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Abstract
This paper uses results from optimal control theory to analyse the dynamic
profit maximising inventory policy of a monopolist middleman in continuous
time. The middleman has two choice variables - sales and purchases - and the
first step is to change the problem to one in a single variable (net purchases,
denoted x) enabling the use of a profit function 7rtx,t). The optimal policy is
a vector which maximises the integral of this profit function subject to a
differential equation and some other constraints. The first section gives an
overview of the recent, relevant literature on intermediation by middlemen.
Section 2 gives necessary and sufficient optimality conditions for the relevant
class of problem. Section 3 outlines the model and characterises and discusses
the solution, an example of which is given in section 4. Section 5 discusses
extensions and limitations.
The concavity of the profit function is an
important element in determining the type of solution which emerges, and this
is analysed in the Appendix.
December, 1991.
Comments welcome to:
John Fingleton
Department of Economics
Trinity College
Dublin 2
Ireland

^Trinity College Dublin. This paper is based on Chapter 9 of my D.Phil. thesis. University of Oxford,
1991. I would like to thank Peter Hammond, Alan Kirman, and J.A. Mirrlees for many helpful
suggestions.
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Introduction

Middlemen received much attention from economic writers from the Middle Ages until
the late eighteenth century (e.g. Cantillon (1755)). Of particular concern was the role of the
middleman in the circular flow of income, in setting prices, breaking bulk, and holding
inventories. Interest in these issues waned with the rising dominance of the Walrasian
competitive paradigm and, in particular, with the increasing reliance on the fictive auctioneer.
The resurgence of interest in intermediaries in recent years, both in finance and in economic
theory, is more a consequence of the post-Walrasian analysis of the microstructure o f markets
than of a reappraisal of the works of the early writers.
Perhaps because of the neglect of intermediation, middleman is not uniquely defined in
the specialist literature, and the word middleman has a pejorative connotation more generally.
Contradictory definitions (often implicit) of both middleman and intermediary exist in the
literature. For the purposes of this paper a middleman is defined as an agent who trades with
both buyer and seller for profit rather than for personal use. Thus the middleman is
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differentiated from other agents who intermediate but who do not actually buy and sell the good
(unless by consignment).
A striking feature of the recent, theoretical literature is that intermediated markets,
because of their two-sided nature, may be characterised by inefficient outcomes. The intuition
behind this general finding is that the interactions among the various participants in the market
alters the nature of the game played by the middlemen or by the buyers and sellers. Stahl
(1988) examines two-sided Bertrand competition and shows how the outcome of the interaction
among the competitive middlemen when bidding for the sellers alters the subsequent game
among the middlemen when selling to the buyers. Fingleton (1991) illustrates that the supply
and demand in an intermediated market are interdependent if buyers and sellers have access to
an active direct trade mechanism. Both these results suggest that it is not always appropriate to
model an intermediated market as having a single price (the margin) for a single good (the
service of intermediation).

1

namely inventory holding policy. A deterministic model is chosen for a number o f reasons.
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This paper investigates and concentrates on one particular aspect of intermediation,

First, the inventory policy of a middleman with deterministic and known demand and supply has
not been properly investigated previously, and seems like a natural starting point. Second, there
are inherent problems with uncertainty in this context. Zabei (1972) points out that the analysis
of monopoly pricing with uncertain demand gives conflicting results according as the

uncertainty in the demand function is additive or multiplicative (due to the variance properties).
Precisely the same criticism applies when modeling a monopolist middleman facing uncenain
demand (for instance, this point detracts considerably from the work of Irvine (1981)).

This paper assumes that the middleman faces deterministic, but not necessarily stationary,
supply and demand functions in continuous time. The issue of interest is the middleman's
intertemporal trade-off(s) over time regarding whether to buy now or later and whether to sell

now or later, subject to constraints on forward selling, holding costs for inventories, and an enddate, after which stock is of no value. Notwithstanding the results of Stahl( 1988) and Fingleton
(1991), the problem can be considerably simplified by reducing it to one of a single variable;

how much stock to accumulate each instant To this end, it is assumed that the middleman is a
monopolist1 and that there is no direct trade, thereby avoiding the potential difficulties related
to strategic interaction. Optimal control theory can then be applied to the problem. The
solution specifies the quantities which the middleman, knowing his future opportunities, will
trade at each instant. Under the assumption of regularly sloped supply and demand functions,
these quantities may be convened into prices, with magnitudes of conversion which depend on
elasticities in the normal way. The interested reader is referred to Fingleton (1991) Chapter 5,
section 1 for a discussion of the optimal pricing policy of a monopolist middleman in a single
period.

1Monopoly is a useful first step in that in enables a general characterisation of the market. Moreover,
intermediated markets arc often monopolistic in character (Fingleton 1991).

2

the holding cost of the inventories. When inventories are held, the middleman usually
accumulates and depletes inventories in a gradual manner, and the level of inventory held is
higher as the holding cost is lower, and the change in the supply or demand over time is greater.
However, under certain circumstances the inventories will follow some chattering path whereby
the middleman accumulates and depletes inventories extremely rapidly. In such a scenario,
there is no optimal policy since any path may be overtaken by one with more rapid alteration
between accumulation and depletion. The properties of the supply and demand functions under
which this result arises are specified in the appendix, and shown to be unlikely but not
impossible.
The structure of the paper is as follows. The next section cites results from optimal
control theory which may be applied to the class of problem which is of interest. Section 3
outlines and analyses the problem, and the inventory policies are characterised. The fourth
section fleshes out the insights obtained from the general structure by considering the case
where the supply and demand are simple linear functions. Section 5 discusses the results
generally, and suggests how they might be applied more widely and extended.

2

Conditions for Optimality

The general problem is to find a piece-wise continuous control variable x(l) and an
associated continuous and piece-wise differentiable state variable l(t), defined on [0,T] that
will:
J
maximise / f(x(t),I(t),t)dt
•'o

(1)

I = g(x(t),I(t),t)

( 2)

<Kx(t),I(t),t) > 0

(3)

subject to

1(0) = 10

(Iq fixed point in IR)
3

(4)
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The middleman will only hold inventories if the intertemporal trade-off compensates for

(KT) = lT
(l(T) > 1.1
|l(T ) free 1

(L. fixed number);
1

(i)
(ii)
(iii)

(5)

Definition I
A pair (x(t),I(t)) is admissible if it satisfies (2)-(5).

Definition 2
A pair (x(t),I(t)) is optimal if it is admissible and it maximises the integral in (1).

Assume that f and g are jointly continuous functions of (x,I,t) on the set
|(x,I,t):0(x(t),I(t),t) à 0) and that <p(t) is a continuous function. Next, introduce a function
A(t) associated with the constraint (p(t), and a function fi(t) associated with g(t), so as to
form the generalised Hamiltonian L defined by

L(x,I,A.,/t,t) = f(x,I,t) + /t.g(x,I,t) + A.^(x,I,t)

(6)

where f(x,I,t) + jl.g(x,I,t) = H(x,I,/t,t) is the usual Hamiltonian.

Let (x(t),î(t)) be an admissible pair in the preceding problem. Suppose there exist
functions jt(t) and A(t) > 0, where fl(t) is continuous, and /i(t), A(t) are piece-wise
continuous. Then the necessary conditions for the existence of an optimum may be given
formally as follows. The pair (x(t)J(t)) is optimal only if for all t € [0,T] where x(t) and
A(t) are continuous, the following conditions are satisfied:
fl = -LI(x(t),î(t),/i(t),A(t),t);
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and also a terminal condition which takes one of the following three forms:

'

(7)

LI(x(t),i(t),jt(t),A(t),t) = 0;

(8)

A(t).0(x(t).ï(t).t) = 0;

(9)

(ji(T) free
i
(ji(T) SO (= 0 if I(T) > 0 ) ii
jMT) = 0
iii

(5 ')

4

These are similar to the familiar (Pontryagin) necessary conditions, also seen in Takayama
(1974) Theorem 8.C. I. Seierstad and Sydsaeter (1977) go further and give sufficient conditions
for the existence of an optimum in this problem2. In effect, their theorem 6 states that the pair
(x(t).I(t)) is optimal if both the necessary conditions hold and, in addition, the following
condition is satisfied:
H(x,I,ji(t),t) is concave in (x,I) and differentiable w.r.t. (x,I) at (x(t),i(t)).

These give sufficient conditions for the existence of a solution for the extension of
Pontryagin's Maximum Principle to deal with the case where there is an additional non
negativity constraint on the state variable. There is a stronger form of this theorem, due to
Arrow, which does not require the Hamiltonian to be jointly concave in x and I; however,
this theorem is more complicated and, as it is not necessary for the analysis in this paper, we
refer the interested reader to Seierstad and Sydsaeter (1977).

3

Outline and Analysis of the Model

The structure of the model is as follows. The middleman buys and sells a single good.
Quantity setting is assumed, and direct trade is excluded. Inverse supply and demand functions
are denoted p(s(t),t) and P(b(t),t), where s and b are the number of sellers and buyers,
respectively, who trade with the middleman, and p and P are the buying and selling prices,
respectively. The model is in continuous time and the middleman operates for a fixed time of
length T. The middleman may hold inventories I(t) at cost h per unit held. Profit3 at any
2Seierstad and Sydsaeter note dial Takayama's result is not entirely correct. Takayama's second edition
(1985) is open to the same criticism. The treatment here relies entirely on Seierstad and Sydsaeler.
3We distinguish between operating profit J l - P.b - p.s and overall profit P.b - p.s - h.l. The former
might be thought of a short-run profit at any instant whereas the latter lakes account of the middleman's
longer term commitments.

5
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<p(x,I,t) is quasi-concave in (x,I), and differentiable in (x,I) at (x(t)J(t)).

always non-negative, giving a constraint
I(t)> 0 .
Define net purchases at any time t by x(t) = s(t) - b(t). If I(t) is differentiable, then
I £ x or, in the absence of dumping,
i(t) = x(t).

Assumption 1

P(b) and p(s) are differentiable.

The overall profit of the middleman at any instant t is
b.P(b.t) - s.p(s.l) - h.I(t)
Let it be defined as a function of a single variable x as follows:

n(x,t) = Maxjb.P(b,t) - s.p(s.t) | s - b = x; s, b > oj

The model may then be expressed as a problem as in (1) - (5) above where
f(x,I,t) = n(x,t) - h.I;
g(x,I,t) = x;
ftx.I.t) = I.
The problem is
,T
max / ( 7t(x(t),t) - h.i(t))dt when i = x(t) and I(t) £ 0
•'o
with boundary conditions
KO) = I0
I(T)./t(T) = 0

6
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instant t in [0,T| is b.P(b,t) - s.p(s.t). Selling short is not permitted, so inventories are

(10)

(11)

(12)

(13)

(14)

7t(x,t) is continuous in x.

This assumption is required to apply the theorem in the previous section, since f and g
must be jointly continuous functions of (x,I,t) on the set {(x,I,t):I(t) 2 0 ). Both g and <p are
continuous functions for the model that we are considering. The generalised Hamiltonian is for
this model is

L(x,I,jt,A,t) = n(x,t) - h.l + /x.x + A.I

( 6' )

where rt(x,t) - h.l + /r.x = H(x,I,jl(t),t) is the usual Hamiltonian.
The problem is now in a form which enables the application of the conditions for optimality
from the previous section, giving a set of sufficient conditions for (x(t),I(t)) to be an optimal
pair.
/j = h - Aft)

(7 ')

rrs(x(t),t) + p(t) = 0;

(8 ')

A(t). i(t) = 0;

(9 ')

1(0) = I0, I(T) = IT (I0,IT fixed numbers)

(5 ')

7t(x,t) - h.l + (Lx is concave in (x.I) and differentiable w.r.t. (x,I) at (x(t).I(t));
l(t) is quasi-concave in (x.I) and differentiable in (x.I) at (x(t),I(t));
Furthermore, it is required that q(t) be continuous, /i(t) and A(t) be piece-wise
continuous, and that the above conditions hold for all t 6 [0,T] where x(t) and A(t) are
continuous. The last of the above conditions is satisfied for our problem. The second last
condition holds with the following assumption:

Assumption3

Trtx.t) is concave in x and differentiable w.r.t. x at (x(t),I(t)).

7
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Assumption 2

This will be so if, for example, revenue is bounded above. Such an assumption is reasonable,
but stronger than is required. An alternative sufficient condition for boundedness is that the
selling price falls to zero for some finite quantity sold.

Assumption 4

P(b) = 0 for b > b, where b is finite.

Finally, it is necessary that (i(l) be continuous, and that both /r(l) and A(t) be piece-wise
continuous. If so, then the necessary conditions above are satisfied by a solution to the
following system
h - A(t) = (l(l)
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The existence of a solution requires that the maximum of the integral in (14) be finite.

(7 ')

rrx(x(t),t) + n(i) = 0

(8 ')

A(t)./(t) = 0

(9 ')

The next section considers an example with linear demand and supply functions which
happens to be a case where the profit function is concave in x. A solution is obtained and

discussed. For more general demand and supply functions it is necessary to construct a solution
in stages, and to characterise the solution according to the path of inventories over the period.
This characterisation reveals three alternative policies, which are to hold no inventories, to
accumulate and deplete inventories gradually, and to accumulate and deplete inventories as
rapidly as possible - which is more precisely defined below. The second of these is referred to
as the "gradual inventory policy", and the third is referred to as the "bang-bang inventory
policy".
Consider ( 7 ') - (9 '). Recall ft(t) > 0 for all t which, from (8 '), implies that the
middleman only operates in the region of x for which rrfx.t) is non-increasing. A concave
profit function is drawn in diagram 1 (for any arbitrary instant). The maximum occurs for a

negative value of x (denoted x'), since the profit is higher if the middleman sells more than he
buys (provided, for example, that the inverse supply function is strictly increasing).

8

rr(x)

Thus, the region of x of interest contains both positive and negative values of x so that
inventories may be accumulated, left constant, or depleted.
Initial inventories, represented by I0, will be either zero or a positive finite number.
Proposition 1 demonstrates that final inventories will be zero if the buying price is strictly
positive and there are no initial inventories.

Proposition 1
l(T) = 0 along all optimal paths if p > 0 and In = 0.

9
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Diagram 1

Suppose (x(t).i(t)) is an optimal path satisfying

/ x(t)dt = ï (T) > 0. Consider any other

•'o
admissible pair (x(t),ï(t)) which satisfies x(t) £ x(t) V 1e (0,T) and
jfx (l)d t < jf i(t)d t.
The total profit from policy (x(t)J(l)) is strictly greater than that from policy (x(t),i(t))
since n(x) £ it(x) V t e |0,T| and rtx) > Ji(x) for some part of the interval. Thus
(x(t),/(t)) is not optimal. | |

In this case, there is no optimal path with positive inventories at time T because the
middleman could have done better by not having bought the inventories. The result holds when
there are modest initial inventories. If there are substantial initial inventories, then the
middleman might have to dump them at the end in order to avoid selling beyond the profit
maximisation level.

Consider an optimal policy.
Differentiate (8 ')

and combine (7 ' )

jt„ . x
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Proof:

+ tr,, + fi = 0

x(t) = - (=^-)(ttxi + h - A(t))
“ XX

(15)

This gives the time derivative of the change in inventories. The conditions above are

sufficient for optimality for concave x(x). Hence, for strictly convex n(x), the sign of x(t) is
given by the sign of

+ h - A(t) along any optimal path. If x(t) is continuous, then gradual

accumulation of inventories followed by gradual depletion is characterised by x(t) < 0. From
equation 9 '
I(t) > 0 => A(t) = 0
A(t) > 0 =» I(t) = 0
Therefore, if inventories are held, the sign of x(t) is the same as the sign of

10

+ h.

Diagram 2a: Path of x(t)

s,b,x
Diagram 2b

11

© The Author(s). European University Institute.
Digitised version produced by the EUI Library in 2020. Available Open Access on Cadmus, European University Institute Research Repository.

n(x)

© The Author(s). European University Institute.
Digitised version produced by the EUI Library in 2020. Available Open Access on Cadmus, European University Institute Research Repository.

When initial inventories are zero, this gives a policy of no inventories for rr,, > - h. The

middleman would make no more profit by accumulating inventories initially and selling running
them down later. In fact, the middleman would prefer to sell forward and hold negative

inventories in the beginning, but this is not allowed. The constraint I(t) > 0 is binding and the
solution is characterised by
I(t) = 0, x(t) = 0 for all t.
Otherwise, 7rxl < - h and the middleman first accumulates inventories at a decreasing

rate, and then depletes them at an increasing rate. The exact path is determined by the terminal
conditions.

rr(x(t),t) is moving over time in such a way that its slope at x = 0 is decreasing

(becoming steeper), as shown in diagram 2a (based on the linear example from the following
section). Diagram 2b depicts the optimal path of the quantities chosen, and of inventories. In

this case, inventories are accumulated in earlier periods, sacrificing a relatively small profit, and
sold later, giving a policy of gradual accumulation followed by gradual depletion. Note that it
is not required that the levels of profit obtained in later periods be higher, only that the slope
become steeper (negative) at x = 0.

Next suppose that the middleman holds positive initial inventories. If rt,, > - h, then the
optimal policy is to deplete inventories at a decreasing rate. The holding costs cause the
middleman to deplete faster in the earlier stages than in the later ones. The rate of change of
depletion is determined by the consideration of the marginal profit and the marginal holding
cost. To see this, consider 7rxt = 0. The rate of change of inventory depletion is given by
x(t) = -

> 0. Thus higher holding costs are likely to lead to more rapid depletion of
«xx
inventories. If 7ixx is larger, then the marginal profit from a change in x is decreasing faster,
so a smaller change in x is necessary to achieve the correct balance between marginal profit

and holding cost, and hence the change in x is slower. The length of the time horizon has no

effect on the change in net purchases, but may affect x(0) - the starting point. If the inventory
holding costs are sufficiently high, or the initial inventories are sufficiently small, then
inventories may be exhausted at some time t < T. The function x(t) might be discontinuous

12

example in the following section - as the trade-off between holding inventories and operating
profit increasingly favours the former as x increases. This suggests that a policy with
discontinuous x(t) would not be optimal, as it would be dominated by one with a higher x(0)
and slower depletion.
Diagram 3a illustrates one possible situation where x(0) is strictly negative. The distance
between x(0) and

x ( t)

is directly related to the magnitude of the holding cost, and the

average (per period) profit, as represented by some convex combination of 7rtx(0),0) and
n(x(r),r), is higher as the holding cost is higher and as the initial inventories are higher. If
initial inventories are sufficiently high, the middleman would operate near x* for the entire
period and dump stock at the end. However, this is an extreme case and not particularly likely.
Diagram 3b shows the optimal path of quantities, net purchases, and inventories for the case
where inventories are exhausted before the end of the period.
If there are initial inventories and tr„ < - h, the middleman will deplete inventories
gradually over the period, in a manner similar to that described in the discussion of diagram 2
above. Initial inventories alter the path by reducing the levels of both xo and X| in that
diagram. That is because the middleman does not need to accumulate as many inventories. The
overall profit will also be higher - a consequence of his having more initial inventories.
In summary, optimal inventory holdings over time are determined by three principle
factors: the level of initial inventories; the level of holding costs; and the time derivative of the
marginal profit. Higher initial inventories and a lower level of the holding cost act in same
direction, in that inventories are held for a longer time and that overall profit (profit plus
holding costs) is higher. The holding cost (partially) determines the rate of depletion of the
stock of inventory, and the size of the stock of inventory affects the initial point x(0). The
middleman will never accumulate inventories unless there is a strong negative time.cffect on
marginal profit. Only in this case will the higher future profit at the margin make it worthwhile
to accumulate inventories. The linear example in the next section shows more precisely the
manner in which the above factors determine the optimal inventory path.

13
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at x with x(t) = 0 for all t e (r,T|. However, this seems unlikely given concavity - see the

Diagram 3a

s,b,x
Diagram 3b

14
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n(x)

it is possible to concavify it by choosing y, z 6 R, and a e (0,1] such that
zSO Sy;
ay + (l-a )z 2 0;
Suppose that in any interval (t,t+e), x = y for proportion a and x = z for the
remaining 1 - a. Let

= ay + (l-a)z.

Define ztf^.t)

ft(£;,t) = Max( twr(y) + (l-a)jr(z)| ^ > 0, y > 0)

(16)

is a concave function (see diagram 4) and, consequently the first order conditions
from section 2 may be applied to S(£,t) and a solution for 4 may be found in a manner
similar to that for x above. To see that y is well-defined and bounded above, note that z is
bounded below by x* and that, for x sufficiently large, b > b and profit is non-positive.

Diagram 4

zr(x)

15
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Next, consider the solution for rtx) non-concave in x. When rtix) is convex at x = 0,

that the optimal policy is £ = 0. However, this permits a bang-bang inventory policy whereby
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Consider first the case where there are no initial inventories and Jr„ > - h. This suggests

inventories are accumulated for an instant (at point y) and depleted in the next instant (at point
z). The inventory policy is characterised by invehtories alternating back and forth between y
and z with resting times at the two points such that £ = 0. The I'™'1 of the overall profit, as

this alternation becomes faster, is the supremum for the problem, but is never attained as there is
an infinitesimal holding cost. There is no well-defined function for x(t), and there is no
optimal solution, as every path is dominated by some other path with faster oscillation. Such a
phenomenon is known in the literature as chattering, and Romer (1986) discusses this
phenomenon. For h = 0 there is a continuum of solutions in which the supremum is attained,
all of which will be typified by x resting at z or y and in proportion to their distances from
the origin.

Diagram 5

rt(x)

16

before. This is illustrated in diagram 5, where point A is intended to represent the supremum of
the profit from a chattering path, namely a Thy) + (l-o)/r(z). The second profit schedule is
drawn for a later instant (t > 0) and so that the slope of S(|,t) at £ = 0 is becoming steeper.
If 7CX[ = - h, the middleman earns the supremum of the chattering profit by pursuing a gradual
accumulation-depletion policy and this is then the optimal policy.

If there are initial inventories, then there will either be chattering or gradual depletion
(possibly followed by chattering). The chattering in this case will be slightly different than that
described above, in so far as the initial inventories enable the middleman either to rest for a
greater proportion at the negative level or to deplete the initial inventories before the chattering
commences. (In either case it seems that a is non-increasing in the level of initial inventories.)
The non-existence of an optimal inventory policy presents a problem which may be
resolved in a number of ways, some of which are mentioned in section 5. Moreover, the
analysis in the appendix suggests that convex 7t(x) is relatively rare. The example of linear
demand and supply which is considered in the next section gives tt( x) concave so that
chattering is not seen. Examples may be conceived which exhibit convexity; however, these
usually involve higher order polynomials (of at least order four for rr(x)) or other non-linear
functional forms, and are not investigated further.

4

An Example with Linear Supply and Demand

The example uses linear supply and demand functions. The possibility that the profit
function varies over time is incorporated in the demand side by assuming that there is a trend
component, r, in the intercept of the demand curve. When r is positive, the demand curve
shifts out at a constant rate over the period. By setting r = 0, it is possible to examine the case
where the profit function is independent o f time. Specifically, the supply and demand are,
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If there are no initial inventories and jru < - h, the inventory policy is a gradual one as

p(s(t)) = po + P|S(t)

(17)

P(b(t),t) = P0 + rt - P,b(t)

(18)

Substituting these into the formulae from the previous section gives

a(x) =

P1 ^ x 2

(i y n - pn)2 (P„Pi+rtpi+P|pQ)

4lP,+PiJ

Fl+Pi

H, V p.

*" = ' 2 fe p ï

(19)

Md

When inventories are held, the rate of change of net purchases is given as

x(t) = ”* i J : i U <p i+Eij-h .:.-EH
' ’
*xx
2P, . P,

x(t) = (p i+a )hn- P i-r.t + x(0)

2*1 •Pi

1(0 = lo + J o x(t)d* =

Io + (P‘l i ,;^ r El1-12 + x(0)t

Define x such that I(T) = 0, i.c. r is the time at which inventories run out. This gives
,o + (PL l^ h _ £ l I .T2 + x ( 0 ).T = 0

-

=»

and
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respectively,

x(0) = - k . (Pl^ t l , _ ^ r T

x(t) = g i t t l )h- - Pir. t - l a - (pi ^ )hn- Pi^.t
Z rj.p i

T

l(t) = 10(1 - j) + (P|+^ | hpj

18

^‘ l*Pl

• T)

(20)

(21)

for which x(t) 5 0 for all L Because the profit function is concave, the middleman will never
wish for inventories to run out for x(t) < 0 since he could do better by smoothing slightly as
the profit function is getting steeper as x increases. Therefore, T is determined by x( t) = 0
if T < T and by x = T otherwise. The solution to the former is obtained from

(22)

Inventories are exhausted before the end of the period if and only if

This is more likely when the initial inventories are small, the holding cost is high, or the time
horizon is large. A higher growth rate of demand has the effect of making inventories last
longer because it increases the trade-off between current and future profit.

Consider next it,, < - h. This is equivalent to (Pj + pj).h < pi.r which requires that the
growth of the demand intercept be greater than the holding cost. The level of net purchases
declines over the period. If x(0) > 0, then the middleman accumulates inventories earlier and
depletes later. Otherwise, x(0) £ 0 and there is no further accumulation of inventories, and the
middleman runs down the initial inventories at an increasing rate. The former case is more
likely to occur if Io is small or if the period is longer.
This example illustrates some of the results of the previous section and gives an indication
of the precise manner in which various factors such as the parameters of the demand and supply
functions, the holding cost, the trend component in demand, and the length of the period affect
the optimal inventory path.
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Consider first it*, > - h. This is the case where inventories are gradually run down and

Discussion

In summary, the main insights of this paper are as follows. If there are no initial
inventories, the middleman will not accumulate any unless the marginal operating profit at
x = 0 decreases substantially over the period or the operating profit function is convex at
x = 0. In the former case, there exists an optimal inventory policy, characterised by gradual
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5

accumulation in earlier stages followed by gradual depletion. The linear example confirms that
this is a well-behaved continuous process. In the latter, no optimal policy exists as the
middleman wishes to accumulate and deplete infinitely fast. If there are initial inventories,
these are run down at a decreasing rate, unless one of the two cases above (the marginal profit
at x = 0 decreases over the period or the profit function is convex at x = 0.) arises. In that
case, the inventory policy is as described, with the difference that there is relatively less
accumulation of inventories over the period.

Thus we have characterised the optimal inventory policy, where such exists, shown that it
depends on initial inventories, the level of the holding cost, and the rate of change of the
marginal profit, and identified the circumstances under which no optimal policy exists.

The relevance of these results depends on whether the assumptions of the model are likely
to be observed in practice. Obviously, the non-optimal chattering result exists only in a model
of continuous time, since discrete time would impose an exogenous minimum on the length of
time which x must rest at one position. Nevertheless, even in discrete time inventories would
fluctuate, the only difference being that the optimum can be attained.
The model and results are not limited to the case of a monopolist middleman. For

instance, the model could be modified to consider a (monopolist) producer who faces a demand

curve that shifts out (or back ) during the period. The inventory policy of such a producer could
be analysed by defining a function analogous to tt( x) above and applying the results to this
function. The cost function would play a role in determining the concavity of the profit
function, and thereby in determining whether a solution exists.

The results may readily be extended to deal with the case where there are several quantity

20

Jii = bj.PfXbj) - Sj.p(?Sj)
=>

ttlxj.t) = Maxjbi.P(Xbj) - Sj.pflsj) j s, - b, =

s„ b, > o j.

Continuing as in section 3 gives first order conditions
V

hi

=in-, I j . = « ;

A<t).i(t) = o.

The analysis proceeds as before. Even if the middlemen have different initial inventories, the
aggregate path of inventories should have properties broadly the same as those of the
monopolist middleman.
The absence of a discount factor, typical in models of this kind, does not materially affect
the results. Including a discount factor would put a higher weight on profit in earlier periods,
reduce the likelihood that inventories are held where there are no initial inventories, and
increase the rate of depletion of any initial inventories which exist.
The holding cost was assumed to be linear and constant over time. If it varies over time,
then the time path of disposal is altered: the precise effect may be obtained by analyzing
equation 15 with h(l) in place of h. If the inventory cost is non-linear, then the effect is more
complicated and the model may not be solved explicitly as outlined above. In general, if the
holding cost increases with the quantity held we would expect inventories to be depleted more
quickly and chattering to be more likely to arise, owing to a bias in favour of holding smaller
levels of inventory.
A limitation of the model is the absence of price expectations on the part of buyers and
sellers. This might be justified by assuming either that there is a new generation of buyers and
sellers at each instant or that only the middleman has access to or can afford the storage
technology for an otherwise perishable good. Nevertheless, there are some situations in which
agents may choose the period in which they trade, and the model as specified does not deal with
this possibility. One obvious effect would be on the non-existence of an optimal path due to
chattering. Recall that net purchases alternate between positive and negative values. This
suggests that buying and selling prices will alternate rapidly between being low when x is
positive and being higher when x is negative. Enabling agents to choose the period in which
21
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setting middlemen. The profit for a representative middleman i at any time t is

middleman to pursue an inventory policy which smoothes prices. Such a model would be
technically more difficult to analyse, but we might expect the degree of price smoothing to be
inversely related to the agents' costs of delaying or bringing forward purchases. For the case
where there is a solution to the inventory problem, the model assumes elements of a durable
good monopoly problem in continuous time, and this provides another interesting direction for
further research.

Appendix: Properties of tt(x)

tt(x(t),t) = Max

The first order conditions are
b.P' + P = s.p' + p and s = b + x
giving functions b(x) and s(x) and the reduced form
7t(b(x),s(x)) = b(x).P(b(x),t)) - s(x).p(s(x),t)

Differentiating (23) with respect to x

which solve to give
db _
r
3 7 - RITT F
ds
R
IT- F
_ it

r = 2 p ' + sp' '

where

R = 2P' + b P "

Differentiating again gives
H2h
P.r2 . r R2
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to trade would alter markedly the slope of the profit function at the margin and encourage the

(23)

(24)

3 ? = <b p ' + p > £ . (s.p ' + p )!ji
g ? = ( 2 P ' + b P " ) ( ^ ) 2 . ( 2 p ' + s p " ) g ) 2> as d 2b _ d 2s
dx7 dx7
r.R

= m r
There are three possible cases for Jt(x) to be concave as follows:
a)

0 < r < R *=>

0 < sp " +2p' < b P " +2P'

b)

R<0 <r

b P '' + 2 P ' < 0 < s p " + 2p'

c)

r < R < 0 <=>

&

s p " + 2p' < b P " + 2P' < 0

Note that s p '' + 2 p ' > 0 and b P '' + 2P ' < 0 except when there is an unusually strong
second order effect on either supply or demand. Thus for a large class of functions, n{\) is
concave in x. This class includes all concave demand functions and all convex supply
functions. Case (b) includes many familiar examples (such as linear) which are given for
supply and demand functions, and we would normally expect to find that1n(x) is concave.
However, if there is an unusually strong negative second order effect on supply or an unusually
strong positive second order effect on demand, then it is possible that *(x) will be convex.
Cases (a) and (c) above are more extreme, and we would not expect to encounter examples
very often, unless the functions have irregular slopes - a curiosity which is not dealt with here.
Linear supply and demand schedules very obviously give rise to a function which is concave in
x. In general, the above conditions may be used on any demand and supply function to
determine whether the optimal inventory policy exists, and to characterise it where it does.
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Differentiating (24)
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