 1987, for a thorough discussion of the issue) and goes beyond the 
scope of this paper. However, it can be claimed that some basic goods (water, food, 
clean air, etc.) are essential for our survival, wherever and whenever one may be born. 
The fact that different populations (or generations) may receive different utilities 
from the consumption of the same basic goods may reflect a change in the amount at 
disposal and not in the preferences towards that good. What changes in this case is 
not the utility function, but the marginal utility of consumption of that good.
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The discussion developed so far has answered the question of what 
sustainable development means and how we can express it in analytical 
terms. This does not, however, tell us whether such an efficient and equi
table distribution can be achieved. In the next section, adopting fairness 
as notion of sustainability, I will try to answer this further question in 
the context of a simple North-South model.

3 T he M od el

Let us consider a simple one-period model.

There are four countries: North-West (NW), North-East (NE), 
South-West (SW) and South-East (SE).

There are two goods in the economy: a produced good and leisure. 
In what follows x  will indicate the amount of the commodity that is 
consumed, y the amount that is produced.

In each country there is a single representative consumer, endowed 
only with a given amount of time T. Time can be split between labour 
l and leisure L such that l +  L = T.

The good is produced by labour alone which is not transferable 
between countries. I assume a decreasing returns to scale production 
function:

/  : R+ -  R+ /  : / ~  y f i
where c is the unit cost of production.

Each hemisphere has a common technology, but the technology in 
the North is more productive than that in the South, that is: 0 < c„ < cs.

Production of the good generates emissions of some pollutant, the 
emission function being:

g : M+ — R+ g : y >-* g(y)

I assume that the level of emissions per unit of output is the same 
in both hemispheres (in other words the two technologies are equally

5
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dirty /clean) and that this ratio is 1:1 (one unit of y generates one unit 
of emissions). Therefore, if we call the amount of emissions produced 
in the country i j  (i — n ,s  and j  =  w, e), we have:

ep = g(y,j) = yn
Let us suppose that there are two separate stocks of emissions, one 

in the West and one in the East. This implies that emissions in the North- 
West adversely affect the South-West and viceversa. The same is true for 
North-East and South-East. This assumption reflects the problem that 
greenhouse gases equally contribute to global warming, regardless of the 
country where they are emitted.

Let us further assume unidirectional transboundary pollution. In 
particular, I assume that the wind blows from West to East, carrying 
pollution in the same direction. Thus, emissions in the West adversely 
affect the East but not viceversa. This asymmetry between countries is 
analogous to that existing between generations: current generation emis
sions can adversely affect the utility of the future generations, whereas 
the opposite is not possible. Therefore, in the model we can think of the 
Western countries as the current generation living in the two hemispheres 
and the Eastern countries as the set of all future generations, from our 
children onwards. Analogously, the pollution carried by the wind from 
the Western to the Eastern countries can be interpreted as the stock of 
present emissions inherited by the future generations. In other words, 
we can interpret the assumption of unidirectional transboundary pollu
tion in temporal rather than spatial terms to reflect the stock externality 
issue.

Combining the assumptions of separate stock emissions and trans
boundary pollution, total emissions in each Western country are given 
by:

Eiw 6nw d" esw ~ Pnw d" Vsw i ~  n , s
while total emissions in each Eastern country are:

E ie  e nw  -f- e sw  -b ene -t- e se y n w  d“ Vsw  d~ Vne d" Pse i  — n ,  S 8

8Notice that ctJ indicates the emissions produced by the country ij, whereas El} is 
the total amount of emissions that are present in that country.
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Each consumer has the same structure of preferences. The utility 
function of each consumer depends on consumption, leisure and total 
emissions in the country where she lives. Thus, the utility of the repre
sentative agent in country ij  is:

Uij : R3 —* R Uij : (xt], L,j, Et]) i—> Lq, Eij)

where i = n ,s; j  = w,e and > 0, > 0, < 0.J diij ’ dLij ’ dE,j
I assume that utility is additively separable in these three argu

ments as follows:

E^) = b(xij) + h(Ltj) -  d(E,j) where:

b \ M_j_+ —> K , b : xxj i * log Xij utility function from consumption,
h R+ —► R+ , h : Lij i—► Lij utility function from leisure,
d M+ —► R+ , 

where D £ R++.
d - . E i j ^ ^ E l damage function from pollution,

Therefore, we have:

Uij{xij,Lij,Eij) log Xij + Lij ~2 'Eij.

The choice of these functional forms, while reducing the degree of 
generality of the model, satisfies the non-linear programming require
ments for an optimal solution and allows to get explicit results and some 
comparative statics analysis which give a deeper insight into the issue I 
intend to address.

For the sake of simplicity, in what follows I will express utility in 
terms of production and consumption of the good. In fact, from the 
assumption on the production function, it is:

Ui  = T - U j = T - ± y % .

Recalling the assumptions on transboundary pollution mentioned 
above, the utility function in each Western country can be defined as:9

Uiw : 1R++ x I J . - > R

9I omit the constant term T in the utility function since the maximisation of an 
agent’s utility is invariant with respect to a costant.

7
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Uiw . (xiW1 {yiw)i) • > UiW(xiW} f  ( 2/ t u ) ) )  9(yiw)) —

= log x iw -  I y2xw -  f  (E , Viw)2 with i = n , s .

The utility function of the representative agent in each Eastern 
country is:

lJie : M++ x —♦ R i = n ,s

Uie : (xie, (ytj)ij) 1 ♦ Uie(Xie, f  (j/te), 9{Vij)) ~

= log Xie -  I y l  -  f  (E , E j  l/u)2 with i = n ,s  and j  = w,e
Finally, let us assume command economies in both hemispheres. 

There is a single government in the North which can determine the level 
of production of the good in each of the two Northern countries. It can 
transfer the good (but not labour) between these two countries, so it 
can control both production and consumption of the good in the two 
countries, subject only to the constraint that total consumption in the 
North does not exceed total production in the North. In each country 
consumption, production and leisure are assumed to be non-negative. 
The government aims to achieve an allocation between the two countries 
which is fair, namely, both equitable and efficient. Equitable here means 
that the two representative consumers in the North are equally well- 
off. Analogously, there is a single government which rules both Southern 
countries and has exactly the same aim as the Northern one. Given 
the interaction generated by the global pollutant, however, governments 
cannot formulate policies independently.

I will look at the case of a non-cooperative equilibrium. In this case 
the Northern government takes as given the levels of production in each 
of the two Southern countries and chooses production and consumption 
in each of the two Northern countries so as to achieve both equity and 
efficiency. The Southern government does the same.

I want to determine whether there exists an equilibrium in which 
each government simultaneously achieves both equity and efficiency.

Before tackling this question, let us first consider the problem when 
there is just a single hemisphere ruled by a unique social planner. This 
is equivalent to analysing whether each hemisphere could achieve both
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equity and efficiency if it was not affected by emissions in the other 
hemisphere.

3.1 T he Single H em isphere C ase

Suppose that there was just a single hemisphere with one Western and 
one Eastern country, whose production technology was specified by the 
generic parameter c.10 The government can choose the levels of produc
tion in each of the two countries - yw and ye - as well as their correspond
ing levels of consumption - x w and xe - subject to the constraint that 
total consumption does not exceed total production:

xw + xe < yw + ye where Xj € K++ and yj € R+ j  — w, e.

Moreover, production is bounded above in each country by the 
maximum amount of time T  that an agent can work:

Given these resource constraints, the government wants to achieve 
both equity and efficiency. For this purpose, it proceeds as follows. 
Firstly, it determines a Pareto-efficient allocation of resources zPE = 
{xPE,yPE, x PE,y PE)- Then - substituting the efficient values of 0 in Uw 
and Ue - it determines whether there exists an efficient allocation such 
that the two countries have the same the indirect utility.

Let us first determine an efficient allocation. All Pareto-efficient 
allocations can be generated by maximising a weighted sum of utilities. 
Thus, for any <5 € (0,1) and P = (D ,c,T) € the government will 
have to solve the following maximisation problem:

10To simplify the notation, I drop here all hemisphere subscripts.
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'

M A X  6
z€R:5.+ xR2

log xw -
C 2

- 2VW
D 2 
2 y- + (!-* )

C 2 D . >2
^ogxe - - y e -  —(yw + yc)

uw V,
s.t. xw + xe < yw + ye 

0 < yw < ^ / f

0 < y c <

Define W  the objective function of the government in question:

W  : (0,1) x R3++ x (R* + x R2) — R

W  : (6, P, 2) i—► W{6, P, z)

and C(P) the correspondent constraint set:

C(P) =  { 2  € R2 + x R2 : xw + xe < yw + yc and 0 < y, <
with j  =  w, e.

Call (M) the maximisation problem above.

Since (xw,x e) € R++ the constraint set of problem (M) is not 
compact.

Let us then add to the constraint set the further constraint:

W(6, P, xe, yw, ye) > W(6, P, ^ / f ,  y ^ ,  / f  ).

Call C (P) the modified constraint set thus obtained and (M') the 
correspondent modified maximisation problem. Then:

Proposition 1 The constraint set C (P) of(M ') is non-empty and com
pact.

Proof. See the Appendix

Proposition 2 If the allocation zPE solves (M '), then zPE solves (M ).
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Proof. See the Appendix

Prom Propositions 1 and 2 it follows that problem (M) has an 
optimal solution. In fact, the objective function W  is continuous in z 
(being algebraic sum of continuous functions), therefore we can apply 
the Extreme Value Theorem to (AT). Moreover:

Proposition  3 Problem (M) has a unique optimal solution.

Proof. The objective function is strictly concave (hence a fortiori strictly 
quasi-concave) since the Hessian is negative definite, and the constraint 
set is convex (all the constraints being linear functions).

Proposition 3 says that - for a given set of values in the parameter 
space (c, D, T, 6) - there exists a unique efficient allocation zPE. In other 
words, the mapping:

zPE : (0,l)xR* + -  R^+xR2 zPE : {6, P) -mrgmax IV(<5, P, z)
s . t . zeC (P )

is a function.

Let us now examine whether there exists an equitable allocation in 
the set of all possible efficient allocations for some well chosen value of 6.

Prom the Kuhn-Tucker conditions for the solution of problem (M) 
we have that:

{lim xw = 0 [ lim xw -  yw +  ye
i~’0+ and < 6~’1

lim xc = yw + yc | lim xc = 0 «-o+ (, é-,1-

Proof. See the Appendix.

Define the indirect utilities of the two countries: 
Vj : (0,1) x R .̂+ - i  R
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Vj : (S, P ) U j ( z PE(6, P)) (j =  w, e)

Call F  the difference between the indirect utilities of the two coun
tries, that is:

F  : (0,1) x R 3++^ K

F  : (6, P ) ~  F(6, P ) =  Vw(6, P) -  Ve(6, P).

Since the utility function is logarithmic in x and production can 
never be infinite (being bounded above by the resource constraint), from 
proposition 4 it follows that:

P roposition 5
lim Vw (6, P ) = —oo 6—»0+
lim Ve (6, P) =  —oo«-.l-

lim F(6, P) =  —oo >o+
lim F(6, P) = +oof—i-

Summing up, as one would expect, when <5 tends to 0 (the govern
ment cares only about the consumer in the East) the Eastern consumer 
(the future generation) is better off. Viceversa, if the government cares 
only about the consumer in the West, the Western consumer (the present 
generation) is better off.

P roposition 6 The utility function of each country is C° with respect 
to 6. Therefore, F (6, P ) =  Vw (6, P) — Ve (6, P ) is also C° with respect to 
<5.

Proof. This follows from the Maximum Theorem (see the Appendix).

Proposition  7 F  (6, P ) =  Vw (6, P) — Vc (S, P ) is strictly increasing with 
respect to 6.

Proof. See the Appendix.

From Propositions 5, 6 and 7 - applying the Intermediate Value 
Theorem - we can conclude that:
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Proposition  8 3 unique 6 = 6* G (0,1) such that Vw (6, P) = Ve (6, P).

The value 6* can be interpreted as the weight the central planner 
must assign to the present generation in the objective function to achieve 
sustainability. This shows that any single government can always achieve 
both equity and efficiency. In other words, partial intergenerational al
truism could achieve sustainable development if one hemisphere was not 
affected by emissions in the other. But does the same conclusion hold 
when we take intragenerational transboundary pollution into account? 
To answer this question, the next Section will examine what happens 
when the two hemispheres choose their own resource allocations simul
taneously, taking the other’s production level as given.

3.2 Interaction  B etw een  H em ispheres

3.2.1 The Case of a Logarithmic U tility  Function from Con
sum ption

Let us now determine whether it is possible for each hemisphere to 
achieve equity and efficiency in the presence of inter-generational and 
intra-generational externalities. More precisely, the present section in
tends to address the following questions:

a) is it always possible for one hemisphere to achieve sustainabil
ity independently of the other, that is, whatever the resource allocation 
chosen by the other hemisphere?

b) is it possible for both hemispheres to simultaneously achieve 
sustainability?

Let us first examine question a), focusing attention on the North, 
the case for the South being completely analogous. Define the objective 
function of the government in the North as follows:

Wn : (0,1) x R3+ x (R + )2 x (R2 + x R2) -  R
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Wn • (<5nj P) Vswi Vsei ^n) 1 * ^n(^n) P-t Uswi Vsei -̂n)

Define also Cn(P) as the constraint set (P  being the set of param
eters):

Notice that Cn(P) coincides with the constraint set C(P) of prob
lem (M) (the only difference being the additional hemisphere subscript 
n), whereas Wn differs from the objective function It’ of problem (M), 
since the damage functions of West and East are now affected by the 
polluting emissions from production in the other hemisphere.

Like in the Single-Hemisphere case, question a) can be examined 
following a two-step procedure. Firstly, the government in the North de
termines an efficient allocation of resources z£E =  (xEE, yEE, x EE, yEf ), 
taking the other hemisphere’s decision as given. This is equivalent to 
solving:

Secondly, once the efficient values of zn have been determined, the 
Northern government substitutes them back in Unw and Une and de
termines whether there exists an efficient allocation z[’[: such that the 
indirect utilities of the two countries are equal:

Cn(P) =

M A X  \Vn(6n, P, ysw, y
2n€R̂ + XR2

s.t. zn € Cn(P)

V n w  ( ^ n  i P > V sw  i Use ) K i e  ( ^ n  ? P-i V s w > Use ) •
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Let us call z f  the fair response mapping of the North to the South 
that associates to every allocation zs in the South a fair (i.e. efficient + 
equitable) allocation z f in the North :

*f : zs -  € R2++ X R2 : Fn(6n, P ,y „ , y „ )  =  0}
Analogously, define z f  the fair response mapping of the South to 

the North:

z f : zn <-> {zf£ e  R2+ x R2 : FS(6S, P,y„w,yne) =  0}
Proceeding along the lines of the previous section, it is easy to check 

that Propositions 5, 6, 7 hold even if we take the interaction between 
North and South into account. Therefore, it follows that:

P roposition  9 For any allocation zs chosen by the South, there exists a 
unique fair allocation z f in the North. Mutatis mutandis, the same holds 
for the South, namely: Vzn 3 unique z f .

Proof. See the Appendix

Summing up, if the representative consumer has a logarithmic util
ity function, it is always possible to achieve sustainability in each hemi
sphere whatever the other hemisphere does. Hence, question a) entails a 
positive answer.

What about question b)?
The fact that each hemisphere can always independently achieve 

sustainability does not necessarily imply that they can simultaneously 
achieve sustainability. However, it can be proved that:

P roposition 10 z f is a C° function of zs (analogously, z f is C° in zn).

Proof. See the Appendix

Therefore, we can apply Brower’s fixed point theorem to conclude
that:
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Proposition  11 There exists a pair (zE, zsF) where both hemispheres 
achieve fairness (i.e. equity+efficiency) simultaneously.

Proof. See the Appendix

Hence:

Theorem  12 If the representative consumer has a logarithmic utility 
function, both questions a) and b) entail a positive answer. Therefore, 
even if North and South do not coordinate their policies, each hemisphere 
and the world as a whole can attain sustainability.

Observe that one could follow a slightly different approach to an
swer question b). In fact, since both hemispheres aim to attain both 
efficiency and equity, one needs to solve:

M A X  Wn(6n ) P-i Vswi Vsei -°n) S.t. Zn £ Cn(P)
*n€ R2 + x R 2

ysw, yse, Zn') Une(P-) y.swi ysei Zn')
M A X  Ws(6s,P ,ynw,yrie,zs) s.t. zs g C,(P)

*,€Rf+xR2
( P- Vnwt y ne-) Zs) ~  bj se(P-) Unwi Vnei ~.s )

efficiency+equity 
in the North

efficiency+equity 
in the South

( 2)

This problem can be examined by following a two-step procedure.
Step 1:

Each government determines an efficient allocation of resources 
Z iE = (xEwE, yEwE) x EE, yEE), (i =  n,s), taking the other hemisphere's 
decision as given. This is equivalent to solving the following simultane
ous maximization problem:

M A X  Wn(<5„, P, y,w, yse, z„) s.t. zn g Cn{P)
■Zn€R++ xR2

M A X  W,(6S,P, y„u>,2/ne,zs) s.t. zs g CS(P)
*„eR2 + xR2

(3)
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Notice that the problem can be interpreted as a non-cooperative 
game where:

i) there are two players, the government in the North and that in the 
South, who take simultaneous decisions on the intertemporal allocation 
of resources in their own hemisphere;

ii) each player i =  n ,s  has a set of infinite strategies z, =  (xlm, ylw. x ie, yte)

iii) each player i = n ,s  has a payoff function \V, (Si} P, ykw, ykc, z j  
with i ^  k

Proposition  13 For every (P,6n,Ss) the non-cooperative game described 
above has a Nash Equilibrium in pure strategies.

Proof. A non-cooperative game with finite number of players and in
finite strategies has at least one Nash Equilibrium in pure strategies if 
(Osborne and Rubinstein 1994, p.20), for every player 1 :

- the set of actions z, is a non-empty, compact, convex subset of a 
Euclidean space

- the utility functions are continuous and quasi-concave on 2,.

To show that both requirements are satisfied we have to refer to 
the modified maximisation problem (M'). From Proposition 1 we know 
that the constraint set in (M') is non-empty and compact. Moreover, 
it is also convex because the objective function is strictly concave and 
therefore quasi-concave.

Obviously, a Nash Equilibrium of the game described above corre
sponds to a pair of Pareto-efficient allocations (zEE, zEE) where:

z f£ : (0, l)2 x R2 + — R2++ x R2

zEE : (Si, Sk, P) i—arg max W, (S„ P, ykw, yke, 2.)
s.t.zieCi(P)

with (i, k = n,s) and i ^  k.
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Step 2:

Once the efficient values of z, have been determined, we simply need 
to substitute them in the utility function of each country and focus the 
attention on the following system of equations:

the mapping that associates the level <5i which ensures sustainability 
in i to every possible weight chosen by the other government.

If there exists a pair (<5*,<5*) which solves 4, then both hemispheres 
can simultaneously achieve sustainability and question b) has a positive 
answer.

Figure 3.1 draws the mappings 6* and <5* in the space 6„ x 6a S (0, l)2 
for the following set of parameters: D =  1, cn = 2, cs = 3, T  = 1 .

The point where these two curves cross is the pair (6*, 6*) which 
solves 4. 11

11 It is important to observe that Si (i = n,s)  are parameters in the system (3), 
whereas they are endogenous variable in (4). In fact, we can think of Si as an economic 
policy variable that the government can choose according to its target. Thus, we can 
imagine that each government asks an economist to compute the efficient allocation 
z f E for every possible zk chosen by the other government. The economist solves (3) 
taking the government’s preferences Si as given. Then she gives the solution to the 
social planner who - in turn - solves the equation Viw(6i,6k, P) = Vu(Si,Sk, P) with 
respect to St, computing the weight S' she should assign to each country to ensure 
sustainability in her own hemisphere.

r vB„r
1 v„

This is a system of 2 equations in the 2 unknowns 6n, Ss u

Define 6* : (0,1) -  (0,1) 6* : 6k -> 6*(6fc)
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beta-1.cn-2.ctO.D-1.T-1

Fig. 3.1: beta =  1 (logarithmic benefits from consumption)

Table 1 below provides the value <5* which ensures sustainability 
in one hemisphere (i = n ,s ) at given values of weight 6k in the other 
hemisphere (i ^  k) for the set of parameters defined above.12

Table 1
6k <5; s;
0.01 0.3919 0.4266
0.25 0.3597 0.3923
0.5 0.3355 0.3695
0.75 0.3186 0.3555
0.99 0.3080 0.3481

So, for instance, if the South assign the same weight to both gen
erations (6„ =  0.5), the Northern government must give weight <5* = 
0.3355 to the North-West (the current generation) to achieve sustain- 
abilty. Analogously, if the government in the North cares equally for the 
present and the future generations (8n = 0.5), the sustainable weight in 
the South is <5* =  0.3695.

12The program for the calculations has been written in MathLab 4.2 using the 
Levenberg-Marquardt algorithm.
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Two main features emerge from the analysis of Table 1.

Rem ark 1 S' decreases steadily as 6k grows.

In other words, the less hemisphere k cares for its future genera
tions, the higher the weight that government i must assign to its own 
descendants to attain sustainability. This result seems intuitively ap
pealing. In fact, the less the South cares for its offspring, the larger the 
fraction of production that it will allocate in the future. This will increase 
the damages suffered by the future generations as compared to the cur
rent one in the North. Therefore - to restore equity and thus achieve sus
tainability - the Northern government must increase the weight assigned 
to the North-East to counterbalance for the larger damages suffered by 
the future generations. Mutatis mutandis, the same holds for S' as Sn 
increases.

Rem ark 2 For a given level 6k of weight in the other hemisphere, the 
sustainable level <5* in the North is always below the correspondent level 
6* in the South.

Again, this result seems consistent with the intuition. In fact, the 
more productive an hemisphere is, the higher its production level for a 
given amount of labour. Since damages are a convex function of produc
tion, the future generation in the North will suffer more damages from 
polluting production than the current one. Therefore, the government in 
the North must assign a lower weight to the current generation than the 
South to restore equity.

3.2.2 The Case of a m ore general Isoelastic U tility  Function 
from Consum ption

The result obtained in the previous paragraph suggests that, in the case 
of a logarithmic structure of preferences, it is always possible to ensure 
our descendants a sustainable future even if each hemisphere cares only
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for its own successors. But can we extend this result to the case of a 
more general utility function? To answer this question, let us assume 
that the representative consumer has an isoelastic utility function from 
consumption. A well-known property of this utility function (Blanchard 
and Fisher, 1989) is that, when 0 tends to unity, it converges to the 
logarithmic function analysed in the previous paragraph. Therefore we 
can write:

Let us now determine whether each hemisphere can still achieve 
sustainability when 0 ^ 1 ,  whatever policy the other hemisphere carries 
out (that is, whatever weight 6 is chosen by the other).

Case 0 > 1:

Let us first observe that in this case it is:

Proof. See the Appendix

■

Therefore, Proposition 5 holds also in the present context.

Moreover, in the case of an isoelastic utility function from consump
tion, Propositions 6 and 7 always apply. Therefore, the same conclusions 
obtained with logarithmic preferences (0 = 1) can be extended to the
case 0 > 1.

Theorem  15 When 0  > 1, both questions a) and b) have a positive 
answer: each hemisphere can always achieve sustainability whatever pol
icy the other may implement and both hemispheres can be simultaneously 
sustainable.

for 0  > 0, 0  ^  1 
fo r  0  =  1

i-0
lim - — oo

Proposition 14 < ^ 0+ 1(3
lim  =  —OO

(i = n, s)
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Table 2 presents the values S' that government 1 should choose to 
attain sustainability when government k assign weight <5*. to the present 
generation in its own hemisphere. These values have been numerically 
calculated for the same set of parameters and with the same computing 
technique as in Table 1, setting 0 — 2.13

Table 2

Sk <5;
0.01 0.3398 0.3784
0.25 0.2902 0.3253
0.5 0.2512 0.2852
0.75 0.2192 0.2562
0.99 0.0183 -  0.04401 0.0107 +  0.03901

As Figure 3.2 shows, there exists a unique S' for every <5*. where 
1 ^  k and the mappings S* of the two hemispheres cross in the (0,1 )2 
box (Sn x S„).

13Observe that the values in the Tables have been computed assuming interior 
solutions to (3). It seems plausible to argue that the existence of complex numbers in 
Table 2 does not imply that there are no solutions to (3), but that - for high values 
of the other’s weight (6k) - the system of equations corresponding to (3) shifts from 
interior to boundary solutions. However, further investigation will be needed to verify 
this argument. Note that when complex solutions appear, the programme plots the 
curves in Figure 3.2 considering only the real value part of the solution. Therefore, 
the fluctuations of each hemisphere’s curve at high values of the other’s weight are not 
reliable and may disappear once boundary solutions are properly taken into account.
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bet*»2.cn»2.c**3.D«1 ,T*»1

Rem ark 3 When 0 > 1. S’ decreases as 0  increases.

This can be seen by comparing the values of S' in Tables 1 and 2: 
for a given 6k in the other hemisphere, the sustainable S' when 0  = 2 
is always below the correspondent value when 0 = 1 .  This makes the 
curves S' move inward as 0 increases (compare figures 3.1 and 3.2).

This result can be explained recalling that - in a isoelastic utility 
function - 0  can be interpreted as a coefficient of aversion to inequality. 
Therefore, given the asymmetry between present and future in the model 
(the future is affected by production in the present, but not viceversa), 
the higher 0  the smaller the weight we must give to the current generation 
to restore equity.

Case O<0<1:

In this case, Proposition 4 still holds. However, given the shape of 
the utility function from consumption, we now have:

Proposition 16 <
lim6,-0+
lim

(i = n, s)
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Therefore, Proposition 5 does not hold any longer. Differently from 
above, in the present case we cannot tell a priori the sign of the difference 
in the indirect utilities (Fi(Si, P) = V,W(S,, P) —Vte(6t, P)) as <5, tends to 
zero. In fact it is:

lim Fi(6i,P)
6t— 0+ =  lim (Viw(Si, P ) - V ie(Si,P)) =

= lim —«i-0+
{Vniv ~b V n e )

1- / 3V ■■

1-/5

9

n  [(f/nu; "b Uaw ~b Vne  “b Vse)  (Vnw  “b y s w ) ] ^  lim F i ( S i ,  P ) ^  0? .2 . <-.0+

The same holds for the limit as Si tends to l .14 Therefore, although 
Propositions 6 and 7 are still valid, in the present case the Intermediate 
Value Theorem cannot be applied and the analysis of the limits does not 
allow to conjecture about the existence of one or more 6, =  S' such that 
Fi(6i,P) = 0.

However, it is still possible to make simulations on the model so as 
to numerically calculate the sustainable discount rate S' in each hemi
sphere.

Table 3 reports these values for the same set of parameters as in 
Tables 1 and 2, but with /? = 0.5.

14The only difference is that, when Si tends to 1 from the left, the term 
appears with positive sign in F,:

lim F i =  lim (y™ + y n e ) 1 " J  + !(y?e-s/L)1-/9

“l" 2 (̂2/*’*'*' V s w  V n e  V s e )  (V n w  “H V s w ) ]  ^ ^  ^
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Table 3
«5.
0.01 0.4177 0.4511
0.25 0.3980 0.4302
0.5 0.3801 0.4156
0.75 0.3604 0.3722
0.99 -0.8448 -0.7493

In this case, as Figure 3.3 shows:

Theorem  17 If 8k is sufficiently high (8k > 8k), $8* such that Viw (8,, P) = 
Vie(6i,P). Therefore, when 0 < ft < 1, question a) has a negative an
swer.

In other words, if one hemisphere cares mainly for the current gen
eration and gives little weight to the future, the other hemisphere can 
find it impossible to ensure sustainability to its own descendants. There
fore, it is not always possible for each hemisphere to attain sustainability 
independently of the other since we can find at least one case (i.e. one 
set of parameters) where this does not occur.

Fig. 3.3: beta =  0.5
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Even if a) has a negative answer, b) can still have a positive answer. 
In fact, the diagrams of the mappings 6' can still cross in the (Sn x 6S) 
box. This is what happens, for instance, for the set of parameters which 
underlie Table 3 and the correspondent Figure 3.3. Hence:

Theorem  18 When 0 < 0  < 1, question b) has a positive answer.

Summing up, one hemisphere can achieve sustainability only if also 
the other sufficiently cares for the future when it enforces a Pareto- 
efficient allocation of resources. But if both hemispheres aim at equity 
and efficiency, they can both succeed to simultaneously achieve sustain
ability so that the whole world can be sustainable.

What happens in the economy as we change the value of the pa
rameters?

Figures 3.4 and 3.5 show the outcome of some comparative statics 
analysis on the level of productivity and on the damages from pollution.

As these figures show:

Rem ark 4 If the productivity in one hemisphere increases (i.e. c, de
creases) and/or if the level of damages per unit of emission increases, 
then:

(i) 6’ decreases at any given level of 6k

(ii) (S', 6*) (the meeting point of the two best response curves) 
moves downwards towards the origin of the axes

(iii) 6i decreases15

The intuition behind these outcomes is that the higher the level 
of productivity, the higher the output per unit of labour. From the 
assumption of unidirectional transboundary pollution, this will damage 
the future generations more than the current one in both hemispheres.

15Recall that 6, is the maximum weight that government i can give to its current 
generation for which hemisphere k can achieve sustainability.
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Therefore, both governments will have to rise the weight given to the fu
ture if they want to achieve sustainability in their own hemisphere (point 
(i)) and in the world as a whole (point (ii)). Moreover, the increase in the 
pollution damages which follows from an increase in productivity makes 
it more difficult for each hemisphere to attain sustainability indepen
dently of the other (point (iii)), since it reduces the range of choices in 
one hemisphere which are consistent with the sustainability in the other.

Obviously, the same results occur if the productivity is constant, 
but there is an increase in the level of damages per unit of emission, 
since the future generations suffer more damages from pollution than the 
current one.

beta=0 5.cs=3.D= 1 ,T= 1

Fig. 3.4: comparative static analysis on cn
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1
b€»*=0 5.cn*Zcs=3,T»1

Fig. 3.5: comparative static analysis on D

4 C onclusions and Future Lines o f  R esearch

The aim of the model presented above was to answer two questions:

a) is it always possible to achieve sustainability (i.e. efficiency+equity) 
in one hemisphere independently of the other?

b) is it possible to simultaneously achieve sustainability in both 
hemispheres and thus in the whole world, when they both aim at sus
tainability even if the two governments do not cooperate?

As shown in the paper, both questions have a positive answer when 
0  > 1, that is, when individuals have an elasticity of substitution between 
consumption at any two points in time (1//3) less than or equal to one. 
But when the elasticity of substitution is greater than one (0 < 0 < 1) 
only question b) entails a positive answer, while the capacity of one 
government to be sustainable depends on the weight the other gives to 
the future.

In the present model, these results hinge mainly upon the explicit 
form of the benefits from consumption. In fact, when the central planner 
cares only for the current generation (the West), she sets the consumption 
of the future generations (the East) to zero. The opposite occurs if the
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planner cares only for the future. It follows that, when the elasticity of 
substitution is equal to one, we have:

lim logXij =  — oo (i =  n ,s \j  = w,e)
Xij—o
Therefore, the zero-consumption generation undergoes an infinite 

loss in terms of utility, which makes it definitely worse off than the other 
generation in the same hemisphere. From the Intermediate Value The
orem it follows that there must be a sustainable S' between the two 
extreme cases (where the planner cares for only one generation) which 
makes the two generations equally well-off. This is true, no matter what 
the other hemisphere does.

The same occurs when 0 > 1, since it is:
x l - plim =  — oo (i — n ,s , j  = in, e)Xij »0

However, when agents have a relatively high elasticity of substitu
tion (greater than one) the generation neglected by the planner does not 
have any utility loss from not consuming. In fact, when 0 < 0  < 1:

x ' ~ 0lim  ̂ -yfj = 0  ( i  = n, s , j  = w, e)

The only welfare loss will then be generated by the costs and dam
age connected with production. On the other hand, the generation the 
central planner cares for will have a positive utility from consumption, 
but a welfare loss from production. Hence, the overall sign of its welfare 
function depends on the amount produced in the other hemisphere and 
on the value of the parameters. Therefore, it can occur that - at the end 
of the day - this generation is worse-off than the one neglected by the 
social planner. For instance, if the South does not care for sustainabil
ity and shifts all production in the future, the future generations in the 
North can be always worse-off than the current one no matter how high 
the weight given them by the Northern government. As a consequence, 
the present effort of the most industrialised countries (the North) to en
sure a sustainable future to their own direct descendants might fail if 
the less developed countries (the South) do not take care of their own 
offspring. However, even so, the curves S' can still cross in the (6n x 6S) 
box (see Figure 3.3). Therefore, it is still possible to secure a sustainable
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future to the world, provided both North and South aim at sustainability 
although they do not coordinate their policies.

The present model is still very simplified and I think there is large 
scope for further investigation. In particular, the results obtained so far 
raise a number of questions that I would like to address in the future.

In the first place, do the curves <5* and <5* always cross for any 
feasible set of parameters or does it occur only for specific parameter 
values? In other words, is it always possible to simultaneously achieve 
sustainability in both hemisphere if North and South do not cooperate, 
taking the other’s choices as given? If this is not the case, then taking 
care only of one’s own descendants (partial intergenerational altruism) 
might fail to achieve sustainability for the earth sis a whole. This would 
raise - in turn - two additional questions:

• could we reach sustainability by allowing for intragenerational trans
fers from the North to the South?

• if so, how high these transfers should be?

In the second place, how would the current results change if there 
was a unique world-wide social planner (e.g. the United Nations) which 
ruled both hemispheres trying to achieve efficiency and equity in all four 
countries?

In the third place, it would be important to investigate whether 
and to what extent the present conclusions change when we eliminate 
the unrealistic assumption that developed and underdeveloped countries 
have equally dirty technologies. In fact, empirical evidence suggests that 
- although the South produces less than the North - it generally has 
higher emissions rates per unit of production.

In this regard, it would also be important to examine what happens 
in the model if we implement the parameter values (D,cn,cs, 0) which 
best approximates those measured in reality.
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Moreover, the model assumes neither capital accumulation within 
each hemisphere, nor trade between hemispheres and it would be inter
esting to analyse how these further assumptions affect the results.

Finally, the results presented in this paper might be largely affected 
by the functional forms assumed at the beginning.16 For instance, in the 
model I assumed that the marginal utility from consumption depends 
only on the level of consumption, whereas it might also be affected by 
the amount of labour (the more I work, the less I can enjoy my meal, 
because I have less time at disposal or I am simply too tired when I 
arrive at dinner). For this purpose, it is important to examine what 
happens if we drop the assumption that utility is additively separable in 
its three arguments (consumption, leisure and emissions) and we replace 
the explicit functions analysed above with implicit functional forms.

Appendix

P roof of Proposition  1
Consider the constraint set of the modified maximisation problem 

(M'):17

* r« 7  " F  xe ^  yw - f -  ye

0 < yj < j  = w,e
1 ' frr frr \W(xwixe, yw, ye) >

• The constraint set is non-empty.

In fact, take the point z = (xw,x e , yw,ye) = y f ^ ,  y f ^ ,  y f ^  ■

16In this respect, Borghesi and Ulph (1999) examine the same problem adopting 
different functional forms (e.g. a constant returns to scale production function) and 
a different solution method.

17T o simplify the notation, in what follows 1 will omit the param eters 6 and P  from 
the arguments of the objective function IV.
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At 2 all constraints are satisfied, therefore this point is obviously 
in the constraint set.

• The constraint set is compact.

For the constraint set to be compact every sequence contained in 
the set must contain a convergent subsequence to a point in the set. Let 
us then consider a sequence 2". Call C'(P) the constraint set of the 
problem (M'). We want to show that:

zv =  {xvw,xve,yvw,yvt ) 2 =  {xw,x e,y w,ye) e C'(P) => Xj > 0

with j  — w,e.

Suppose not. Then:

zv —* z => 3j  s.t. Xj = 0 (without loss of generality, say j  = w).

If so, since at most yv = we have:

limv—*-f-oo
lim log < - f  (JA,)2 ~ f  (ÿ»)2

v —>+oc
"------- v------- '

—00

4-

+(1 -  <5) [log xe - f ( ÿ e)2 -  f  (Vw + Vc)2] = -0 0

=► W { x ^ , x ^ , y ^ , y ^ )  <  W  

which leads to a contradiction since it violates the last constraint.

P roof of Proposition 2

Suppose not. Then it is:

i. zPE = (xPE,x PE, yPE,yPE) € K++ x M2 solves (M') i.e.:

V2 € IR^+ x K2 such that all the constraints of (M') are simultane
ously satisfied:
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J  =  w , e

X w  “h  x e  ^  Vui “ f  Ve

« 0 < y, <

W(z) > '

it must be:

W{zPE) > W{z)

Therefore, we have:

(*) W (zPE) > W{z) > W

ii. zPE = (xPE,x PE, yPE,yPE) € R2 + x R2 does not solve (M ) i.e.:

3 z— (xw, xe, yW) ye) G such that:

x w +  x e ^ V w  +  Vt

o <y3< / f
w (z)  > W{zPE)

fro m  (* )

However, the three conditions above contradict 1. Hence, if zPE 
solves (M') it must also solve (A/).

P roof of Proposition 4

The Lagrangian corresponding to (M) is:

C {{xj),{yj),\ ,a ,r ,è ,c ,D )  = 6 [log(x„,) -  §y\, -  %yl\ +

+(1 -  6) [log(x„) -  \y l  -  §{yw + ye)2] -

-X  [xw + xe -  yw -  yc) -a  jy„, -  y /^ j  - 7  jye -  y /^ J  (j = w, e) 

which generates the following Kuhn-Tucker conditions:
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( ! )

oII1H
hII

4
§

(2) — A =  0;
(3) = A -  [<5(c +  D)yw +  (1 -  6)D{yw +  yc) +  a] < 0; Vw ^  0)

(4) = A -  [(1 -  6)cye +  (1 -  6)D(yw +  yc) +  7 ] <  °i Ve >  0; &  =  0

(5) +  0 n -- V xw +  xe +  yw +  ye A >  0

(6) —  >  0 +— v  <  , / i l9 a  -  u  -  V c a  >  0

. (? )

VI<U

IOA
l 

-j| c- 7  >  0

0II

&

From (1) and (2):
Xw _ 6
x e 1—6

Computing the limit as 6 tends to zero on both sides of this equa
tion, we get:

lim = 0
*-0+ *•
There are four possible cases where this result can occur:

{ lim xw = 0
lim xe = k > 0 6—0+

2)
lim xw = k > 0 <>—o+
lim xe =  +00 

6— o+

I lim xw = -foo
v o+
lun xc = +oo 6—0+

{ lim xw = 0 
6 - 0 +

lim xc = 0 
6— 0 +

Case 2) is clearly impossible since consumption is upper-bounded 
by the maximum amount that an hemisphere can produce. The same 
reasoning rules case 3) out. Finally, case 4) is also impossible because - 
if consumption tends to zero in both countries - the objective function 
tends to -oo and the social planner is not maximising. Therefore, it must 
be:
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lim xw = 0
6—0+

Moreover, since 0 < 6 < 1 and Xj > 0, from equation (1) and (2) 
it follows that the Lagrangian multiplier A is always strictly positive. 
Therefore from equation (5), the first constraint must hold as equality:
£  x, = £  Vj U =  e) 
i i

Hence:
lim xe = yw + ye 

s^o+

P roof of P roposition 6
(F(<5,P) = V ^ a .P )  -  VC(<5,P) is C° w ith  respect to  <5)

To show that the indirect utilities (and thus also the function 
F(S, P) = Vw(6, P) — Ve(6, P ) ) are continuous in 6 all we need to prove is 
the continuity of the optimal values with respect to the same parameter 
6. This can be done by using the Maximum Theorem (Hildebrand 1974,
P -3 0 ) :

Let the correspondence 0 of S into T be compact-valued and con
tinuous and let /  : S  x T  —* R be a continuous function. Then:

(a) The function x  —> m(x) := max{/(x, y)\y £ 0{x)} is continuous

(b) The correspondence x —> {y € 0(x) \ f ( x , y ) =  m(x)}is non
empty, compact-valued and upper hemi-continuous.

In the present model for each government the correspondence 0 of S 
into T is given by the constraint set C'{P). This constraint set is clearly 
constant (and hence also continuous) with respect to 6 since 6 does not 
appear in the constraints. Moreover, as proved above, it is also a compact 
set (see Proposition 1). As to the objective function /  : S  x T  —> R, 
(W(6,P,z) = 6Uw(P,z) +  (1 -  6)Ue{P,z) in the model) this is clearly 
continuous since it is the algebraic sum of continuous functions.

We can then apply the Maximum Theorem and conclude that the 
set of maximizers z =  [xw,x e,yw,yej is upper hemi-continuous on 6 (i.e. 
does not “explode” with a small change in 6).
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Moreover, from Proposition 3, it follows that: 

x  -* {y € p(x) | / ( x, y) =  m(x)} is a function 

Finally, we know (Harris 1987) that:

if x —* {y € P(x) | f(x ,y )  = m(i)} is upper-hemicontinuous and it 
is a function then it is a continuous function.

Therefore, since the set of maximizers is a singleton for every pos
sible value of the parameters, the optimal values are not only upper- 
hemicontinuous, but also continuous in 5. Hence:

z = [x w,x e,yw,ye] is C° in 5 =$■ F(6, P) is also C° in 5.

P roo f of P roposition 7

(F(5,P ) =  Vu,(<5, P) — V e(5,P) is strictly  increasing in 5)

Let us assume that the social planner maximises her welfare func
tion W  =  6UW -I- (1 — 6)Ue, giving weight 5 = 6 to the West (the present 
generation in the hemisphere). Substituting the optimal values of the 
choice variables in W  we have18:

6'VW(6') + (1 -  S')Ve(6') > 6'VW(S") + (1 -  S')Ve(6") VS' ±  6"

since 14,(5 ) and Ve(6') are, by definition, the maximum values of 
the utilities in the two countries when 6 = 6'.

Bringing all terms to the left-hand side, the previous inequality 
becomes:

(i) 6' [14(5') -  14(5")] + (1 -  5') [V4(5') -  14(5")] > 0 

Repeating the same reasoning for a given 6", we obtain:

(ii) 6 [^ (5 ')  -  14(5")] +  (1 -  6 )  [14(5') -  14(5")] < 0 

Moreover, from the definition of Pareto-efficiency, it is:

(hi) 14(5') > 14(5'') i f f  14(5') < V4(5")

18T o simplify the notation I omit the set of parameters P  from the arguments of 
the indirect utilities Vw and Ve.
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i.e. one generation can be made better-off only if the other is made
worse-off.19

Finally, subtracting (ii) from (i), we find:

(iv) (6' -  6") { [k ,(6') -  V„(«")] -  [Ve(6') -  K ( O ] } > 0

Therefore:

Vw(6') > VW{S") =►  Ve(6') < Ve(S") => 6' > 6"
f r o m  ( m )  f r o m  ( iv )

Vw{6') < Vw{6") => Ve(6') > Ve{6") => 6‘ < 6"
f ro m  ( i l l)  f r o m  ( iv )

Hence, it is possible to conclude that Vw is strictly increasing and 
Ve is strictly decreasing in 6. It follows that their difference F  = VW- V e 
is strictly increasing in 6.

This result is intuitively appealing: the higher the weight the social 
planner gives a country, the higher its indirect utility.

P roof of Proposition  9

(Vzk 3 unique z[  i,k  = n,s  and i ±  k)

Let us focus attention on the North, the proof for the South being 
completely analogous.

i. P roposition  4 holds true. In fact, the proof of Proposition 4 
depends on the first-order conditions with respect to xnw and xne 
which do not change in the case of interaction between hemispheres. 
Hence, Proposition 5 also holds true:20

19Observe that, for statement (iii) to be true, the Pareto-efficiency frontier must 
be strictly decreasing, i.e. it must have no flat segments. In the present model 
this requirement is satisfied since the utility function of each representative agent is 
strictly concave. In fact, we know that if the utility functions are strictly concave the 
Pareto-efficiency set is strictly convex.

20To simplify the notation, I will omit the set of parameters P  from the arguments of 
the functions Fn,z£E, Wn,Vnj (j = w e) previously defined. For the sake of simplicity, 
I will also assume that these functions depend on all the elements of the vector z„,
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f lim Fn(6„,za) = —oo<„-o+

lim F„(6„,za) =  +oo

ii. For any given value of the parameters (6n,zs) 3 unique zEE, since 
W„ is strictly concave and Cn(P) is convex. Hence:

iii. zEE : (<5„,z,) zEE(6n,za) =  argmax W„(<5„, zn, zs)s.t.z„ € Cn(P)
2„gR2+xR2

is a function.

From the Maximum Theorem applied to the optimization problem 
in the North w.r.t. the parameters 6n and za:

iv. zEE is upper-hemicontinuous (u.h.c.) in 6„ and z„

From 3. and 4.:

v. zEE is C° in 6n and za

It follows that the indirect utilities Vn] (j =  w, e) are also C° in 6„ 
and za.

Hence, Proposition  6 holds true:

vi. Fn(<5n, Zs) hnm(^n, Zs) ^a) 1® C in 6n and Zs.

vii. P roposition  7 also holds true: Fn(6n,za) is strictly increasing 
in 6n

Hence, from 1., 6. and 7.: 

viii. Vz, 3 unique 6’n s.t. Vnw(6n,za) = V ^ b ^ z , )

or equivalently:

An : z, i—► € (0,1) : Fn(bn, za) =  0}

An : R2++ x R* -  (0,1)

although the utility of the North is only affected by the production levels (y3W,yae) in 
the South, not by the consumption levels (xaw, xae) of the other hemisphere. However, 
these simplifications do not change the present proof in any respect.
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is a function.

It follows that:

zE : R \  + x R2 — R2 + x R2_

zE : zs >-+ zEE{An(z,),zs) 

is also a function. Hence:

Vzs 3 unique zE ■

P roof of Proposition 10 

(zE is a C° function of zs)

Let us first provide an intuitive argument to explain why zE is C°
in z,.

From 8. we know that the function Fn(6n, z,) crosses the horizontal 
axis <5n in just one point, the meeting point being S'. Now, since zEE is 
C° in z„, also Fn(Sn, zs) is C° in zs. Therefore, an infinitesimal shift in z, 
will cause an infinitesimal change in zEE. As a consequence, the shift of 
the curve Fn will also be infinitesimal as well as the change in the point 
where this curve crosses the horizontal axis. This leads to conclude that 
an infinitely small change in zs causes an infinitely small change in <5’. 
Hence:

An : zs {<5„ € (0,1) : Fn(6n, zs) =  0} is a C° function.

Therefore, we can conclude that the fair response function:

zE : zs i ► zEE(An(za), zs) 

is also C°.

Let us now express the intuitive argument above in more rigorous 
terms.

M ethod A

i. Since Fn is C°, Fn 1(0) is closed.
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ii. Fn ‘(0) is the graph of the function An defined above. Hence, the 
graph of the function An is closed.

iii. Since the function An is bounded and its graph is closed, then An 
is a C° function.

Proof. :

Suppose not.

Then, 3 a sequence {(zs),,},, such that:

(2»)„ “ » (2»)0 and lim An ((z,)v) /  An ((z4)0) (i.e. the functionv—>oo

An is not continuous).

Since An is bounded, {An((2s)l/)}1/ is bounded. Hence:

3 a sequence {A„((2,)fc)}jt C {An((2s)1/)}|/ such that

A„((z.)t ) L /  AB((r,)0).

i. The point ((z4)0 , L) is an accumulation point for the graph of An 
since it is:

((*•)*.A„((*.)*)) ((zt )0 ,L).
Moreover, the accumulation point ((zs)0,L) ^ graph of An since 
((2S)0 , An((zs)0)) € graph of An. Therefore, we conclude that the 
graph of An is not closed (since it does not contain all its accumu
lation points), which contradicts the initial assumptions.

ii. Since An is a C° function, then z„ : zs 1—» z£E(An(za), za) is also 
C°.

M ethod B

From the arguments 1. and 2. described in Method A above, we 
know that the graph of the function A„ is closed. Moreover, the graph 
of the function An is also bounded since:
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a) the range (0,1) of the function An is bounded

b) the domain R f+ x R^ of the function An is bounded by the 
inequalities of the constraint set CS(P).

Therefore, the graph of the function An is compact.

Since the graph of An is compact and its domain can be easily 
compactified (see Proof of Proposition 1), we conclude that An is a C° 
function.

In fact, “if the domain of a function is compact, the function is C° 
on its domain iff its graph is compact” (Rudinl976, p.99, n.6).

It follows that the function z f : zs *-* z f £(An(zs), z,) is also C°.

■

P roof of Proposition 11
(existence of a sim ultaneous fair allocation (z f , z f ))

Let us consider the juxtaposition of the two fair response functions 
z f  = zf(zk) where i ,k  = N ,S  and i /  fc, namely the fair response 
function:

We want to prove that this function has a fixed point, that is, 
there exists a pair of allocations (z f , z f ) such that the allocation in each 
hemisphere is a fair response to the allocation of the other hemisphere. 
For this purpose, we can apply the Brower’s fixed point theorem. In 
fact, from Proposition 10, each hemisphere’s fair response z f  is a C° 
function. Moreover, both the domain and the range of Z  can be easily 
compactified (see Proposition 1). Therefore, the fair response function Z  
has a fixed point since it is a C° function that maps a non-empty, convex 
and compact set into itself.

■
P roof of Proposition 14

When (3 ^  1 the only difference in the Kuhn-Tucker conditions with 
respect to the case 0 = 1 concerns the derivatives of the Lagrangean
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with respect to consumption in each country, all the other Kuhn-Tucker 
conditions being unchanged. In fact, now it is:

(1) OL = 6 ix J  -  A, =  0 x,w > 0 S k .x .dxiw tw
(2) dL

dx,e = (1 -  S,)x-f -  A, =  0 H V o ML.x ■dx,'X'e

where i =  n,s.

It is easy to verify that when 0 ^ 1  Proposition 4 still holds.21

It follows immediately that:

if 0 >  1

if 0 <  1

lim6,-0+
lim
- f i 

lini
Ó,— o+
lim

ì-

x '~ am
1-/3

=  —o o

x ) ; B
1-/3 =  o o

Ti-/s
in.'

1-/3 =  0

x ) : *
=  01-/3

(i = n, s)

(i - n, s)

21 For this purpose it is sufficient to repeat the same procedure followed to prove 
Proposition 4.
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