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Abstract

We consider an asymmetric auction setting with two bidders such that the valuation of each bidder
has a binary support. We prove that in this context the second price auction yields a higher
expected revenue than the first price auction for a broad set of parameter values, although the
opposite result is common in the literature on asymmetric auctions. For instance, the second price
auction is superior both when a bidder’s valuation is more uncertain that the valuation of the other
bidder, and in case of a not too large distribution shift or rescaling. In addition, we show that in
some cases the revenue in the first price auction decreases when all the valuations increase [in doing
so, we correct a claim in Maskin and Riley (1985)], and we derive the bidders’ preferences between

the two auctions.
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1 Introduction

This paper is about a seller’s preferences between a first price auction (FPA from now on) and a
second price/Vickrey auction (SPA from now on) when the bidders’ valuations are independently
but asymmetrically distributed. Precisely, we consider a setting with two bidders such that the
valuation of each bidder has a binary support and prove that in this context the SPA yields a higher
expected revenue than the FPA for a broad set of parameter values, although the opposite result is
common in the literature on asymmetric auctions. In addition, we correct a claim in Maskin and
Riley (1985), we show that in some cases the revenue in the FPA decreases when all the valuations
increase, and we derive the bidders’ preferences among the FPA and the SPA.

As it is well known, with asymmetric distributions the revenue equivalence theorem does not
apply, and only in very specific circumstances it is possible to derive the closed form of the equi-
librium bidding functions for the FPA.! This complicates the comparison between the FPA and
the SPA, but nevertheless some interesting results have been discovered. One of them is that the
FPA is often more profitable than the SPA for the seller. On the basis of numeric analysis for
some classes of continuous distributions, Li and Riley (2007) claim that ”"the 'typical’ case leads
to greater expected revenue in the sealed high-bid auction” [i.e., in the FPA]; a similar point of
view is found in Klemperer (1999). Some general theoretical results are provided by Maskin and
Riley (2000a),? which show that under suitable conditions on the distribution of valuations the
FPA is superior to the SPA for a two-bidder setting in which a bidder’s distribution is obtained
by shifting or stretching to the right the other bidder’s distribution; Kirkegaard (2011) generalizes
these results.> On the other hand, some papers identify settings in which the seller prefers the
SPA, including Vickrey (1961), Maskin and Riley (2000a), Cheng (2010) and Gavious and Minchuk
(2010). However, these results mostly refer to specific examples,* whereas the result in Kirkegaard
(2011) covers a relatively broad set of circumstances.

As we mentioned above, we study an environment with two bidders and binary distributions.?

!See Cheng (2006), Cheng (2010), Kaplan and Zamir (2010), and Plum (1992) for examples. In order to circumvent
this problem, some authors apply numerical methods: see for instance Fibich and Gavish (2011), Gayle and Richard
(2008), Li and Riley (2007), and Marshall et al. (1994).

*Lebrun (1996) and Cheng (2006) prove that the seller prefers the FPA for some classes of power distributions.

3Roughly speaking, Kierkegaard (2011) shows that the FPA is superior to the SPA if a bidder’s distribution is

flatter and more disperse than the other bidder’s distribution. In Subsection 4.1.5 we describe with more details the

main result in Kierkegaard (2011).
*Vickrey (1961) examines a setting in which a bidder’s valuation is common knowledge. Maskin and Riley (2000a)

consider the case in which a bidder’s distribution is obtained from the other bidder’s distribution by shifting some
probability mass to the lower end-point. Cheng (2010) analyzes environments such that the equilibrium bidding
functions for the FPA are linear. Gavious and Minchuk (2010) study examples in which the bidders’ distributions
are close to the uniform distribution.

This is an extension of the set-up considered in Maskin and Riley (1983), which focus on the case in which the
bidders’ low valuations coincide; we analyze different classes of asymmetries. Cheng (2011) employs the same discrete
setting of Maskin and Riley (1983) in order to show that in some special cases the asymmetry increases the expected

revenue in the FPA, unlike in the examples studied in Cantillon (2008).



In this environment we derive the unique equilibrium outcome and the expected revenue in the
FPA for all parameter values, and then we compare the FPA with the SPA for some classes of
asymmetries. We find that quite often the SPA is more convenient for the seller, despite the above
citation from Li and Riley (2007). Precisely, this is the case when the bidders’ high valuations
coincide. In alternative, when the probability of a high valuation is the same for the two bidders
(but values may be different), the SPA dominates unless a bidder’s values are sufficiently large with

respect to the other bidder’s values. More in detail, in this environment we prove that

e the SPA is more profitable if a bidder’s valuation is more variable than the other bidder’s
valuation,® and in the case of distribution shift (described above) — unlike in Maskin and
Riley (2000a) — at least for not too large shifts;”

e the revenue in the FPA may decrease when all the valuations increase, because increasing the
high valuation of one bidder may induce his opponent to bid less aggressively. This makes
the FPA inferior to the SPA, in contrast with a claim in Maskin and Riley (1985) for the
particular case in which the only deviation from a symmetric setting is given by unequal high
valuations [however, for this case Maskin and Riley (1983) agree with our ranking between
the FPA and the SPA].

Finally, we show that the bidders’ preferences among the two auctions often go in the opposite
direction with respect to the seller’s preferences.

The remainder of the paper is organized as follows. In Section 2 we describe the primitives of
our model. In Section 3 we study equilibrium behavior in the SPA and in the FPA, and in Section

4 we present our results on the comparison between the FPA and the SPA.

2 The model

A (female) seller owns an indivisible object which is worthless to her and faces two (male) bidders.
Let v; (v2) denote the monetary valuation for the object of bidder 1 (bidder 2), which he privately
observes; v1 and vg are independently distributed. The set {vir,vi1g} is the support for v;, with
0 < wvip < vig and Ay = Pr{v; =v11} € (0,1). Likewise, the support for ve is {var,ver} with
0 < vor, < wom and Ag = Pr{ve =wor} € (0,1). Without loss of generality we assume that
vir, < vor. Both the seller and bidders are risk neutral, and a bidder’s utility if he wins is given
by his valuation for the object minus the price paid to the seller; his utility if he loses is zero. We
use ¢; to denote bidder ¢ when his valuation is v;;, thus for instance 2, is the type of bidder 2 with

valuation vgy,.

b After Vickrey (1961), this is the first ranking result in the theoretical literature which does not rely on first order

stochastic dominance among the distributions of valuations.
"Kirkegaard (2011) examines an example in which the distribution of the valuation of a bidder is obtained by

rescaling the distribution of the other bidder’s valuation. In this case we show that the SPA dominates the FPA in

our setting, unless the rescaling is large.



The main purpose of this paper is to evaluate the relative profitability of the FPA and the SPA
for the seller. In either of these auctions each bidder submits simultaneously a nonnegative sealed
bid, and the bidder who makes the highest bid wins the object (if the bidders tie, the winner is
selected according to a specified tie-breaking rule: see next section). In the FPA the winning bidder
pays the own bid; in the SPA he pays the loser’s bid (i.e., the second highest bid).

3 Equilibrium bidding

3.1 SPA

It is well known that when bidders have private values, in the SPA it is weakly dominant for
each bidder to bid the own valuation. Thus the seller’s expected revenue R® is the expectation of
min{vy, ve}, which is straightforward to evaluate (recall that vy, < vor):

Mo+ (1= Ao if vig <wgp
R =14 Muip+ (1= A)Oovar 4+ (1= X)org) if var < vig < voy (1)
Arvir + (1= A1) (Agvar + (1 — A2)vay) if vog < vipg

3.2 FPA

The analysis for the FPA is less immediate than for the SPA. In fact, finding the closed form for
the equilibrium bidding strategies for an FPA with asymmetrically distributed valuations is often
impossible when valuations are continuously distributed. However, this is not the case given our
assumptions on the distributions of v; and vo. We consider BNE in which no type of bidder bids
above the own valuation.

In our setting no pure-strategy Bayes-Nash equilibrium exists [except in the case that condition
(3) below is satisfied], and sometimes no mixed-strategy Bayes-Nash equilibrium (BNE in the
following) exists either. Precisely, when vy, = vy, we find that no BNE exists in the standard FPA
in which each bidder wins with probability % in case of tie.® However, Proposition 2 in Maskin and
Riley (2000b) establishes that a BNE exists under a suitable tie-breaking rule such that each bidder
i is required to submit both an "ordinary” bid b; > 0 and a ”tie-breaker” bid ¢; > 0.° If by # b,
then c1, ¢y are irrelevant but if by = by then bidder ¢ wins if ¢; > ¢; and pays b; + ¢; (each bidder
wins with probability % if by = by and ¢; = ¢2). Therefore ¢y, ca are bids in a second price/Vickrey
auction which takes place if and only if by = bs. In Proposition 1 we consider the first price auction
with this ” Vickrey tie-breaking rule”.

We want to stress that this particular tie-breaking rule is needed only when vi;, = var, since
existence is obtained for any tie-breaking rule if vi;, # wvor. Precisely, when v, < v9r we find
that multiple BNE exist regardless of the tie-breaking rule, but they are all outcome-equivalent. In

particular, multiple BNE arise because type 17, (and type 1 in one case) never wins and needs to

8See the proof to Proposition 1 in the appendix (step 2 for the case of vi, = var).
%A very similar idea appears in Lebrun (2002), in the auction he denotes with FPA.



bid weakly less than v, (weakly less than vqy) with probability one, in such a way that no type of
bidder 2 has incentive to bid below v1r, (below v1fr). Since there are many strategies of 17, (of 1)
which achieve this goal,'® multiple BNE exist. However, as we specified above, each BNE generates
the same outcome in the sense that the allocation of the object, the payoff of each type of bidder
and the expected revenue are the same;'! therefore multiplicity is not an issue.

Conversely, when v1;, = v9r, in each BNE both types 17 and 27 bid v1z, and (generically) also
1g or 2y bid vy, with positive probability; suppose 2y does so (to fix the ideas). Then 2y ties with
positive probability with 1; by bidding vz, and if 257 does not win the tie-break with probability
one, he has an incentive to bid slightly above vy, which breaks the BNE. On the other hand, under
the Vickrey tie-breaking rule, for a bidder ¢ with valuation v; submitting an ordinary bid b;, it is
weakly dominant to choose ¢; = v; — b;, and in particular ¢1;, = 0, cofr = vor —v1z, > 0 for the case
we are considering; thus 2 wins the tie-break paying vi7, in aggregate.'? Given this property on
weak dominance for tie-breaking bids, when we describe a strategy of bidder ¢ we implicitly assume
that to each ordinary bid b; is associated a tie-breaking bid ¢; equal to v; — b;. Therefore, whenever

a tie occurs the bidder with the highest valuation wins and pays the valuation of the other bidder.

In Proposition 1(ii) below an important role is played by a specific bid b which is the smaller

solution to the following equation:
Aob? +((1=A2)vir+(A1 — A2) var, —Avir, —v2m )b+((1=A1 )ver —(1=X2)vi g )var +Av1Lva = 0 (2)
and assumption (4) in Proposition 1(ii) implies that b satisfies vy, < b < min{var, vy}

Proposition 1 Given vi;, < vy, consider the FPA with the Vickrey tie-breaking rule. Although
multiple BNE may ezxist, they are all outcome-equivalent to the following BNE.
Type 11, always bids v11, and the bids of the other types depend on the parameters as follows:
(i) If
vig < Ao+ (1= A)var (3)

then types 21,2y bid vig; type 1 bids weakly less than vig with probability one and in such a way

that no type of bidder 2 has incentive to bid below vip.
(i) If
1 —A)veg + (A1 — A2)v
)\IUIL + (1 — )\1)U2L < < ( 1> 21;[ — §\21 2) 1L (4)

then types 15,21,25 play mized strategies with support [vip,b] for 1g, [vir, l;] for 2, [l;, b] for 2y,
in which b is the smaller solution to (2) and b = Mob + (1 — Xp)vig. The c.d.f. for the mized

190ne example is such that 17 bids according to the uniform distribution on [awv1r,v1z] with a < 1 and close to 1.

A slight modification of the proof of Proposition 1 (for the case of v1y, < var) shows that all BNE are outcome-
equivalent regardless of the tie-breaking rule. Details are available upon request.

21y fact, whenever 17 bids vir and ties with positive probability with type 2; such that va; > viz, in each BNE
11, selects ci, = 0, otherwise it is profitable for 2; to bid slightly above v1r.

13For more details see Proposition 1(ii) and its proof in the appendix.



strategies are
A1 (b—v1g 7

be b
GlH(b) = { 1(17)‘1)(1)271,*5) for ['UlL ]

(L2u=b _ X} forbe (b,b] (5)

1—X1 \vog—b
V1H — i) 1 V1H — B
b) = —— b) = - A
Gar(b) pW p— Gon(b) = 1= >\2(1)1H — ~ ) (6)
and from the definitions ofl; and b it follows that Gig is continuous at b = b, GgL(l;) =1,
Gop(b) = 0.1
(iii) If

(1= X)veg + (A1 — A2)vig
1— X
then 21, bids vi, and 1p,2m play mized strategies with common support [vin, Mvir + (1 — A1)vap]
and the following c.d.f.

<uvig (7)

A1 b— 1 - A —(1I-=A
1 V1L G (b) = (UlH 11z — ( 1)V2H

N 1—)\2 ’UlH—b 7)\2) (8)

When (3) holds, Proposition 1(i) establishes that each type of bidder 2 bids vy and wins for
sure.’® This occurs because vor, is sufficiently larger than viz, which implies that each type of
bidder 2 has so much to gain from winning that it is profitable for him to make a bid of vij in
order to outbid each type of bidder 1. Precisely, (3) guarantees that type 2, prefers winning for
sure by bidding vy rather than bidding vi; and winning only when facing type 1, that is with
probability ;.

Conversely, if vy is large then (3) is violated and 2, is less aggressive since he prefers to bid
v1r, and win only against 1; rather than bidding v;y and winning with certainty, as the latter
alternative is too expensive. Indeed, 2; bids in the interval [vp, 5], with b < vig, and with an

vig—b

atom at b = vir: Gor(vig) = ol > 0. The less aggressive bidding of 27, allows 15 to win

VIH—V1L)

with positive probability by bidding in (v1z, b], which makes his equilibrium payoff positive. This
implies that the highest bid of 1 is smaller than vy, since each bid in the support of a bidder’s
mixed strategy needs to maximize the expected payoff of the bidder given the strategies of the
other types. Therefore also the highest bid of 2z is smaller than vz, as we see from Proposition
1(ii). As vy increases, 21, becomes increasingly less aggressive: b decreases and Gor(b) increases

~

for any b € [v1,b). This occurs because as v1p increases, the equilibrium payoff of 1y increases

~

and this requires that Gy, puts more weight on v17, and becomes flatter in [vir, b] to satisfy the

indifference condition of 15.1® For a large enough v1y such that (7) is satisfied, this effect implies

H1n the case that b = v11, (which occurs if and only if viz = var), 21 bids v1z and b= dovip + (1 — X2)vim, thus

Grn(b) = =5 (22820 — A1) and Gan (b) = 125 (BE=F — Ap) for each b € [v1z, B,

In a setting with continuously distributed valuations, Maskin and Riley (2000a) identify an analogous BNE and
provide the intuition we describe here and immediately after Proposition 2(i). In addition, Maskin and Riley (1983)
identify the BNE we describe in Proposition 1 for the case of virz = var = 0. Thus Proposition 1 is a new result for

the case in which viz, < v2r and (3) is violated.
'6We describe a similar effect (with more details) in the intuition regarding condition (9) in Proposition 2(ii).



that 27, bids vy, with certainty and also 2y bids v;7, with positive probability. In particular, when
(7) holds the equilibrium strategies — and thus also the expected revenue — do not depend on wvsy,.

A well known feature of the FPA when valuations are asymmetrically distributed is that an
inefficient allocation of the object is implemented with positive probability. In our setting, suppose
for instance that vy, < vor, vor # vy and (4) holds. Then b > vy, and in the state of the world
with types 1p,2r each type has a positive probability to win and thus the highest valuation type

may not win.

4 Comparison between the FPA and the SPA

In order to derive the seller’s preferences between the FPA and the SPA we need to evaluate the
expected revenue R in the FPA generated by the BNE described in Proposition 1. Although we
can express R in closed form (see Section 5.3 in the appendix), in many cases R’ is a complicated
function of the parameters [an exception occurs when (3) is satisfied]; this is largely due to the
inefficiency of the FPA we mentioned above. In particular, it seems difficult to obtain insights
from comparing R with RS without any restriction on the parameters. We focus therefore on
two particular cases which yield nevertheless quite interesting results. One is such that Ay = o,
and the other is such that vy = vop; the analysis of the case in which v, = vsy, is performed in
Maskin and Riley (1983).

4.1 The case in which \; = )\,

The following proposition describes our main results when A\ = Ag [in fact, Proposition 2(i) does
not require \; = Ag]. The rest of this subsection is devoted to discussing these results and in

providing intuitions.

Proposition 2 (i) R > RS if (3) is satisfied;
(i1) RS > RY if \y = XAy = X and at least one of the following conditions is satisfied:

V1L = V2L and  vig # vam 9)
v < V21, and vog < U1l (10)

vor, — U1, ~ 0 1
v < vor, < vig < veg  and 2L 1L , 0mT N> = (11)

Vo — UV1H &= 0 2
Proposition 2(i) is very simple to interpret. Precisely, R = vy when (3) is satisfied as both
types of bidder 2 win the auction with a bid of viz; moreover, (3) implies v17 < vor, and thus
RY = Mvip + (1 — M)vig. Then RF > RS follows immediately. The intuition is that in both

auctions bidder 2 always wins, thus R® is equal to the expected valuation of the loser, bidder 1,
and RT is the high valuation of bidder 1.



Proposition 2(ii) describes a set of circumstances which imply R% > RF, and in order to
facilitate its understanding it is useful to have in mind a benchmark symmetric environment which

we now describe.

The benchmark symmetric setting Suppose that vi;, = vor, = v, v1g = vog = vy and
A1 = A2 = A. We know from Maskin and Riley (1985) that in this case the unique BNE in the
FPA is such that types 17,27, both bid v; and types 1,25 play the same mixed strategy with
support [vr, Ey] — in which E, = Mg + (1 — AN)vyg — and c.d.f. Gg(b) = ﬁg:}b Furthermore,
RF = RS = 2\ — Mg + (1 — \)?vy.

4.1.1 Condition (9)

Going back to Proposition 2(ii), we start by considering (9). This condition implies R° > RF, and
in fact this result relies on the following property.

Proposition 3 Suppose that vif, = var, = vr, vig # Vo = vg and A1 = Aa = X\. Then RY is

increasing in vig for vig € (vr,vy] and is decreasing in vig for vig € [vy,+00).

This proposition says that in a setting which is asymmetric only because vig # vy, R is
maximized with respect to vig at vig = vy,!” and in particular increasing v1y above vy reduces
RF 18

In order to obtain an intuition for Proposition 3 we start with the case of v1g > vy and notice
that given A\ = Ao, (7) is satisfied when v1g > vy and therefore Proposition 1(iii) applies. This
reveals that the behavior of types 11, 17, 21, is unchanged with respect to the benchmark symmetric
setting, whereas now 2y bids less aggressively. Precisely, Gy and Gapg have the same support
[vr, Ey], but since Gopr(b) = A=A v IAb—vL) ¢ ig gimple to verify that Gam(b) > Gg(b) for

(1=X)(v1g—b)
any b € [vr, Ey), and in particular Gog(vy) > 0 = Gg(vr). Since 2 is less aggressive with respect

to the symmetric setting, it follows that an increase in vz has a negative effect on RY. In fact, the
larger is v the higher (lower) is the probability that Gap attaches to low (high) bids in [vr, Ey).
As a consequence, RF is monotonically decreasing with respect to vig for vig > vg.

It is somewhat surprising that, starting from a symmetric setting, an increase of a single (high)
valuation generates a decrease in RY'. In order to see what drives the result, suppose for a moment
that 2 still bids according to G 7 even though vif > vgr. Then the payoff of type 15 from bidding
be v, Ey]is (vig —b)[A+ (1 —A)Gg(b)]. This is obviously higher than (v —b)[A+ (1 —X)Gr ()],
his payoff before the increase in vz, and — more importantly — is increasing in b. In order to make
1y indifferent among the bids in an interval (vr,b*] it is necessary that Gap is flatter than G,

'"This fact may appear similar to the main message in Cantillon (2008), but in fact in our analysis the benchmark

symmetric setting is fixed, whereas in Cantillon (2008) it is not.
'8Obviously, an analogous result holds if v1x is kept fixed and vey is allowed to vary.



and indeed G (b) = (1_)\)21{17[{\;(1;}1[,){?&;%17_%) has an atom at b = vy, and grows more slowly than G g
for b > vr. This is how a less aggressive behavior of 2y results from an increase in vy .Y
Given this result, it is straightforward to see that an increase in v1g favors the SPA over the

FPA since it does not affect the distribution of min{vy, vo}, and thus R® does not change.

Maskin and Riley (1985) (in their Section III) consider the setting of Proposition 2(ii), except
that they assume v, = vor, = 0, and claim that an increase in vop favors the FPA over the SPA,
in contrast with Proposition 2(ii). However, they do not provide a formal proof of their claim. On
the other hand, Maskin and Riley (1983) conclude that R% > RF, consistently with Proposition
2(ii): see their Figure 1 between pages 18 and 19.2°

For the case of v1i < vy, Proposition 3 establishes the intuitive result that R is reduced with
respect to when vy = vy. We can rely on Proposition 1(ii) (and in particular on footnote 14 since
v1, = vor, and thus b= v1r), but a simpler argument is also available. Given vy < vy, consider
the symmetric setting with low valuations both equal to vy, and high valuations both equal to v1p.
Then RY is smaller, by (1—\)%(vg —v1g), with respect to RY for the benchmark symmetric setting.
Now increase the valuation of type 2y from vy to vy to obtain the asymmetric setting we are
considering. The same logic of Proposition 3 (see footnote 18) suggests that R further decreases.
Therefore a decrease in the valuation of 1 below vy reduces RY" by more than (1 —\)?(vg —viy).
On the other hand, from (1) we see that R° decreases exactly by (1 — \)?(vg — vig). Hence,
RS > RF holds both if v;7 > vy and also if vig < vg.

On the effect of increasing vi,vor,v1g,voy Proposition 3 suggests a simple observation.
Suppose that we start from the benchmark symmetric setting and let Rf™* denote the resulting
expected revenue. Then suppose that the valuation of 1y is increased; this reduces the revenue
below RI™ by Proposition 3. Finally, increase slightly the valuations of 17,2;,2y. Since RF is
a continuous function of the parameters, we infer that R remains smaller than R'*. Therefore,
starting from a symmetric setting and suitably increasing v, var,, v1, vag (but not each valuation
by the same amount) we obtain a setting in which the revenue is reduced. For instance, suppose
that vy, = vor, = 100, vig = veg = 200 and Ay = g = %; then Rf™* = 125. However, if
vir, = vor, = 105, v1g = 400 and voy = 205, then RF ~ 123.12.

4.1.2 Condition (10)

The effects of (10) are almost straightforward. In case that vog = v1p, Proposition 1(iii) applies
and as we mentioned in Subsection 3.2, R does not depend on voy, € [viL,v2m); thus RF is equal

Yebrun (1998) considers a setting with continuously distributed valuations and assumes that the valuation dis-
tribution of one bidder changes into a new distribution which dominates the previous one in the sense of reverse
hazard rate domination (the support is unchanged). He show that, as a consequence, for each bidder the new bid

distribution first order stochastically dominates the initial bid distribution, and thus the expected revenue increases.
20Since they assume wviz = var = 0, Maskin and Riley (1983) do not consider the various cases covered in

Proposition 2(ii), and they do not have the results in Propositions 3 and 4.



to the revenue in the symmetric setting. On the other hand, (1) reveals that R® is increasing in
vor, and therefore RS > R

In case that voy < wvip, suppose first that vi; = vyr. We know from condition (9) that
vopr < vy implies RS > RF, and the previous paragraph explains that an increase in vor, has no

effect on RY (but increases R®); hence the conclusion.

vi more uncertain than vy It is interesting to notice that (10) includes the case in which
v1, < Uor, < vog < V1, which means that v; has a wider range of variability than wve; obviously,
this includes the special case in which v is a mean-preserving-spread of vo. In each of these cases
we obtain an unambiguous ranking between R and R, that is the SPA is better than the FPA
when the valuation of one bidder is more uncertain then the valuation of the other bidder.

Kirkegaard (2011) notices that only Vickrey (1961) provides a theoretical ranking result without the
assumption of first order stochastic dominance between the bidders’ distributions of valuations.?!
Precisely, Vickrey (1961) assumes that v; is uniformly distributed over [0, 1] and vs is equal to a
fixed value a, that is vy is common knowledge; he proves that the FPA is superior to the SPA for
a > 0.43. Now consider in our framework the parameters A = % and v1r, =0, vig =1, vor, = a—z,
voy = a + x with £ > 0 and close to zero. This setting is in a sense similar to that in Vickrey
(1961) since v is uniformly distributed over {0,1}, and v is almost commonly known to be equal
to a.?? However, Proposition 2(ii) establishes that R® > R for any a € (0, 1). This difference with
respect to Vickrey (1961) arises because in our setting RY is considerably lower than in Vickrey
(1961), due to the fact that type 21, bids vi;, = 0 with certainty (and type 25 bids 0 with positive
probability), as bidding 0 suffices to win the auction if the opponent is type 17, an event with
probability % Conversely, this does not occur when v; is uniformly distributed over [0, 1] because if
bidder 2 bids close to zero then he wins only against a small set of types of bidder 1. For instance,
ifa= % then Vickrey (1961) proves that bidder 2’s equilibrium mixed strategy has support [i, 1—76],

that is his minimum bid is i.

4.1.3 Condition (11)

Given the innocuous assumption that v1;, < vor, after (9) and (10) have been considered, the only
class of asymmetry remaining is such that v1r < vor and vy < vop; the results for this case are
quite simple to describe. First, from (9) and (10) it is intuitive that RS > RF when vor, — vy, is
close to zero and vey — v is close to zero. On the other hand, Proposition 2(i) establishes that
RT > RS when vy, is sufficiently larger than vy (which implies that also vez is quite large). From
(11) we see that as long as A > %, R% > RF holds provided that vy, is not larger than viy. We

notice that this result is quite conservative because of the way it is obtained. Precisely, in our final

?LGayle and Richard (2008), Li and Riley (1999) and Li and Riley (2007) apply numeric analysis to settings without
first order stochastic dominance and obtain mixed results.
22Proposition 1 still holds even though viz, = 0 violates our assumption vi; > 0. However, when vi;, = 0 the

Vickrey tie-breaking rule is needed also if viz, # var.
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remark in Subsection 3.2 we noticed that in the BNE described by Proposition 1(ii) the highest
valuation bidder does not always win. Conversely, the efficient allocation is always achieved in
the SPA. Therefore a sufficient condition for R® > RF is that the aggregate bidders’ rents in the
FPA, UF, are (weakly) larger than the rents in the SPA, US. Condition (11) guarantees indeed
that U > U®. In words, when A > % in order for R¥ > RS to hold it is not sufficient that
the distribution of vs first order stochastically dominates the distribution of vy, but it is actually
necessary that vy < var; broadly speaking, we could say that there need to be no overlapping of
supports.

In Figure 1 we fix A = % and vyr, vopy, and partition the space (vig,v1g) in two regions S and
F such that R® > RF if (vip,vig) € S, and R > RS if (v, viy) € F. In particular, S(iis) is the
set in which (10) is satisfied [in this case (7) holds and the BNE of Proposition 1(iii) applies]; F{;
is the set in which (3) holds [then the BNE of Proposition 1(i) applies]. The region between S(;;
and F(;) is such that (4) is satisfied — thus the BNE of Proposition 1(ii) applies — and the boundary
between S and F is obtained numerically.?® For other values of A <  a similar figure is obtained.?*

Figurel: Comparison between the FPA and the SPA when \; = A\s.

Vi >
)
oy S
%
Ey F V>V
T ha=hz=h
AV

Vo Vi

In the dark region S = S ;) US(;s) the SPA dominates the FPA in terms of the seller’s revenue. Proposition
1(i) applies in the lower region F{;), 1(ii) in the region F(;; U S(; in the middle, and 1(iii) in the upper

region S;).-

We notice that when A\; = Ao, by Proposition 2(ii) the SPA is better than the FPA for any
small deviation from the symmetric setting, that is when vy, — v17, and vo — v1y are close to zero,

but var, — v1z > 0 and/or voy — v1g # 0, as it is apparent from Figure 1.

23The precise values of var, and vam do not affect the qualitative features of Figure 1 since (i) if all valuations
are increased by a same amount a, then both RF and R® increase by a and thus RY — R is unaffected; (ii) if
all valuations are multiplied by a same number 8 > 0, then both RF and R® are multiplied by 3 and the sign of
RY — R® is unaffected. Using these two degrees of freedom, we can fix arbitrarily var, and vey without affecting the

qualitative features of the sets S and F. Conversely (of course), the value of A affects substantially S and F'.
S %) fact, for A < % but close to % each point on the boundary between S and F' is such that vig < var.
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Distribution shift and rescaling A particular type of asymmetry considered in the literature
is as follows. Given the c.d.f. Fj for the valuation of bidder 1, the c.d.f. for v is F5(ve) = Fi(va—a)
with a > 0, that is F» is obtained by shifting F} to the right, which implies that bidder 2 is (ex
ante) stronger than 1. In a setting with continuously distributed values, Maskin and Riley (2000a)
prove that under suitable assumptions on F}, the FPA generates a higher revenue than the SPA;
Kirkegaard (2011) obtains the same result under weaker assumptions. In our context this sort of
asymmetry is obtained by fixing vy, v1g and setting vor, = vir, +a, vag = v1H + a, for some a > 0.
From (11) we can find sufficient conditions for R% > R¥ but in fact in the appendix we exploit this
particular structure of asymmetry to modify the proof of Proposition 2(ii) and show that R® > RF
as long as —2— < 2 (for A < 2)or —2— < 2(24) (for A > 2). Actually, also this result

viH—v1L — 2—-3\ vig—vir — 3(2-X\)
is quite conservative, as numeric analysis shows that R° > RF holds for the set of parameters in

region S in Figure 2

Figure 2: Comparison between the FPA and the SPA in case of distribution shift.

Ve~V

The thin curve in the dark region is such that UF> U5 holds for the parameters below the curve. However,

the SPA dominates the FPA in terms of the seller’s revenue in the whole dark region S.

Thus in our discrete setting a shift favors the FPA over the SPA only if the shift is sufficiently
large; for instance, R > R® definitely holds if a is such that (3) is satisfied, that is if —% 1

vip—vi, — 1=\
On the other hand, in their numeric analysis applied to continuous distributions, Li and Riley

(2007) find that a shift ”can result in economically very significant revenue differences [in favor of
the FPA]” for examples with uniform or truncated normal distributions, and notice that ” Analysis
of other distributions also produces broadly similar results”.

Example 4 in Kirkegaard (2011) starts from Fj such that F5(e”) is convex and log-concave and
obtains Fj as Fj(v) = Fy(yv) for some v > 1 and not too large; thus v; is a rescaling of vy, and
Kirkegaard (2011) proves that RF > RS. In our context this sort of asymmetry is obtained by
fixing vor, vopr and setting vi; = %ng, Vg = %ng. The comparison between the SPA and the
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FPA yields results similar to those obtained for a shift. Precisely, (11) reveals that RS > R if ~
is not much larger than 1, whereas a large v makes (3) satisfied and thus RF > R®.

4.1.4 The distribution of bids in the FPA and the bidders’ preferences

For ¢ = 1,2, let G; denote the ex ante c.d.f. of the equilibrium bids submitted by bidder ¢ in the
FPA, that is G;(b) = AG;1(b) 4+ (1 —N)G;g(b). Using Proposition 1 we can compare the equilibrium
bid distributions of bidder 1 and 2 in the FPA, and we find that G first order stochastically
dominates G; when voyg > v1g; the opposite result obtains if vy > voy. Notice that when
vopr > w1, the distribution of vy first order stochastically dominates the distribution of v; and
the result that G first order stochastically dominates G1 agrees with Corollary 1 in Kirkegaard
(2009), for a setting with continuous distributions. On the other hand, when vofy < wv1py there
is no first order stochastic dominance between the distribution of v; and wv9, but second order
stochastic dominance applies if v1g < vog + T)‘)\(’Uz I — v1L,), that is if the expected value of vy is
weakly larger than the expected value of v;. Under second order stochastic dominance between the
valuations distributions, Proposition 5 in Kirkegaard (2009) shows that the bid distributions must
cross, whereas we find that GG first order stochastically dominates G.

Proposition 1 also allows us to compare the bidders’ payoffs in the FPA with their payoffs in
the SPA: it turns out that bidder 1 weakly prefers the FPA, whereas bidder 2 weakly prefers the
SPA. These results largely agree with the results in Propositions 3.3(ii) and 3.6 in Maskin and Riley
(2000a).

4.1.5 Relationship with Kirkegaard (2011)

Proposition 2(ii) reveals that R® > R for a broad set of deviations from the benchmark symmetric
setting, provided that A\ = A2. On the other hand, a frequent result in the literature on asymmetric
auctions is that R > RY. Since the most general theoretical results are obtained in Kirkegaard
(2011), we explain why his analysis does not apply to our setting.

Kirkegaard (2011) considers a two-bidder environment with supports 3, a1] for v and [B,, 2]
for ve such that 8, < 5 and a1 < ag. The c.d.f. Fi, F5 have no atoms and have continuous and
positive densities f1, fo in the respective supports; moreover, 1 is ex ante weaker than 2 in the sense
that Fy first order stochastically dominates Fj. A crucial ingredient for the result is r(v), which
is defined as F, '[Fy(v)] for each v € [y, ay], that is r(v) satisfies Pr{vy < r(v)} = Pr{v; < v}
and 7(v) > v as Fj first order stochastically dominates Fj. The main result in Kirkegaard (2011),
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Theorem 1, establishes that R > RS if?

f2(v) fi(v)
Fz(v) > Fll(v) for any v € [By,a1] N[By, as] (12)

filw) > fo(x) for any x € [v,r(v)] and any v €[S, 1] (13)

This theorem results from a clever application of the mechanism design techniques introduced
by Myerson (1981), and precisely relies on the following argument — expressed only for the case
of B; = B, for simplicity. In the SPA bidder 1 wins if and only if v2 < v1, but (12) implies
that 1 wins more frequently in the FPA. Precisely, 1 wins as long as vo < kf'(v;) for a certain
function k" such that k¥ (v1) > v1, since bidder 1 (the weak bidder) bids more aggressively than 2
(the strong bidder) for a given valuation. However, (12) also implies that the ex ante equilibrium
bid distribution of 2 first order stochastically dominates the ex ante bid distribution of 1, which
is equivalent to k¥(v) < r(v). Since B, = B, the expected revenue is given by the expected
virtual valuation of the winning bidder, and the FPA dominates the SPA if its inefficient allocation
increases the expected virtual valuation of the winner. Condition (13) guarantees that this is the
case, which establishes the result.?®

The assumptions in Kirkegaard (2011) obviously rule out our discrete setting, but given the
c.d.f.

0 if v <wvyg 0 if w9 < wvop
Fi(v1)=¢ X if v <vi<ug, Fy(vg) = ¢ A if wyp < vy <wop
1 if g S V1 1 if Vo S ()

for v1, vy in our model, we can approximate Fy, I using atomless c.d.f.?2” Precisely, consider two

+oo

sequences of atomless c.d.f. {F]", F3'},°9,

with continuous and positive densities f{', f3' for each n,
which converges weakly to F|, F5. We prove in the appendix that for any large n, (12) and/or (13)

are violated by FT', F3'.

4.2 The case in which vig = 19y

In this subsection we remove the assumption A\; = Ay but we suppose that vig = vo. Then a very

simple result holds, as stated by next proposition.

5 Condition (12) is a standard condition of dominance in terms of reverse hazard rates. On the other hand, (13)
is innovative and Kirkegaard (2011) proves that it implies that r(v) — v is increasing, which means that F5 is more
disperse than Fi according to a specific order of dispersion between c.d.f. Moreover, Kirkegaard (2011) gives an
economic interpretation to (13) linked to the relative steepness of the demand function of bidder 1 with respect to

the demand function of bidder 2.
*6Kirkegaard (2011) shows that Theorem 1 holds also when there are several bidders with c.d.f. Fi, and sometimes

when there are several bidders with c.d.f. F5.
?TLebrun (2002) establishes that the equilibrium correspondence is upper hemicontinuous with respect to the

valuation distributions, for the weak topology. Given that all BNE are outcome-equivalent at each given information
structure, it follows that the equilibrium correspondence is in fact continuous. Therefore also R is continuous, as it

is the expectation of a continuous function of bids (the maximum).
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Proposition 4 Suppose that vig = vagr. Then the inequality R° > R holds as long as vy, < var,
and/or Ay # Asa.

In a sense, Proposition 4 is quite intuitive since we know that RS > RF when vig = vop if
(i) vir, < var, and Ay = A2 [from Proposition 2(ii)], or (ii) v1 = ver and A1 # Ao [from Maskin
and Riley (1983)]. Proposition 4 essentially verifies that R® > R still holds if both inequalities
vir, < vor, and A1 # Ay hold. Precisely, when viy = voy condition (3) is violated and (7) reduces
to A1 > Ag; therefore Proposition 1(iii) applies if \; > Ao, and Proposition 1(ii) applies if Ay < A.
In both cases the equality vig = vopr yields a simple expression for RF and it follows immediately
that RS > RF.%

The simplest way to see why RS > RF when vy = vop consists in arguing as in Subsection
4.1.3, and proving that the bidders’ rents are larger in the FPA than in the SPA. In fact, in the
proof to Proposition 4 we show that bidder 1 (bidder 2) strictly (weakly) prefers the FPA to the
SPA since (i) 1y earns zero in the SPA when facing 2y, earns vy — vor against 2p; (ii) 1y can
beat 27, in the FPA by bidding v17, or b (depending on whether A1 > Ao or A\; < A2), and both
vy, and b are smaller than vor,. Likewise, the payoff of bidder 2 in the SPA is zero against 1p, is
vg — vz, against 17. The FPA is certainly not worse for 2 as he can beat 17, by bidding v;,.2

We conclude with a remark on the equilibrium bid distributions of the two bidders, G1(b) =
AMG1L(b) + (1 — M\)Gig(b) and Ga(b) = AaGar(b) + (1 — A2)Gam(b), which are obtained from
Proposition 1. For the case in which A\; > Ao, we find that G1(b) = Ga(b) = AlﬁfH;f%)L for each
b€ [vin, Mvir + (1= A1)vg], and therefore each bidder faces the same distribution of bids from his
opponent even though the distribution of vy first order stochastically dominates the distribution
of v1. This occurs because vy = vop implies that the payoffs of 15 and 2y are the same, hence

either type needs to have the same probability of winning for any given bid.3"

5 Appendix

5.1 Proof of Proposition 1 for the case of vy < vo,

For i = 1,2 and j = L, H, let G;; denote the c.d.f. for the mixed strategy of type j of bidder 4,
with b;; = inf{b : G;;(b) > 0} and by; = sup{b : G;;(b) < 1}. Recall that in a mixed-strategy BNE
any bid made by type i; must generate the same expected payoff, that is the equilibrium payoff of
type i;, which we denote by ug;. We use ui;(b) and p;;(b) to denote the payoff of type i; and his

281n fact, if A1 > A2 then the FPA allocates the object efficiently since vig = vem > v2r and 1y always wins
against 2. This further simplifies the expression of RF.

29Here the bidders have the same preferences between the FPA and the SPA, whereas under the assumptions on
Maskin and Riley (2000a) that is never the case.

**When instead A1 < A2, we obtain G1(b) = A\ 2= < Ga(b) = Azgg—j{j for b € [viz,b) and G1(b) = G2(b) =
%ﬁ for b € [l;, B]; hence GGy first order stochastically dominates G2. Since now 21 randomizes over the interval

[viL, l;] (rather than bidding viz with certainty), Gi needs to make 2 indifferent among bids in [vlLJA)] and thus
G1(b) = Ga(b) does not hold for b € [vir, b).
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probability to win — respectively — as a function of his bid b, given the strategies of the two types
of the other bidder.
This proof is organized in several steps, and throughout the proof ¢ denotes a number which is

positive and close to zero. We start by recording a feature of any BNE.

Lemma 1 If a profile of strategies has the property that there is a bid b’ such that with a positive
probability type 1; and type 2y, tie bidding V' and min{vi;,ver} > b, then the profile of strategies is
not a BNE.

Proof. By bidding ¥/, at least one of these types loses the auction with positive probability; for
instance type 1;. Since b’ < vy, type 1; is better off bidding o’ + ¢ rather than b as in this way his
probability of winning increases discretely, whereas his payment in case of victory increases only
slightly. B

5.1.1 Step 1: When vy, < var, any BNE is such that (i) b7, < by, bar, < byyy; (ii) either
bip = by, = v1p = big or by < byp; (iii) ufy = 0, u§y > 0, vap <byrs (iv) big = bon

(i) The monotonicity properties b1y, < by and bar, < by follow from Proposition 1 in Maskin and
Riley (2000b).

(ii) In order to prove that b;; < by;, suppose in view of a contradiction that by; < by;. Since
27, bids in the interval [by;,b,;) with positive probability, it follows that u§; = 0. However, since
bir < wip < vy we find that paor(b) > 0 and uar,(b) > 0 if 27, bids b = by + &: contradiction.

We now show that if b;; = by;, = b, then b = v, and as a consequence we obtain by, = vir.
Suppose b < v1r,. We distinguish several cases depending on whether G and/or Gy puts an

atom on b; in each case we obtain a contradiction.

e Gir(b) =0 [Gar(b) = 0 or Gor(b) > 0 does not matter]. In this case u§; = 0 as par(b) is
about zero for b close to b (as Gz, is right continuous). However, since b < vy, < ver, we find
that por,(b) > 0 and ugr(b) > 0 if 27 bids b=0b+«.

e Gi1(b) > 0 and Gor(b) > 0. This case is ruled out by Lemma 1.

e Gir(b) > 0 and Gar(b) = 0. In this case uf; = 0 as pir(b) = 0. However, since b < vif, we
find that p17(b) > 0 and uy7,(b) > 0if 1 bids b=>b+¢ < vyr.

(iii) We notice that u$; = 0 both if by, = by, = b1, = vir, and if by, < by, Hence vif, < byy,
since if by; < wyr, then any bid in (by;,v1r) yields a positive payoff to 1z. Finally, par(b) > Aq for
any b > vy + ¢, thus u§; > Ai(ver, —vir —€) > 0 for each small € > 0.

(iv) If by > bog, then it is profitable for 1y to move some probability from (byg — €, b1g] to
(bopr, bapr + €), since the probability of winning remains 1 but his payment in case of victory is

smaller. If by < bopr, a symmetric argument applies to 2.
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5.1.2 Step 2: When v < vor, there exists a BNE such that by < by, if and only if
(3) is satisfied; any such BNE is outcome-equivalent to the BNE in Proposition
1(i)

We start by proving that b < by . Suppose in view of a contradiction that b;; = by;. Then Step

1(i-ii) imply by, = bip, = by = big = by, = v1r. It is impossible that Gar(viz) > 0, because in

such a case 1y and 2; would tie with positive probability at b = vy, and then Lemma 1 would

apply. As a consequence, pig(vir) = 0 and uj; = 0. However, if 15 plays b = vy, + € then

p1r(b) > 0 and uyg(b) > 0 since v17, < v1g: contradiction.

From the inequality b1y < by; it follows that 27, wins with probability one;' thus ufy = 0.
Moreover, (i) by = bag by Step 1(iv) and thus by = by, = bor, = byy = bopr; (ii) vig < by
otherwise any bid in (byy,v1m) yields a positive payoff to 1. Hence, u§; = var, — byy, and u§y =
UV2H — bQL-

We need to examine the incentives of bidder 2 to bid below by, and in particular we notice
that bidding b = by, + € yields bidder 2 a probability of winning not smaller than A;. Thus the

inequalities
M (var, — by —€) <wap — by, and M (varr — b —€) < vap — by,

need to hold for any € > 0, and since vo > wor, it is simple to see that the first inequality is
more restrictive than the second one. Given byy < v1r, and by; > vy, the first inequality is most
likely to be satisfied when by, = v17, and by, = v1y, and then it reduces to (3). This inequality is
therefore a necessary condition for the existence of a BNE such that byg < by

Bids above v1 are obviously suboptimal for bidder 2 because usr (b) = vor, — b < vor — vy
if b > vig. On the other hand, for bids smaller than vy the strategies of 15 and 1pg need to
be such that no b < v1g is a profitable deviation for type 27.%? For instance, we verify that this
condition is satisfied if G1y is the uniform distribution over [awip,vig], with @ < 1 and close
to 1; recall that 17 bids viy with certainty. Then por(b) = 0, uar(b) = 0 for b < vy, whereas
por(vip) = A1 (recall the Vickrey tie-breaking rule and wvor, > v1r), werp(vir) = Ai(ver — viL),
but we know from (3) that this payoff is smaller than vy, — v15, the payoff of 27 if he bids vy .
For b € (vir,avip) we find that uar(b) = A\i(ver — b) is decreasing. Finally, for b € [avig, vig],
uar(b) = (var, —b)[A1+(1— Al)w] and is increasing for a > 1 — (A=) (var,—v1)

V1H —QV1H V1H

that b = v1g is a best reply for 2r.

, which implies

5.1.3 Step 3: When vi;, < v21, there exists no BNE such that b,; < big < bar,

If by, < big < bay, then by, < big = bap, = by = bay = b* by Step 1(iv). This implies b* < vy g,
and thus by, < b* implies uf; > 0, and in turn b* < viy. Since 2y bids b* with certainty, it is

31n particular, if by = by, and 1y and 2 tie with positive probability at b, , then 21 needs to win the tie-break
with probability 1, otherwise it is profitable for him to bid by, + € rather than by, (b, < var since us;, > 0).
321f this property is satisfied, then no deviation is profitable for 2y since (vaer, — b)p2r(b) < vor — vim implies

(var — b)p2r (b) < vam — v1H, as par(b) = p2r (b) for any b
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profitable for 1z to bid b* + € rather than b* — ¢, as in this way his probability of victory increases
by at least 1 — Ay > 0 and his payment in case of victory increases only slightly.

5.1.4 Step 4: When v;;, < vy, there exists a BNE such that by; < bor, < by if and
only if (4) is satisfied; any such BNE is outcome-equivalent to the BNE in
Proposition 1(ii)

The inequality by;, < byp implies u$y > 0 because by < vig and p1g(b) > 0 for b € (byr, bip).
Next lemma provides a list of features of any BNE such that by; < b1g.

Lemma 2 In any BNE such that by, < by the following equalities hold: bif, = by = byy, = V11,
bar, = bypy; moreover, Gar(byy,) > 0.

Proof. The proof is split in two claims.

Claim 1 BlL = blH’
In view of a contradiction, assume that by < byy. If Gig(byy) > 0 and Gar(byy) > 0,23 then
Lemma 1 applies since u{; > 0 and u§; > 0 imply vig > by and ver, > by If Gig(big) > 0
and 2 puts no atom at by 7, then 2 bids with zero probability in (b1, +&,b; ] and 1y can increase
his payoff by moving the atom from b, to any point in (byz + &,byy]. If Gig(bygy) = 0, then 2
bids with zero probability in (b1 + ¢, b; ] (in particular, 2 puts no atom in ;) and then 15 can
increase his payoff by moving some probability from [by s, by + €) to (big + €,b1p + 2¢).

Claim 2 blH ZQQL = V1L, GQL(’U;[L) > 0 and Z_)QL = b2H’
If by < byy, then 1y bids in [by g, byy) with positive probability and thus u§, = 0: contradiction.
Thus by, < byy and since by, < vip, vip < byy, [by Step 1(iii)] and by, = by (by Claim 1), we
infer that byy, = by, = by = v1r. Moreover, given by 5 = by, if Gar(by,) = 0 then u$y = 0; thus
Gar,(byy) > 0. The equality bay, = by is proved along the same lines followed in Claim 1 to prove
BlL = blH- n

Lemma 3 In any BNE such that by, < bar, < big, the mized strategies of 11,21,211 are given by
(5)-(6), and they constitute a BNE if and only if (4) is satisfied.

Proof. In the following of this proof we use b and b, respectively, instead of by, and of boy = by py.
Given that vy, < 13, types 1y, 21,2 are all employing mixed strategies and we can argue like in
the proof of Claim 1 in Lemma 2 to show that G157, Gar, Gopr are strictly increasing and continuous
in the intervals [vy7,B], [v1z,b], [b,B], respectively. This implies that the following conditions must
be satisfied.

Indifference condition of type 1x:

(UlH — b)[)\QGQL(b) + (1 — )\Q)GQH(Z))] =v1g — b for any be (UlLa b] (14)

331f we consider type 2p instead of 21, the same the argument applies.
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Indifference condition of type 2r.:

(Q)QL — b)[)\l + (1 — )\1)G1H(b>] = )\1('02L - Q}1L> for any b€ [Q)lL, b] (15)
Indifference condition of type 2:

(varr — b)[A1 + (1 = M)Gig(D)] =vam — b for any b€ [b,b] (16)

A~

From (15) and (16) we obtain G in (5). For b € (vir,b], (14) reduces to (vig —b)AaGar(b) =
vig — b and thus Gy, satisfies (6). For b € [Z;, b], (14) reduces to (vig — b)[A2 + (1 — X2)Gapg (b)] =
v — b and then Gop satisfies (6).

Since GgL(l;) = 1, we deduce that b = \ob + (1 — A2)v1, and since G needs to be continuous
at b = b we infer that b solves (2); here we use Z(b) to denote the left hand side of (2). The
strategies in Proposition 1(ii) require that b satisfies v1; < b < min{var,v1p}, and since Z(var) =
=1 (var, — v1p) (vag — vor) < 0 we infer that b is the smaller solution of (2); moreover, Z(vir) =
(1 = Xo) (var, — v1r) ((Alf’\Z)vllLJr(l*)‘l)vZH — v1H> and thus Qr=22lviet(=A)van vy needs to

—X2 I—Xo
hold. The inequality b < vig is obviously satisfied if vor, < wip, while if vig < weor then it
is equivalent to Z(vig) < 0. Since Z(vig) = —[vig — Mvir — (1 — A1)var] (vag — vig) and
vig < ver < wvop, we deduce that the converse of (3) needs to hold. Thus (4) is a necessary
condition for the existence of a BNE such that by, < bar, < byp.

Now we verify that for each type of each bidder the strategy specified by Proposition 1(ii) is a
best reply given the strategies of the two types of the other bidder. Notice that p;z(b) = pay (b) = 1,
thus we do not need to consider bids above b. The same remark applies to the BNE described by
Proposition 1(iii).

Type 1. The strategies of types 27, and 2y are such that each type of bidder 2 bids at least vyy,
with probability one. Therefore the payoff of 17, is zero if he bids vy, as specified by Proposition
1, and it is impossible for him to obtain a positive payoff.

Type 1. We know from (14) that the payoff of 1 is vy — b > 0 for any b € (vyy, E]. Ifb <oy,
then p1g(b) = 0 and u1g(b) = 0. If b = vyr, then 1y loses against 2y and loses also against 2,
unless 27, bids vy, in which case 1y ties with 27, — an event with probability Gar(v1r). Consider
the most favorable case for 1z, which means that he wins the tie-break against 2, with probability
one (this occurs if vor, < v1p7): his expected payoff from bidding vy, is then (v1g —v15)A\2Gar (viL),
which turns out to be equal to vig — b.

Type 2;,. We know from (15) that the payoff of 2, is Aj(ver, — v11,) > 0 for any b € [vlL,l;].
For bids smaller than viz, the payoff of 27 is zero as por(b) = 0if b < vip. If b € [Z;, b], then
uar(b) = (var, — b)[A1 + (1 = \1)G1u(b)] = (ver — b)%z%l; which is decreasing in b, and therefore
uar,(b) > uar(b) for any b € (b, b].

Type 2. We know from (16) that the payoff of 2 is voyr — b > 0 for any b € [b,b]. For

bids smaller than vz, the payoff of 2 is zero as pop(b) = 0 if b < vip. If b € [vir,b], then

porr(b) = A1+ (1 — \1)G1g(b) = Al%-g;—f}f and uzp(b) = (voy — b))\l%g;—f}f, which is increasing

in b and therefore ugp (b) < ugp(b) for any b € [v1,b). B
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5.1.5 Step 5: When v;;, < vy, there exists a BNE such that b,; = bor, < by if and
only if (7) is satisfied; any such BNE is outcome-equivalent to the BNE in

Proposition 1(iii)

In this case Lemma 2 (in the proof of Step 4) applies, thus we infer that by = by = by = bar, =
by = vi1r; this means that 27, plays a pure strategy and bids vi;. Conversely, types 1y and 2y
employ mixed strategies and thus the following indifference conditions need to hold, in which we

still use b instead of bopr = bypy. For type 1g:

(Vi —b)[A2 + (1 = A2)Gap(b)] =vig —b  for any b€ (vig,b] (17)

For type 25

(v2rr = B)M 4+ (1 = M)Gia(b)] =vag = b for any b€ (v, b] (18)

Notice that Gyg(v1r) = 0 since if G1g(v1) > 0, then 1 ties with 27, with positive probability
by bidding v1r,, and thus Lemma 1 applies. From Gig(viz) = 0 and (18) we obtain b = A\jv1r, +
(1 — Ay)vep, and then (17)-(18) yield G1p, Gop in (8). The inequality (7) needs to hold since it is
equivalent to Geop(v1r) > 0.

Now we verify that for each type of each bidder the strategy specified by Proposition 1(iii) is a
best reply given the strategies of the two types of the other bidder.
Type 1. The same argument given in the proof of Lemma 3 in Step 4 applies.
Type 1. We know from (17) that the payoff of 1p is vig — b > 0 for any b € (vlL,B],34 and
b < vz, implies p1g(b) = 0, u1gr(b) = 0. If b = vy, then 1 ties with type 27, and loses against 2,
unless also 2y bids viy, — an event with probability Gap(v1z). Consider the most favorable case for
177, which means that he wins the tie-break against each type of bidder 2 with probability one (this
occurs if vory < vypr): his expected payoff from bidding v1z, is then (vi g —vir)[Ae+(1—A2)Gap (v1L)]
which turns out to be equal to vig — b.
Type 2;. The payoff of 27, is A\j(var, — v11). For bids smaller than vi;, we can argue exactly like

in the proof of Lemma 3 in Step 4. If b € [v1r,b], then par(b) = A\ ”f;f# and thus ugr,(b) =

(%

(var — b)A1 24l is decreasing in b.
Type 2. The payoff of 2 is vag — b > 0 for any b € [viL, l_)]. For bids smaller than v, we can

argue exactly like in the proof of Lemma 3 in Step 4.
5.2 Proof of Proposition 1 for the case of v, = vy,

5.2.1 Step 1: When v;;, = vo; = vr, any BNE is such that b;; = by = bir, = bar, = vr,

We start by proving that b;; = byy. In view of a contradiction, suppose that by; < byy. Since 2p,
bids in [byy, byy) with positive probability, it follows that u§; = 0. Then vy, < by, since by, < v,
implies that por,(b) > 0 and wugr(b) > 0 for any b € (b, vr). Moreover, vy, < by, implies u§; =0,

34 Notice that vig — b > 0 given (7).
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but p11(b) > 0 and uir(b) > 0 for any b € (byy,by): contradiction. Therefore the inequality
by;, < byp, cannot hold in equilibrium, and a similar argument applies to rule out by; < by

Given that b,; = by;, = b, we prove that b = vy. In view of a contradiction, suppose that b < vr,.
In case that Gi1(b) > 0 and Gar(b) > 0, Lemma 1 applies; thus Gi1,(b) = 0 and/or Gar(b) = 0. If
G11.(b) = 0, we find that u§; = 0 since par,(b) is about 0 for b close to b, but in fact 2;, can make
a positive payoff by bidding in (b, vr): contradiction. The same argument applies if Gar(b) = 0.
Thus b = vy, which implies b1z, = bay, = vr: hence both 17 and 27, bid vy, with probability one.

5.2.2 Step 2: When v, = vo;, = vp, in the unique BNE 1,2 play the mixed strategies
described by Proposition 1(iii) if (7) holds; if (7) is violated, then 1,2y play
the mixed strategies described by (5) and (6) with b= v},

As in the proof of Proposition 1(ii) (Lemma 2 in Step 4) we can prove that by;, = by (= vz) and
bor, = by (= vy). Using again b instead of byz, boyy we infer that G, Gom need to satisfy

(g — b)[)\z +(1- )\Q)GQH(Z))] =V1H — b for any b€ [UL, b] (19)
and

(var — b)[A1 + (1 — A\)G1g(b)] = vopy — b for any b€ [vg,b] (20)
From (19)-(20) we obtain G1g(vy) = 1_1& (U_Z?}{H:TEL —A1) and Gap(vr) = 1_&2 (U—Z;H:TEL—)\Q). Lemma

1 implies that G1g(vr) > 0 and Gapg(vr) > 0 cannot hold. Thus we consider the other cases.

If Gig(vr) > 0= Gap(vr) we obtain b = Ayvy + (1 — A2)vi g and Gy (vy) > 0 is equivalent to
the converse of (7); from (19)-(20) we obtain Gz, Gox as in footnote 14.35 Now we prove that no
profitable deviation exists for any type. The payoff of 17, (2) is zero and he needs to bid above vy,
in order to win. For 1z, we know from (19) that his payoff is vy — b for any b € [vg,b] and b < v,
yields uig(b) = 0. A similar argument applies to 2.

In case that Gog(vy) > 0 = Gig(vp) we obtain b= Avr + (1 — A\)veg, and Gaog(vig) > 0
is equivalent to (7); from (19)-(20) we obtain Gip,Gepm as in (8). The proof that no profitable

deviation exists for any type is exactly as when (7) is violated.

35Gtep 1 and the proof of Step 2 up to this point apply for any tie-breaking rule. However, no BNE exists under
the standard tie-breaking rule if (7) is violated since (i) Gig(vr) > 0 and 1y and 27 tie with positive probability at
the bid vr; (ii) it is profitable for 1x to bid v, + € rather than vz, which breaks the BNE [a similar argument applies
if (7) holds with strict inequality]. On the other hand, with the Vickrey tie-breaking rule we have cig = vig —vr > 0

and czr, = 0; thus 1x wins (paying vy, as aggregate price) in case of tie with 2.
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5.3 Derivation of R given the BNE described by Proposition 1
5.3.1 The BNE of Proposition 1(ii) when vi;, < var,

We evaluate RF' as the difference between the social surplus St generated by the FPA minus the
bidders’ rents UF: RF = S — UF. Thus we need to derive S and U*":

st = A1 Agvar, + )\1(1 — )\2)’02[{ + (1 — )\1>)\2[Q)2L + (UlH — Q}2L> PI‘{lH def 2L}]
+(1 — )\1)(1 — )\2)[1)2]{ + (UIH — UQH) Pr{lH def 2H}]
and
U = (1= M) (vim — Aab — (1= Xo)vrm) + (1 — Xo)(vamr — Aob — (1 — Ao)vigr) + AaAi(var — v1r)

in which Pr{ly def 2;}, for j = L, H, is the probability that 15 wins when he faces type 2;.
Therefore

RF = )\2(2 -\ — )\2)8 + (1 + )\% + Ao — 3)\2)’01]{ + )\2(1 — )\1)’1)2[, + Ao Aiv1r,
+(1 — )\1))\2(1)1]—[ — UQL) Pl"{lH def 2L} + (1 — )\1)(1 — )\2)(1)1]-[ — UQH) Pr{lH def 2H}

Derivation of Pr{ly def 2.} For the case that v1g # var, we need to evaluate
b
Pr{ly def 2.} — / G () Gap ()b + 1 — Gy (B)
V1L

and using b = Aob+ (1 — Ao)vrgr in Gy, we find Gay (b) = La=b;

Uleb
6 R — 7 7 JR—
Pr{ly def2;} — / A1 vop v1L2v1H bdb+1f A (b—wv1p) ]
viL I—X (U2L*b) vig — b (1—)\1)(’02L—b)
~ Mi(var —vin)(vig — b) /b 1 b A (b— 1)
= = +1- -
I-X\ V1L (UQL*b) (UIH*b) (1—)\1)(1)2L—b)
We exploit
1 Vo1, — b 1
db = In +
/ (var, — b)%(vig — b) (vig —v2r)?  vim—b  (vig —var)(var — D)
to obtain
B —_— X —_— 7 —
/ 21 db — 1 I (var, bA)(UlH UlL)+ b viL
V1L, (U2L - b) (UlH - b) (UIH - UQL) ('UlH — b)(’UQL — 1)1[,) (Q}lH — Q)2L> (’UQL — b) (’UQL — 1)1[,)

thus
Pr{lH def 2L} _ A1(vig — ZA7)(U2L - Uls) In (var, — BA)(UIH — UIL)+(1 — A1) (vig —wvar) + )\1(6 —v1L)

(1 —A1)(vim —var) (1 — b)(varp — v1L) (1= X1) (vig —var)
and

(1= A)ho(vrsr — var) Pr{ly def 2.} — AMA2(vig — b)(var, — v1L) In (vor, — b)(vig — v1L)

U1H — V2L ('UlH — 8)(1)2L — 'UlL)

+A2 (1 = A1) (vim —var) + At da(b —v1r)
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Derivation of Pr{ly def 2} For the case that v # vory we need to evaluate

b
Pr{ly def 2;/} — / G () Gagr (b)db
b

Aa(b—b)

and using E = )\2?) + (1 — )\2)7)1]—[ in GQH we find GQH(b) = W:

B — A
Vo — b )\Q(b — b)
Pr{ly def 2 = db
(detz) = [ G B (1 oo —b)
)\Q(UQH*B) /b b*i) db
(I=M)A=A2) Sy (vim —b)(vam — b)?
We exploit
/ b*i) db — UlH*lA) anQH*b_ UQH*ZA)
(v1g — b)(v2m — b)? (vigr —vop)? v —b  (vamg —vipg) (vag — b)
to obtain
b b—i) ’UlH—E Q}QH—)\QI;_(l_)\2>Q}1H
Sdb = 5 In '
b (vig — b)(vem — b) (v1H — vomr) A2(vey — b)
B (1 —A2) (vimg —b)
(vor — v1H) (U2H —Xob— (1 >\2)U1H)
thus

)\2(’02]{ — )\26 — (1 — )\2)’01]{) MH — 8 In Vo — )\28 — (1 — )\2)2)1]{
(I=A)(1—A2) (vig — vom)? Aa(va — b)
)\2(’01[{ — B)

(1= A1) (v — v1m)

PI‘{lH def 2H} =

and

(1 — )\1)(1 — )\2)(’01]{ — ’UQH) PI‘{lH def 2H}

)\2(111]—[ — b)(UQH — )\Qb — (1 — )\2)111[{) ln VoH — )\Qb — (1 — )\2)U1H
U1H — U2H )\2(’02[{ — l;)

+(1 — )\2))\2(1)1]{ — Z;)

Evaluation of R

Ada(vig — b)(var — v1r) I (var, — b)(v1mr — viL)
VIH — V2L (vig — b)(var, — vir)
+)\2(1)115{ — 8)(2)2]{ — )\28 — (1 — )\2)2)1]{) In Vo — )\28 — (1 — )\2)2)1]{
vig — U2H Ao (v — 13)

RF = )\28 + (1= X2)vig +
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An expression for b is found by solving (2):

N 1
h= 2_)\2 (varr + Avip — (1= Xo)vig + (A2 — Ap)var — Q)

with

Q= /(1 =) + (M — X2) var, — Arvrr, — vam)? — 4 (1 — M)vamr — (1 — Ao)vig)var, + MviLvam)

5.3.2 The BNE of Proposition 1(ii) when v1;, = vo;, (footnote 14)
St = )\1)\2U1L+)\1(1_)\2>U2H+)\2(1_)\1>U1H+(1 —)\1)(1—)\2)(1)1H+(1)2H—1)1H) PI‘{QH def 1H}>
UF = (1—)\1>(’1)1H—)\21)L—(1—)\2>’1)1H>+(1—)\2)(’1)2[{—)\2’1)[,—(1—)\2>1)1H>
Therefore

RF = )\2 (2—)\2>Q)1L— (1—)\1> (1—)\2)1)2[{-1-(2—)\1 —)\2) (1_)\2>le
+(1 - )\1)(1 - )\2)(’02[{ - le) PI‘{QH def 1H}

Derivation of Pr{2y def 15} For the case that vig # vog we need to evaluate

Aovin+(1-A2)vimg
Pr{2y def 15} — / Gy (b) G (b)db

1L

Avit(=A)vin N0 g —o 1 wvag — A — (1= Ao)uiy
— ( — A1)db
1L 1*)\2 (UlH*b)21*)\1 UQH*b
Ao(vim — i) /M”l”(l’\?)””’ <7)2H —Xvip— (1 =X)umg N ) b
(1=22)(1 = A1) Joy, (varr — b)(vig — b)? (v1g — b)?

We exploit

1 1 V1iH — b 1

db = In +
/ (vorr — b)(vig — b)? (vor —vig)?  vem —b  (vam — vim)(vig — b)

to obtain

/‘)\ZUIL+(1_)\2)U1H varr — Aovir, — (1 — Ag)vry "

V1L (Q)QH - b)(le - b)2
_ V2H — Xovir — (1 = A)vim N Ao (v —v1L)
(varr — vig)? var — Aavir — (1 — A2)vim
(1 — A2)(vom — Aavip — (1 — Xo)vim)
+
X2 (Vo — v1m) (Vig — V1)
Moreover,
Aovip+(1=X2)viy b (1 =\
/ 1 b= 1( 2)
oL (vig —b) X2 (Vi —v1L)
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thus

Xo(vig —v1n)(ver — Aovir, — (1 — Ao)vi) A2 (Vo — v1L)

Pr{2y def 1 = In
{2 i} (1—A2)(1 = A1) (vorr — v1)? vo — Aovir — (1 — A2)vim
V20— davis — (I—=Xvim M
(1 —=X1) (vog — v1m) 1—-M

and

(1 — )\1)(1 — )\2)(1)2]-[ — UIH) PT{QH def 1H}
_ (e — Movip — (1 = Mo)vim) de(vam — vir) n A2 (Vo — v1L)
VoH — VIH vorr — A2vir, — (1 — Xo)uim

+(1—=X2) (Ae+ A1 — Vv + (1 — A)vag — Agvir)

Evaluation of R

(varr — Aqvip — (1 — A2)vim) Ae(vim — var) In A2 (o —v1L)

RF =\ 1-\
2oz H(1=Az)vur+ VoH — V1H vorr — A2vir, — (1 — Ao)uim

5.3.3 The BNE in Proposition 1(iii)

ST = MAgvar + A (1 = A)var + Ao(1 — A\)vig + (1 — M) (1 — o) (vam + (vig — vor) Pr{ly def 25})
U = (1=X)(vig — Avip — (1= A)vag) + (1= A2) (v — Arviz — (1 — A)vam) + A2Ai(var, — vig)
Therefore
RF = M(@2-Mvip — (1 =M1 = X)vig + (1= A)(2 = A — Ao)vam
+(1 = A)(1 = X2)(vig — vom) Pr{ly def 24}

Derivation of Pr{ly def 2y} For the case that v # vory we need to evaluate

Av1p+(1=A1)vey
Pr{ly def 25} — / 1y (5) Gt (b)db

1L

Mo=A)ver N e — w1 o — Mg — (1= A\p)vey
= 3 ( — )\g)db
v1L 1—)\1 (Q)QH—b> 1—)\2 ’UlH—b
A1(ver — vir) /’\1”1L+(1’\1)v”’ vig — Ao — (L =A)ver Ao )b
(1 =2)(1=A2) Jo, (vie — b)(vam — b)? (vorr — D)2
We exploit
1 1 VoH — b 1
db = In +
/ (v1er — b)(vapr — b)? (vig —vem)?  vig—b  (vig — v2m) (V2 — b)
to obtain

/)\1U1L+(1)\1)v2H vig — Aoz — (1 — A1 )ven W

» (v2rr — b)*(vim — b)
vig — AMvip — (1 — A1)ven ) M (v — L)
D) n
(vig — vo2m) vig — Avip — (1 — A\)vem

(1 —X)(vig — Mvip — (1 — A)vem)
+
M (vig — vem)(vam — v1L)
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Moreover,

Mo +(1=A1)vay Ao W Aa(1— A1)
/vlL (vorr — b)2  Ai(vam — v1g)
thus
M (veg —vin)(vig — Mo — (1 — Aq)vapy) M (g — L)
Pr{ly def 2 = In
{ln i} (1 —=X1)(1 — X)) (i — vam)? vig — Avi — (1 — A\)vem
vig — Avip — (1 — A1)ven A2
+ —
(1= Xo)(vig — vam) 1—X
and

(1 — )\1)(1 — )\2)(1)1]-[ — UQH) Pr{lH def 2H}
_ M (veg —v1n)(vig — Mo — (1 — Aq)vap) In A (vig — i)
VIH — V2H vig — Avin — (1 — A\)vam

+(1 =) ((1 = A)vig — Mvir + (A1 + Ao — 1)vap)

Evaluation of R

(vig — Mvip — (1 — A1)vem) M (v — v1r) In A1 (vig —vir)
VIH — V2H vig — Avin — (1 — A\)vem

RE = Muip+(1—=M)vem+

5.4 Proof of Proposition 2

(i) The proof is given in the text, immediately after the statement.
(ii) We consider the three conditions (9)-(11) separately.

5.4.1 The proof when (9) is satisfied

Suppose that vig > vop. Then Proposition 3 establishes that R is smaller than when vig
satisfies v1y = vopy; furthermore, from (1) it follows that an increase in vy above the level such
that v1g = vep has no effect on R°. Therefore R® > RF when vig > vap.

Now suppose that vig < vag. We know that RS = R in the symmetric setting such that both
high valuations are equal to v1, and an increase in voy implies R® > RF by the argument in the

previous paragraph (after reversing the bidders’ identities).

5.4.2 The proof when (10) is satisfied

This proof is provided in the text.

5.4.3 The proof when (11) is satisfied

When vy, < vor, < vig < vap, Proposition 1(ii) applies and thus the aggregate bidders’ rents in
FPA are UF = (1 — N(vig — b) + (1 — N (vagr — b) + X (var, — viz) with b = Ab + (1 — Nvig.
Since US = )\Q(UQL — ) + A1 = AN)(veg — v1p) + (1 — M)A (vig — var) + (1 — )\)Z(UQH — v1H),
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the difference UF — U® is equal to A (1 — A) (var, + vig — 2b). Given A = Ag = A, (2) reduces to
Ab? 4 ((1 — Nvig — Avip — vap)b+ (1 — X)(vag — vig )ver, + Avipveg = 0 and thus

A 1
b:ﬁ(AvlLJrUzH*(l*)\)UlH*Q)

with Q = \/((1 — Nvig — Avip — va)? — 41 — N)(varr — vig)var — 4X2vipvag. Therefore UF >
U* boils down to Q > vair — (1 — A) w1z — Avar, and (after squaring — notice that vor — (1 — \) vip —
Aver, > 0) ultimately to

)\(UQL — UlL)[Q(l — )\)U1H + 2(2)\ — 1)1)2]—[ — >\U1L — )\'UQL] 2 0 (21)

Setting vor, = vir + €1, and vey = viy + €, it is simple to see that (21) is satisfied for €7, > 0,
eg > 0 and close to zero. Furthermore, given vy > v1gy and A > %, we find that 2(1 — Nvig +

22X\ — V)vog — Avyp — Aver, > AN(2v1g — v1r — v2r), which holds for any ver < v1y.

Proof for the case of distribution shift In the case of shift, (21) reduces to 2A(vig — vip) >
(2 —3Na for a < vig — vip. If instead @ > vig — vir, then vop > vig and U® = Aa +
M1 = XN(a+vig —vir) + M1 = N(vip +a —vig) + (1 — N)2a = a; thus U > U reduces to
2(2 + )\)(le - Q)1L> > 3(2 - )\)CL.

5.5 Proof of Proposition 3

Given A\ = Ay and vy, = ver = wvr, when vig < vy = vy Proposition 1(ii) (footnote 14)
applies and reveals that types 17,27, bid as in the benchmark symmetric setting, whereas G1(b) =

rl/\(UHf’\Ui;g:A)le —A) and Gap(b) = ﬁ% with support [vr,b], in which b = Avp + (1 —

Avig. It is simple to see that both G1y(b) and Gap(b) are decreasing with respect to vyy for any

b € (vr,b), and this implies that 15 and 25 are both more aggressive, in the sense of first order
stochastic dominance, the larger is v1y in (vg, vH].36 Given that

b b b

bdGam (b) +A(1 —A)/ bdG1m (D) + (1 —)\)2/ bd(G1r(b)Gam (D)) (22)

vL L

RE = X2y + \(1 —)\)/
L
we infer that R is increasing in v g.
When v1g > vy, Proposition 1(iii) applies and reveals that types 17, 15, 27, bid as in the benchmark
-\ — A(b— . .
= )gf&)(ﬁ;tbg vL) for any b € [vr, Ey]. Since Gap(b) is
strictly increasing in vyg for any b € [vr, E,), we infer that 2p is less aggressive, in the sense of

symmetric setting, whereas G (b)

first order stochastic dominance, the larger is v1y. Using again (22), after replacing G1g with Gy
and b with E,,, it follows that R’ is strictly decreasing with respect to viz.

30Precisely, if vig < vig < vm, then Fig and Foy given v}y first order stocastically dominate, respectively, Fig

and Fop given vig.
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5.6 Proof of the claims in Subsection 4.1.4

When (3) is satisfied, G2(b) < G1(b) obviously holds for any b. Moreover, bidder 1 never wins in
either auction when (3) holds. Conversely, 2 wins with probability one and in the FPA he pays
v1g; in the SPA his expected payment is the expected valuation of bidder 1, which is smaller than
V1H-

For:=1,2, let UZ-F denote bidder i’s ex ante expected equilibrium payoff in the FPA; UZ-S has a
similar meaning with reference to the SPA. When (4) is satisfied we find U{" = (1 — M)A (v — b),
U = (1 — N)Amax{vig — var,0}, and Uf > U{ since b < min{var,vig}. Moreover, Ul =
(o, —v1p) 4+ (1= N [vag — Ab— (1 = Nwvig], U5 = A[Mvar —vir) + (1 — X) max{var, — vigr, 0}] +
(1= N[varr — Avip — (1= Noig], and Us — UL = (1 — M) A\[max{var, — vir, 0} + b —v1z] > 0 since
ZA) > V1L
For equilibrium bid distributions we find that G1(b) > G2(b) for any b € [viz, Z;] as Gi(vip) =
Gg@ = \. For b € (b,b], Gi(b) = %g}g and Ga(b) = —lﬂ— hence G1(b) > Ga(b) for each
be (b,b).

When (7) holds we obtain Uf" = (1—\)(vig —Avip — (1—=Nwag), U = (1—=N)(vig —Avar, — (1 —
Nvag), and UF > UIS since v17, < var. Moreover, Ul" = UQS = )\Z(ng —v1p)+ (1 =M N vag —v1p).
For equilibrium bid distributions we find that G1(b) = A2E4L and Ga(b) = %ﬁ%g with b =
A + (1 — Nveg and Ga(b) > G1(b) for any b € [v1r,b).

5.7 Proof of the final claim in Subsection 4.1.5

We consider two sequences of atomless c.d.f. {F7 ,F2 with continuous and positive densities

el
fi, f& for each n, which converges weakly to Fy, Fy. We show that for any large n, (12) and/or
(13) are violated by F7', F3'.

When vy, < wvar, select an arbitrary © € (vir,v2r) and notice that given a small £ > 0, for
a large n the inequality F{"(0) > A — ¢ holds. Therefore r ( ) = (B9 HEFMD)] > vor, —€ > 0
[because lim, o F5'(v) = 0 for each v < vor, — €] and f ) fo(z)dx = F3r™(0)] — F3(v) >
A — 2¢ for a large n. If f7'(0) > f3(x) for any = € [0,7"(D)], then lim, .| f{"(0) = 0 implies
limy,— 4 o0 fgn(@) f3@(x)dx = 0: contradiction. Hence (13) is violated if F7', F}' are close to Fi, Fy
and vi7, < vor,.

Now assume that vi; = vor and vig < vey. Then given a small € > 0 and a large n, the
inequality FJ'(vig + ¢) — F'(vig —€) = [pM75 fi(x)de > 1 — X — € holds, and FJ'(vip +€) —
FJ (g —e) = f:f +§ f3(x)dx tends to zero. Now notice that if there exists a number ¢ > 0 such

that 7],% <t for any x € (vig — &,v1g + €) and any n, then fvvllff fi(z)dr < tf:ff " (z)dx

and lim, 4o [ te

V1H—€

(vig — &, vig + €) such that %;% > t, which implies that (12) cannot hold since Fj'(x,) > A —e.

fi(z)dx = 0. Thus for any ¢ > 0, for any large n there exists some z, €
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5.8 Proof of Proposition 4

Suppose that A\; < A2. Then Proposition 1(ii) applies and the ex ante expected payoffs of bidders
1 and 2 in the FPA and in the SPA are

Ul = (1= X)Ae(vg —b) and U = (1 - A)Xa(vy — var)
Uy = XeMi(var —vin) + (1= 22) do(or —b)  and U5 = dodi(var —vip) + (1= o) Mi(vmr — vir)

From (2) we obtain b=vy — %(ng — 1), and this reveals that U{" > Uf and U > Uﬁg.

In the opposite case such that A\; > Ay, Proposition 1(iii) applies and

Uf (1*)\1))\1(UH*U1L) > Uig = (1*)\1))\2(UH*U2L)
U = U5 =X (var —vir) + (1 — X2) M (v — v1r)

In either case, UY = Uf + UY > US = UP + Uy and thus R® > RE.
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