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I n tr o d u c tio n

The current macroeconometrics literature has proposed two ways to confront general
equilibrium rational expectations models with data. The first one, an estimation
approach, is the direct descendent of the econometric methodology proposed 50 years
ago by Haavelmo (1944). The second, a calibration approach, finds its justification in
the work of Frisch (1933) and is closely linked to the computable general equilibrium
literature surveyed, e.g., in Shoven and Whalley (1984).
The two methodologies share the same strategy in terms of model specification
and solution. Both approaches start from formulating a fully specified general equi
librium dynamic (possibly nonlinear) model and in selecting convenient functional
forms for its primitives (preferences, technology and exogenous driving forces). They
then proceed to find a decision rule for the endogenous variables in terms of the ex
ogenous and predetermined variables (the states) and the parameters. When the
model is nonlinear, closed form expressions for the decision rules may not exist and
both approaches rely on recent advances in numerical methods to find an approxi
mate solution which is valid either locally or globally (see e.g. the January 1990 issue
of the Journal of Business and Economic Statistics for a survey of the methods and
Christiano (1990) and Dotsey and Mao (1991) for a comparison of the accuracy of
the approximations).
It is when it comes to choosing the parameters to be used in the simulations
and in evaluating the performance of the model that several differences emerge.
The first procedure attempts to find the parameters of the decision rule that best fit
the data either by maximum likelihood (ML) (see e.g. Sargent and Hansen (1980),
Altug (1989) or McGratten, Rogerson and Wright (1991)) or generalized method of
moment (GMM) (see e.g. Hansen and Singleton (1983) or Burnside, Eichenbaum
and Rebelo (1992)). The validity of the specification is examined by testing the
restrictions implied by the model, by general goodness of fit tests or by comparing
the fit of two nested models. The second approach “calibrates” parameters using a
set of alternative rules which includes matching long run averages, using previous
microevidence or a-priori selection, and then assesses the ability of the model to fit
the data with an informal distance criterion.
These differences are tightly linked to the questions the two approaches ask.
Roughly speaking, the estimation approach asks the question “Given that the model
is true, how true is it?” while the calibration approach asks “Given that the model
is false, how false is it?” Implicit in the process of estimation is in fact the belief
that the probability structure of a model is sufficiently well specified to provide an
accurate description of the data. Because economic models are built with emphasis
on tractability, they are often probabilistically underspecified so that measurement
errors or unobservable shocks are added at estimation stage to complete their proba
bility structure (see e.g. Sargent and Hansen (1980) or Altug (1989)). By testing the
model, a researcher takes the model seriously as a data generating process (DGP)
and examines what features of the specification are at variance with the data. A
calibrationist takes the opposite view: the model, as a DGP, is false. That is, as
1
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Both methodologies have weak points. Model estimation involves a degree of
arbitrariness in specifying which variables are unobservable or measured with error.
In the limit since all variables are indeed measured with error, no estimation seems
possible and fruitful. In addition, tests of the model’s restrictions may fail to provide
indications of how to alter the specification to obtain a better fit. Limitations
of the calibration approach are also well known. First, the selection criterion for
parameters which do not measure long run averages is very informally specified
and may lead to contradictory choices. Information used in different studies may
in fact be inconsistent (e.g. a parameter chosen to match labor payments from
firms in national account data may not equal the value chosen to match the labor
income received by households) and the range of estimates for certain parameters
(e.g. risk aversion parameter) is so large that selection biases may be important.
Second, although corroborating evidence on the parameters selected a-priori or not
well tied down to the data is regarded as important (see e.g. Prescott (1991, p. 7) or
Kydland (1992, p. 478)) and the outcomes of the simulations crucially depend on the
choice of certain parameters, the sensitivity of the results to reasonable perturbations
of the parameters is often not reported. Third, because the degree of confidence
in the results depends on both the degree of confidence in the theory and in the
underlying measurement of the parameters and because either parameter uncertainty
is disregarded or, when a search is undertaken, the number of replications typically
performed is small, one must resort to informal techniques to judge the relevance of
the theory.
This paper attempts to eliminate some of the weaknesses of the calibration
procedure while maintaining the general analytical strategy employed in calibration
exercises. The focus is in trying to formalize the evaluation process and in designing
procedures for meaningful robustness analysis on the outcomes of the simulations.
Although proponents of this approach strongly separate the two philosophies and
ascribe to calibration the heritage of “true” econometrics (see e.g. Kydland and
Prescott (1991)), the procedure I suggest combines aspects of several methodolo
gies. The technique shares features with those recently proposed by Gregory and
Smith (1991a) and Kwan (1990), has similarities with stochastic simulation tech
niques employed in dynamic nonlinear large scale macro models (see e.g. Fair (1991))
and generalizes techniques on randomized design for strata existing in the static
computable general equilibrium literature (see e.g. Harrison and Vinod (1989)).
2
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the sample size grows, it is known that the data generated by the model will be at
greater and greater variance with the observed time series. Standard testing pro
cedures are regarded as “silly” (see Prescott (1991, p. 5)) because to estimate and
test a model one has to make the Herculean assumption that the shocks driving the
artificial economy are the only source of randomness in the actual data. Here an
economic model is seen as an approximation to the actual DGP which need not be
either accurate or realistic and should not be regarded as a null hypothesis to be
statistically tested. In confronting the model with the data, a calibrationist wants
to measure the magnitude of the discrepancy, indicate the dimensions where the
approximation is poor and suggest modifications to obtain a better approximation.

The approach has several appealing features. First, it accounts for the uncer
tainty faced by a simulator in choosing the parameters of the model in a realistic
way. Second, it has a built-in feature which automatically computes global sensi
tivity analysis on the support of the parameter space and allows for other forms
of conditional or local sensitivity analysis. Third, it provides a general evaluation
criteria and a simple and convenient metric to judge the relevance of the theory.
The paper is divided in 6 sections. The next section introduces the technique,
provides a justification for the approach and describes the details involved in the
implementation of the procedure. Section 3 deals with robustness analysis. Section 4
spells out the relationship with existing techniques. Two examples appear in section
5. Section 6 concludes.

2

T h e T ec h n iq u e I

I assume that a simulator is faced with a n m x l vector of time series xt, which
are the realizations of a vector stochastic process Xt and that she is interested in
reproducing features of xt using a dynamic general equilibrium model. Xt is as
sumed to be a Markov process with absolutely continuous but unknown distribution
and moments up to the n-th. For the sake of presentation I assume that the un
conditional distribution of Xt is independent of t but shifts in the unconditional
distribution of Xt at known points can easily be handled. Xt may include macro
variables like GNP, consumption, interest rates, etc. I also assume that dynamic
economic theory gives us a model expressing the endogenous variables X t as a func
tion of exogenous and predetermined variables Zt (the states of the problem) and of
3
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The idea of the technique is simple. I would like to reproduce features of
actual data, which is taken to be the realization of an unknown vector stochastic
process, with an “artificial economy” which is almost surely the incorrect generating
mechanism for the actual data. The features one may be interested in include
conditional and unconditional moments (or densities), the autocovariance function
of the data, functions of these quantities (e.g. measures of relative volatility) or
specific events (e.g. a recession). A model is simulated repeatedly using a Monte
Carlo procedure which randomizes over both the exogenous stochastic processes and
the parameters. Parameters are drawn from a density which is consistent with the
frequency distribution of estimates obtained in the literature with similar general
equilibrium models. I judge the validity of a model on its ability to reproduce
a number of “stylized facts” of the actual economy (see Friedman (1959)). The
metric used to evaluate the discrepancy of the model from the data is probabilistic.
I construct the simulated distribution of the statistics of interest and, taking the
actual realization of the statistic as a critical value, examine (i) in what percentile
of the simulated distribution the actual value lies and (ii) how much of the simulated
distribution is within two standard errors of the critical value. Extreme values for
the percentile (say, below a% or above (1 —a)%) or a low value for the probability
in the two standard error region indicates a poor fit in the dimensions examined.

Here I assume that either / is available analytically or that one of the existing
numerical procedures has been employed to obtain a functional T which approxi
mates / in some sense, i.e. ||^r(^ t,7) —f( Z t,0)\\ < e, where 7 = h{0) and ||.|| is a
given norm. Given the model / , an approximation procedure T , a set of parameters
0 and a probability distribution for Zt, one can infer the model based probability
distribution for X t.
Let G(Xt\0 ,}) be the density of the X t vector, conditional on the parameters
0 and the model / , let n(0\ 1) be the density of the parameters, conditional on the
information set 1 and let W(X(, 0\ f , l ) be the joint density of simulated data and of
parameters. G(Xt\0, / ) is the probability that a particular path for the endogenous
variables will be drawn given a parametric structure for the artificial economy and
a set of parameters, while n(0\J) summarizes the information on the parameters
available to a simulator. For a given 0, X t is random because Zt is random.
A generic formulation for the problem is to compute functions of simulated
data and of parameters under H (X t, 0 \f,I ) , i.e. evaluating objects of the form:
E (n(X t,0 ) \f,I ,A ,C ) = [ [ v ( 0 ,X t)H (X t, 0 \ I , f ) dt3 dX t

(1)

J A JC

where fj(X t,0) is the vector of functions, which may include moments and other
statistics of the simulated data, A C B and B is the parameter space and C is
the support of the exogenous variables. Let h(xt) be the corresponding vector of
functions of the actual data.
The problem of the fit of the model can be summarized with the following
question: how likely is the model to generate h(i ()? To answer note that from (1)
we can compute probabilities of the form P(/j,(Xtl 0) e D), where D is a bounded set.
To do this choose, for example, the m-th component of n to be /J.m(X t, 0) — x ( X t,0 :
fi(X t,0) € D) where x is the indicator function, i.e. x(p(X t, 0)\ D) — 1 if /i(X t,0) 6
D and zero otherwise. From (1) one can also find a value h satisfying P[fi(Xt,0) <
h] = v for any given v, by appropriately selecting the indicator function.*
'These include linear or log-linear expansions of / around the steady state (Kydland and
Prescott (1982), and King, Plosser and Rebelo (1988)), backward solving methods (Sims (1984),
Novales (1990)), global functional expansions in polynomials (Marcet (1992), Judd (1989)), piecewise linear interpolation methods (Coleman (1989), Baxter (1991)) and quadrature techniques
(Tauchen and Hussey (1991)).

4
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the parameters 0. Zt may include objects like the existing capital stock, exogenous
fiscal and monetary variables or shocks to technologies and preferences. I express
the model’s functional relation as X t = f( Z t,0) where / is, in general, an unknown
function. Under specific assumptions about the structure of the economy (e.g. log
or quadratic preferences, Cobb-Douglas production function, full depreciation of
the capital stock in the one-sector growth model), / can be computed analytically
either by value function iteration or by solving the Euler equations of the model
subject to the transversality condition (see e.g. Hansen and Sargent (1980)). In
general, however, / can not be derived analytically from the primitives of the prob
lem. A large body of current literature has concentrated on the problem of finding
approximations which are either locally or globally close to / in a given metric.1

2.1

A n In ter p r eta tio n

The proposed framework of analysis lends itself to simple Bayesian interpretation.
In this case tt(0\T) is the prior on the parameters and, although nonstandard, it
has some relationship with the prior used in the empirical Bayes literature (see
e.g. Harsaee (1987)). The function Q is entirely analogous to a classical likelihood
function for X t in a standard regression model. The difference is that Q need not
be the correct likelihood for X t. Then (1) is the conditional expectation of n (X t,0)
under the joint density of the model and parameters and it is proportional to the
posterior mean of p under the assumption that the marginal density of X t is fixed.
There is also a less orthodox interpretation of the approach which exchanges
the role of 7r(/3|X) and Q and is nevertheless reasonable. In this case Q is the prior and
represents the a-priori degree of confidence posed by the researcher on the model
given the parameters while ir(0\I) summarizes the information contained in the
data. Then (1) is a “posterior” statement about the model once empirical evidence
on the parameters is taken into account.

2.2

Im p lem e n ta tio n

There are four technical implementation issues which deserve some discussion. The
first concerns the computation of integrals like those in (1). When the (0, Zt) vector
is of high dimension simple discrete grid approximations, spherical or quadrature
rules quickly become unfeasible since the number of function evaluations increases
exponentially with the dimension of 0 and Zt. In addition, unless the contours of
Ti(Xt, 0\T, f ) are of ellipsoidal forms, grid evaluations may miss most of the action
of this density. There are several feasible alternatives: one is the Monte Carlo
procedure described in Geweke (1989), another is the data augmentation procedure
of Tanner and Wong (1987), a third the “Gibbs sampler” discussed in Gelfand and
Smith (1990). Finally, one could use one of the quasi-random procedures proposed
by Niederreiter (1988).
In this paper I adopt a Monte Carlo approach. After drawing with replacement
iid 0 vectors and Zt paths, I substitute sums over realizations for the integrals
appearing in (1) and appeal to the central limit theorem for functions of iid random
5
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Model evaluation then consists of several types of statements which are es
sentially interchangeable and differ only in the criteria used to measure distance.
First, one can compute P\fi(Xt,0) < h(xt)]. In other words, we can examine the
likelihood of an event (the observed realization of the summary statistics in the ac
tual data) from the point of view of the model. Extreme values for this probability
indicate a poor “fit” in the dimensions examined. Alternatively, if one can measure
the sampling variability of h(xt), she can then choose the set D to include the actual
realization of h{xt) plus one or two standard deviations and either check whether h
is in D and/or calculate P[/j,(Xt,0) e D).

if'trtX u fi)

EWXt,m

'* >=1

( 2)

where N is the number of replications. Note that, although H is in general un
known, sampling from H can be conveniently accomplished by simulating the model
repeatedly for random (Zt,0 ), i.e. randomly drawing exogenous forces, selecting a
parameter vector and using the decision rule to compute time paths for X t.
Second, since in most cases the function / is unknown, Q itself becomes un
known and the direct computation of (1) is unfeasible. If the approximation T to
/ is accurate, one could simply neglect the error and proceed using J ( X t\0,F ) in
place of Q(Xt\0, /) . However, since only little is known about the properties of ap
proximation procedures and some have only local validity (see e.g. Christiano (1990)
and Dotsey and Mao (1991)), one may want to explicitly account for the existence
of an approximation error in conducting inference. In this case, following Geweke
(1989), one would replace (1) with:
E (fi(X t,0 ) \f ,l,A ,C ) =

f

[ n (X t,P ) J ( X t,0 \l,r ) c j( /3 ,f,T ) d 0 d X t

(3)

J A JC

where
are weights which depend on the “true” density Q(Xt, 0\J, f ) and
on the approximation density J ( X t,0\X ,T ). Thus, the approximation problem can
be posed in terms of choosing a procedure which makes the weights as close as
possible to 1.
Third, one must specify a density for the parameters of the model. One could
choose Tr(0\X) to be based on one specific data set and use the asymptotic dis
tribution of a GMM estimator (as in Burnside, Eichenbaum and Rebelo (1992)),
of a simulated method of moments (SMM) estimator (as in Canova and Marrinan
(1991)), or of a ML estimator of 0 (as in Phillips (1991)). The disadvantage of these
procedures is that such a density does not necessarily reflect the cross-study infor
mation available to a simulator. As Larry Christiano has pointed out to me, once a
researcher chooses the moments to match, the uncertainty surrounding estimates of
0 is small. The true uncertainty lies in the choice of moments to be matched and
in the sources of data used to compute estimates.
In this paper n (0 \I) is selected so as to summarize all existing information.
Depending on the problem examined, there are several ways of doing so. One
is to count estimates of 0 previously obtained in the literature using comparable
model specifications and construct n(0\X) by smoothing the resulting histogram.
For example, if one of the elements of the 0 vector is the risk aversion parameter,
by counting estimates obtained over the last 15 years from fully specified general
equilibrium models and smoothing the resulting histogram, one would obtain a
truncated (below zero) bell-shaped density, centered around two and very small mass
above 4. Another way is to take what the profession regards as a reasonable range
for 0 (“I do not know the exact value of 0, but it cannot be greater than 0i or smaller
than 02”) and assume more or less informative densities on the support depending
6
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variables to show that

Available estimates of 0 are not necessarily independent (the same data set
is used in many cases) and some are less reliable than others. Non-independent
estimates are legitimate candidates to enter the information set as long as they
reflect sampling variability or different estimation techniques. The influence of less
reliable estimates can be discounted by giving them a smaller weight in constructing
histograms.
Finally, in many applications the joint density of the parameter vector can be
factored into the product of lower dimensional densities. If no relationship across
estimates of the various parameters exists, n(0\J) is the product of univariate den
sities. If estimates of certain parameters are related (e.g. in the case of the discount
factor and the risk aversion parameter in asset pricing models), one can choose mul
tivariate densities for these dimensions and maintain univariate specifications for
the densities of the other parameters.

3

R o b u s tn e s s A n a ly sis

If one adopts a Monte Carlo approach to compute (1), an automatic and efficient
global sensitivity analysis is performed on the entire support of the parameter space
as a by-product of the simulations. Sensitivity analysis, however, can take other
more specific forms. For example, one may be interested in examining how likely
0) is to be close to h(xt) where 0 is a specific value of 0. This would be
the case for example, if 0 includes parameters which can be manipulated by the
government and h{xt) is the current account balance of that country. In this case
one could choose a path for Zt and analyze the conditional distribution of X t for the
selected value(s) of 0. Alternatively, one might wish to assess the maximal variation
in x t or fj.(Xt,0) which is consistent, say, with 0 being within two standard error
bands of a particular value. Here one chooses a path for Zt and constructs paths
for Xt for draws of 0 in the range. Finally, one may be interested in knowing which
dimensions of 0 are responsible for features of the distribution of n (X tt 0). For
example, it may be that the simulated distribution for fi has a large spread or fat
tails and it is important to know whether technology or preference parameters are
responsible for this feature. In this case one would partition 0 into [0\ , 0j] and
compute the simulated distribution of fj,(Xt, 0 i\02) where 02 is a prespecified value.
All of the above cases examine the robustness of the results to changes
the parameters within their support. In some cases the sensitivity of the results
local perturbations needs to be examined. For example, one may be interested
determining how robust the simulation results are to changes of the parameters
7
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on available estimates. If theoretical arguments suggest that the maximum range
for, e.g., the risk aversion parameter is [0, 20], one can put higher weights on the
interval [1, 3] where most of the estimates lie. If for some parameters previous
econometric evidence is scant, measurement is difficult or there are no reasons to
expect that one value is more likely than others, one could assume uniform densities
on the chosen support.

4

A C o m p a r iso n w ith E x is tin g M e th o d o lo g ie s

The framework of analysis set up in section 2 is general enough to include both
simulation with estimation and simulation with calibration as special cases. To
show this it is convenient to note that, in general, there is an exact relation between
the X t and the Zt once 0 is selected and that randomness in X t depends on the
randomness in Zt and in 0 so that the joint density 'H(Xt, 0 \ I t f ) is a deterministic
transformation of Q(Zt,0 \I, f ) = 7r(/3|Z) K.(Zt\f) where K(Zt\f) is the density for
the exogenous processes. The two procedures can then be recovered by imposing
restrictions on the shape and the location of tv(0\T) and in some cases also on the
shape and the location of K,{Zt\J).
Calibration exercises impose a point mass for n (0 \l) on a particular value of 0
(say, 0). One interpretation of this parameter selection procedure is that a simulator
is perfectly confident in the vector 0 used and does not worry about the cross-study
or time series uncertainty surrounding estimates of 0. Note that when the density
of 0 is a singleton the marginal and the conditional density of X t are identical.
In certain situations a path for the vector of exogenous variables is also selected in
advance either by drawing only one realization from their distribution or by choosing
a zt on the basis of extraneous information, e.g., inputting Solow’s residuals in the
model, so that K,(Zt\f) is also a singleton. In this instance, the marginal for X t has
a point mass and because the likelihood of the model to produce any event is either
0 or 1, one must resort to informal techniques to assess the discrepancy of simulated
and actual data. In some studies the randomness in Z t is explicitly considered,
repeated draws for the exogenous variables are made for a fixed 0 and moments of
the statistics of interest are computed by averaging the results over a small number
of simulations (see, e.g., Backus, Gregory and Zin (1989)).
Simulation exercises with estimation of the parameters are also special cases
of the above framework. Here ir{0\Z) has a point mass at 0 ’, where 0 ’ is either the
GMM estimator, the SMM estimator (see Lee and Ingram (1991)) or the simulated
quasi maximum likelihood (SQML) estimator of 0 (see Smith (1992)). Simulations
are performed by drawing one realization from G(Xt\0*, f,T ) and standard errors for
fi(X t, 0) are computed using the asymptotic standard errors of 0 * and the functional
form for fi. In some cases, n(0\Z) is the asymptotic distribution of one of the
above estimators (as in Canova and Marrinan (1991)). In this case, simulations are
performed by drawing from Q{Xt\0t , /, X)7r(/3*|X) and using measures of discrepancy
like the ones proposed here.
8
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a small neighborhood of a calibrated vector. To undertake this type of analysis one
can take a numerical version of the average derivative of n{X t, 0) in the neighbor
hood of a calibrated vector (see Pagan and Ullah (1991)). Because global and local
analysis aim at measuring the sensitivity of the outcomes to perturbations of differ
ent size they provide complementary information and should be both performed as
specification diagnostics for simulated models.

Such procedures also have two major shortcomings. First, they impose a strong
form of ignorance which does not reflect available a-priori information. The vector
f) may include meaningful economic parameters which can be bounded on the basis
of theoretical arguments. A risk aversion parameter which is negative or in excess of,
say 20, is theoretically unacceptable, but the range of possible 0 with GMM, SMM
or SQML procedures is [—00,00]. By appropriately selecting a hypercube for their
densities a researcher can make “unreasonable” parameter values unlikely and avoid
a-posteriori adjustments. Second, simulations may not constitute an independent
way to validate the model because the parameters are obtained from the same data
set which later will be used to compare results.
Mixed calibration and GMM estimation strategies have recently been employed
by, e.g., Burnside, Eichenbaum and Rebelo (1992) and mixed calibration and esti
mation by simulation strategies by, e.g., Canova and Marrinan (1991). Here some
parameters are fixed using extraneous information while others are formally esti
mated using moment (or simulated moment) conditions. Although mixed strategies
allow a more formal evaluation of the properties of the model than pure calibration
procedures, they face two problems. First, as in the case when the parameters are
all selected using GMM, SMM and SQML procedures, the evaluation of the model
is problematic because standard errors for the statistics of interest are based on
one data set and do not reflect the potential range of outcomes of the model once
the cross-study uncertainty faced by a simulator is taken into account. Second, as
Gregory and Smith (1989) have pointed out, the small sample properties of estima
tors obtained from mixed strategies may be far from reasonable unless calibrated
parameters are consistent estimators of the true parameters. When this condition
is not satisfied, estimates of the remaining parameters Eire sensitive to errors in
pre-setting and forcing a close match of simulated and actual moments generates
misleading inference.
The Monte Carlo methodology to model evaluation proposed here is related
to those of Gregory and Smith (1991a) and Kwan (1990) but several difference
need to be emphasized. First, Gregory and Smith take the model as a testable
null hypothesis while this is not the case here. Second, they do not account for
parameter uncertainty in evaluating the outcomes of the model. Third, because
they take a calibrated version of the model as the “truth” , they conduct sensitivity
analysis inefficiently, by replicating experiments for different calibrated values of
the parameters. Kwan (1990) allows for parameter uncertainty in his simulation
scheme but following an orthodox Bayesian approach, he chooses a subjective prior
9
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In assessing the model’s performance procedures where parameters are esti
mated have two advantages over calibration. First, they allow formal statements on
the likelihood of selected parameter values to reproduce the features of interest. For
example, if a four standard error range around the point estimate of the AR(1) pa
rameter for the productivity disturbance is [.84,.92], then it is highly unlikely (with
probability higher than 99%) that a unit root productivity disturbance is needed to
match the data. Second, they provide a setup where sensitivity analysis can easily
be undertaken (although not often performed).

The procedure for sensitivity analysis proposed extends the approach that
Harrison and Vinod (1989) used in deterministic computable general equilibrium
models. The major difference is that, in a stochastic framework parameter uncer
tainty is only a part of the randomness entering the model and the uncertainty
characterizing the exogenous processes is an important and intrinsic component of
randomness of the outcomes.
To conclude, one should mention that parallel to the literature employing
Monte Carlo methods to evaluate a simulated model, there is also a branch of the
literature which uses more standard tools to examine the fit of calibrated models.
This is the case, e.g., of Watson (1990), Smith (1992) and Canova, Finn and Pagan
(1992) which assess the relevance of theoretical models with regression R2’s, tests
based on restricted and unrestricted VARs and encompassing procedures.

5
5.1

T w o E x a m p le s
T h e E q u ity P rem iu m P u zzle

Merha and Prescott (1985) suggest that a complete markets pure exchange asset
pricing model cannot simultaneously account for the average risk free rate and the
average equity premium experienced by the US economy over the sample 1889-1978
with reasonable values of the risk aversion parameter and of the discount factor.
The model they consider is a frictionless pure exchange Arrow-Debreu econ
omy with a single representative agent, one perishable consumption good produced
by a single productive unit or a “tree” and two assets, an equity share and a risk free
asset. The tree yields a random dividend each period and the equity share entitles
its owner to that dividend in perpetuity. The risk free asset entitles its owner to one
unit of the consumption good in the next period only. The agent maximizes:
l-u _ 1
w____
(4)
' l-u J
i=0

subject to :
ct = yte t - 1 + pi {fit- i - et) + ft-1 - p{ ft

(5)

where Ct is consumption and yt is the tree’s dividend, p\ and p{ are the prices of
the equity and the risk free asset and et and ft are the agent’s equity and risk free
asset holding at time t, E0 is the mathematical expectation operator conditional
on information at time zero, /3 is the subjective discount factor and u is the risk
aversion parameter. Production evolves according to:
2 /t+ i —

Xt+iVt

(6)
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density for the parameters. In addition, he evaluates the outcomes of the model in
relative terms, by comparing two alternative specifications using a posterior-odds
ratio: a model is preferred relative to another if it maximizes the probability that
the simulated statistics are in a prespecified set.

pe(c,i) =

(Ajc)"“ [pe(AjC,j) + Ajc]c“

(7)

i= i
p 'M

=

(8)

j=l

When the current state is (c,i), the expected equity return and the risk free rate
are:
G
Pi

(9)

i
l
pf(c,i)

1

(10)

The unconditional (average) expected returns on the two assets are Re = I2]=i ffiRf,
R> =
TTiR{, while the average equity premium is E P = R? —R1, where 7q are
the Markov chain stationary probabilities, satisfying n = cj>Tir and J2i — 1 where
<t>T = <h,iMerha and Prescott specified the two states for consumption (output) to be
Xi = 1+ p + v; A2 = 1 + /z —u and restricted <l>i,i = <j>2,2 — <t>and <t>i,2 = 1^2,1 = 1 —<t>They calibrated the three technology parameters so that the mean, the standard
error and the AR(1) coefficient of the model’s consumption match those of the
growth rate of annual US consumption over the period 1889-1978 and searched for
combinations of the preference parameters (/3, u) which lie in a prespecified interval
to obtain values for the risk free rate and the equity premium. Given that the
average, the standard error and the AR(1) coefficient of annual growth rate of US
consumption are 1.018, 0.036 and -0.14, the implied values of p.,u and <j>are 0.018,
0.036 and 0.43, respectively. The range for u was selected a-priori to be [0,10] and
this choice was justified citing a number of empirical estimates of this parameter
(see Merha and Prescott (1985, p. 154). The range for /3 was chosen to be [0,1], but
simulations which produced a risk free rate in excess of 4% were eliminated on the
ground that 4% constitutes an upper bound for the average real risk free rate which
is consistent with historical experience. They then compared the outcomes of the
model with the average real risk free rate of 0.80% and the average equity premium
of 6.18% obtained for the US economy for the period 1889-1978. The puzzle is
that the largest equity premium generated by the model is 0.35%, which occurred
in conjunction with a real risk free rate of about 4%.
Two hidden assumptions underlie Merha and Prescott’s procedure. First, they
presumably believe that technology parameters can be tightly estimated while there
is uncertainty in the exact value of the preference parameters and an interval es
timate is more reasonable. Consequently, while the sensitivity of the results is
11
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where Xi, the gross growth rate, follows a two state ergodic Markov chain with
probability P (xt+i = Xj\xt — Xi) = </>y. Defining the states of the problem as (c,i)
when yt = c and xt = Xi , the period t equilibrium asset prices can be expressed as
(see Merha and Prescott (1985, p.152-153)):

ffere I repeat their exercise with three tasks in mind: (i) conduct sensitivity
analysis to perturbations within a reasonable range in all five parameters of the
model, (ii) describe the distribution of possible outcomes obtained with various
specifications of the model, evaluate the magnitude of the discrepancy from the
data in a probabilistic way and suggest which dimensions of the parameter space are
responsible for features of the distribution of outcomes, (iii) evaluate the contribution
of two alleged solution to the equity premium puzzle which have been proposed in
the literature.
To choose the ranges for the five parameters of the model I follow Merha and
Prescott approach and select them so that they include all the existing estimates
obtained with similar model specifications. On these supports I choose the joint
density to be the product of 5 univariate densities and specify each univariate density
to be a smoothed version of the frequency distribution of estimates existing in the
literature. The densities and their support are reported in table 1. The range for w
is the same as that of Merha and Prescott and the chosen x2 density has a mode at
2, where most of the estimates of this parameter lie, and a low mass (smaller than
5%) for values exceeding 6. The range for ft reflects the results of several estimation
studies which obtained values for the steady state real interest rate in the range
[-0.005, 0.04] (see e.g. Altug (1989), Dunn and Singleton (1986) or Hansen and
Singleton (1983)) and of several simulation studies which imply a steady state real
interest rate in the range [0, 0.05] (see e.g. Kandel and Stambaugh (1990) or Merha
and Prescott (1985)). The density for /3 is skewed to express the idea that a steady
state real interest rate of 2-3% or lower is more likely than a steady state interest
rate in excess of 4%. Note that, although I assume independent densities over /?
and LO, many estimates of these two parameters are not independent. However, the
rank correlation coefficient across pairs of estimates is small and none of the results
I present depends on this simplifying assumption.
To provide a density for fi, v and <j>I experimented with two procedures. The
first one, which is used in the basic experiment, involves taking the 10 subsample
estimates of the mean, of the standard error and of the AR(1) coefficient of the
growth rate of consumption over 10 year samples contained in Merha and Prescott
(1985, p. 147) as different estimates of reasonable consumption processes and then
constructing a uniform discrete density over these triplets. The second involves
dividing the growth rates of consumption over the 89 years of the sample in two
states (above and below the mean), estimating for each state the standard deviation
of the mean, of the standard deviation and of the AR(1) coefficient of the growth rate
of consumption and directly inputting these estimates into estimates into the model.
In this case simulations are performed by assuming a joint normal density for the
mean, the standard deviation and AR(1) coefficient in each state centered around
the point estimates of the parameters and support within two standard errors.
Figures 1-4 present scatterplots of the simulated pairs (R1, EP) when 10000
12
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explored to variations in 0 and u within the range, no robustness check is made for
perturbations of the technology parameters. Second, by providing only the largest
value generated, they believe that it is a sufficient statistic to pose the puzzle.

Figure 1 reports the results obtained with the Merha and Prescott specification.
It is immediate to check that, for a value of the risk free rate not exceeding 4%, the
value of the equity premium is very small and equal to 0.0030, confirming Merha
and Prescott’s conclusion. It is also easy to see that the distribution of possible
outcomes is essentially uniform and that the mode of the joint distribution is at
(0.110, 0.0094). Finally, the probabilistic measures of discrepancy suggest that a
large portion of simulations produce values of (Rf , EP) which are in the upper left
quadrant. Also, about 73% of the simulations produce pairs which are within a
classical 95% ball around the point estimates we see in the data and that the actual
value is outside the 99 percentile contour.
Figure 2 reports the plots for the basic specification of the model. Also in this
case, if we set a 4% upper bound to the risk free rate, the maximum equity premium
generated is only 0.0038. The probability that the model generates values in a ball
centered around the actual values of (R1 ,E P ) is 81.4%. In addition, in 100% of
the cases the simulated risk free rate exceeds the actual value and the simulated
equity premium is below the actual value, while the actual values lies outside the
99 percentile contour.
To examine whether the selection of the distribution for the technology param
eters has any effect on the results, I also conducted simulations using the parame
ters selected by the second procedure previously described. No substantial changes
emerge. For example, the probability that the model generates values in a ball cen
tered around the actual values of ( R f, EP) is 80.3% and the maximum value for EP
compatible with a risk free rate not exceeding 4% is 0.0025.
Several conclusions can be drawn from this first exercise. First, even after
taking into account the uncertainty surrounding estimates of the technology param
eters, the puzzle remains regardless of the way it is defined (means, medians, modes
or maximum values): the model cannot generate pairs {R1, EP) which match the
values we find in the data. Second, the simulated distributions are bimodal, highly
left skewed and have a fat left tail indicating that lower than average values are
more probable and that very small values have nonnegligible probability. Third,
the simulated risk free rate is always in excess of the actual one, a result that Weil
(1990) has termed the risk free rate puzzle. Fourth, while the model fails to generate
values for (Rf , EP) which replicate the historical experience, in more than 80% of
the simulations it produces pairs which are within two standard deviation bands of
the actual values.
Next, I conducted two exercises to examine the contribution of the modifica
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simulations are performed. I summarize the features of the joint distributions in
table 1 using the first four moments, the median, the mode, the 90% ranges and
the largest values. To evaluate the discrepancy of the model from the data I report
three numbers for each distribution: the probability that the model generates values
for {R1, EP) which fall within a two standard deviation band of the actual estimate,
the probability that the simulated pairs are in each of the four quadrants of the
space delimited by the actual values of ( Rf , EP) and the percentile contour of the
simulated distribution where the actual value of (R1, EP) lies.

The second experiment assumes the presence of a third unlikely crash state
where consumption falls substantially.2 The justification for including a third state
is that in the Great Depression consumption fell substantially and excluding such
a state may have important implications on the results (a conclusion denied by
Merha and Prescott (1988)). In this specification there are two new parameters
which cannot be measured from available data ((, the probability of a crash state
and f, the percentage fall in consumption in the crash state). Rietz (1988) searches
over the a-priori ranges of [0.0001, 0.2] and [y ^ , 1 —
and checks what is the
maximum simulated equity premium that the model generates when we restrict the
risk free rate to be below 4%. I maintain these ranges in my experiment and assume
on these supports an exponential density for ( and a three point discrete density for
£ which summarizes the three cases examined by Rietz (1988) (see table 1).
Allowing the discount factor to take on values greater than 1 goes a long way
in reducing the discrepancy of the model from the data (see figure 3) since it shifts
the univariate distribution of R 1 down (the minimum and maximum values of R1
are now (-0.084, 0.092). For example, the probability that the model generates
values in a ball centered around the actual values of (R1,EP) is now 85.7% and
in only 7.4% of the cases is the risk free rate in excess of the value found in the
data. Because of this shift in the simulated distribution of R /, the maximum value
of EP consistent with a risk free rate below 4% is 0.031, a value with a standard
error of 0.11. Despite these differences, the location and the shape of the univariate
distribution of EP changes very little. Hence, although the equity premium puzzle
is “solved” when defined in terms of the maximum simulated EP consistent with a
maximum risk free rate of 4%, it is still very evident when we look at the univariate
distributional properties of simulated EP.
The second modification appears to be much less successful (see figure 4). It
does shift the univariate distribution for EP to the right (the median, mode and
mean are 0.010, 0.035, 0.109) and increases the dispersion of EPs but it achieves
this at the cost of shifting the distribution of R f toward unrealistic negative values
(the mean is -0.15, the lowest value -0.99 and the 90% range [-0.940, 0.068]) and of
scattering the simulated values for (R1, EP) all over the place. For example, the
probability that simulated values are in a ball centered around the actual values of
2The three consumption states are A! = 1 + p + v, X2 = 1 + p —1/, A3 = { * (1 + p) and the
transition matrix has elements: <pi,i ~ <fo,2 = 4>\ 4>\,2 = <t>2,1 = \ — <f>— C, <^1,3 — ^ 2,3 = C, *^3,i =
</>3,2 = 0.5,03,3 = 0.0. Note th at the experiment is conceptually different from the previous ones
since there are two extra degrees of freedom (the new parameters £ and £) and no extra moments
to be matched.
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tions suggested by Kocherlakota (1990), Benninga and Protopapadakis (1990) and
by Rietz (1988) to the solution of the puzzle. The first experiment allows the dis
count factor 0 to take on values greater than 1. The justification is that in a growing
economy a reasonable value for the steady state real interest rate can be obtained
even with 0 greater than 1. In this experiment I still maintain the truncated normal
density for 0 used in the baseline case but I increase the upper value for its range
to 1.04 and allow about 10% of the density in the region above 1.0.

5.2

H ow M u ch D o T ech n ology Shocks E xplain ?

Kydland and Prescott (1982) showed that a one sector growth model driven by
technology shocks whose statistical properties have been calibrated to be the same
as those of Solow residuals explains about 70% of the variance of actual US output.
This result has spurred much of the subsequent literature which tries to account for
business cycle regularities in a model where monetary impulses play no role (the
so-called real business cycle literature). Kydland and Prescott’s initial estimate has
been refined by adding and subtracting features to the basic model (see Hansen
(1985)) but the message of their experiment remains: a model where technology
shocks are the only source of disturbance explains a large portion of the variability
of actual US output.
Recently, Eichenbaum (1991) has questioned this claim because “decisions
based solely on the point estimate of \ y (the ratio of the variance of simulated and
actual cyclical component of output) are whimsical” and suggests that “the model
and the data, taken together, are almost completely uninformative about the role
of technology shocks in generating fluctuations in US output” (p. 614-615). Using
an exactly identified GMM procedure to estimate the free parameters, he finds that
the model explains anywhere between 5% and 200% of the variance of per-capita
US output.
In this section I will repeat Eichenbaum’s exercise with three goals in mind.
First, I am interested in knowing what is the most likely value from the point of view
of the model (i.e. I am interested in locating the mode of the simulated distribu
tion). Second, I want to provide confidence bands for \ y which reflect the intrinsic
uncertainty present in the model (not in the data, as in Eichenbaum). Third, I
wish to verify whether taking normal confidence bands appropriately describes the
uncertainty surrounding point estimates of \ y and examine which features of the
model make deviations from normality more evident.
The model I use is the same as Eichenbaum’s and is a simple variation of
Hansen’s (1985) model which allows for deterministic growth via labor augmenting
technological progress. The social planner of this economy maximizes
OO
EoJ 2 0 > g ( c t) + 6 ( T - h t)}
(11)
t=o

subject to:
ct + k l+ 1 - (1 - 6)kt < A tK l- o tfh tT
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{R1,E P ) is now only 72.7%, the probabilities that the model generates values in
each of the four quadrants delimited by the actual values of (Rf , E P ) are almost
identical and the maximum EP consistent with a value of R^ below 4% is 0.747.
In essence, adding a crash state shifts the mode and stretches and tilts the shape
of the joint simulated distribution. Roughly speaking, too many configurations for
{R1, EP) now have equal probability and this weakens the ability of the theory to
provide a coherent answer to the question posed.

There are seven parameters in the model: 6, the depreciation rate of capital,
/3, the subjective discount rate, 6, leisure’s weight in the utility function, a, labour’s
share in output, 7, the constant unconditional growth rate of technology, p the AR
parameter of the shock and a its standard error. Hansen (1985) calibrated these
parameters (the values are in the first column of table 2) and found that Ay =
’imrfyj) ~ 1 where var(yf) is the variance of simulated output. Eichenbaum (1991)
estimated all parameters but 0 (which is calibrated) using a method of moment
procedure (values and standard errors are in the second column of table 2) and
found (i) a point estimate of Xy of 0.80, (ii) a large standard error about the point
estimate of \ y due primarily to the uncertainty surrounding p and a and (iii) a strong
sensitivity of the point estimate of ABto small perturbations in the parameter vector.
The densities for the parameters I employ are in the third column of table 2.
The range for the quarterly discount factor corresponds to the one implied by the
annual range used in the previous example and the density is the same. 6 is chosen
so that the annual depreciation rate of the capital stock is uniformly distributed
between 8 and 12% per year. The range is selected because in simulation studies
S is commonly set to 0.025, which corresponds to a 10% annual depreciation rate,
while estimates of this parameter lie around this value (e.g. McGratten, Rogerson
and Wright (1991) have a quarterly value of 0.0310 and a standard error of 0.0046,
while Burnside, Eichenbaum and Rebelo (1992) have a quarterly value of 0.0209
and a standard error of 0.0003). The range for a reflects calculations appearing
in Christiano (1988) where, depending on how proprietors’ income is treated, the
share of total output payed to capital varies between 0.25 and 0.43, and the estimate
obtained, among others, in McGratten, Rogerson and Wright (1991). I chose the
densities for p and a as in Eichenbaum because the econometric evidence on these
two parameters is scant and the values used in most simulation studies fall within a
one standard error band around the mean of the assumed density (see e.g. Kydland
and Prescott (1982) and Hansen (1985)). Finally, T is fixed at 1369 hours per quar
ter, the density for 7 matches the quarterly distribution of unconditional quarterly
growth rates of US output for the period 1960-1990 and 9 is endogenously chosen
so that the representative household spends between one sixth and one third of its
time working in the steady state.
I performed 1000 simulations with time series of length T=124 and I present a
smoothed version of the simulated distribution of A„ in figure 5. The distribution is
scaled so that with the parameter values used by Eichenbaum (1991) we generate a
16

© The Author(s). European University Institute.
Digitised version produced by the EUI Library in 2020. Available Open Access on Cadmus, European University Institute Research Repository.

where ct is per-capita consumption, T —ht is leisure, T the per-capita endowment
of time in a quarter, E„ is the time 0 conditional expectation operator, kt is the
capital stock at time t and At is an aggregate technology shock with the time series
representation At =
, ef‘, where |p| < 1 and tt ~ iid(e,a2). A justification for a
specification like (11) can be found in Hansen (1985). Since the model is nonlinear
and variables grow over time, a closed form stationary solution does not exist. Here I
compute an approximate decision rule for the endogenous variables using a loglinear
expansion around the steady states after variables have been linearly detrended as
in King, Plosser and Rebelo (1988).

The mode of the distribution is at 0.9046, the mean at 0.8775, the median at
0.5949. The dispersion around these measures of location is very large. For example,
the standard deviation is 0.7635 and the 90 percent range of the distribution is
[0.2261, 2.6018]. The simulated distribution is far from normal and the left tail of
the distribution tends to be very long. Hence the range of estimates of \ y is very
large, and, as in Eichenbaum, small perturbations in the parameter vector induce
large variations in the variance ratio.
Several other features of the simulated distribution are worth mentioning.
First, in 67.3% of the cases the variance of simulated output is smaller than the
variance of actual output. Second, in 43.1% of the simulations the variance of sim
ulated output is within a classical two standard deviation confidence band around
the estimate of the variance of actual output. Third, if I choose an evaluation size
v = 0.50 and find the A satisfying P r{\yi < A) = 0.5, i.e. A is the median of the sim
ulated distribution, I find that the median value of the simulated variance of output
is outside the 95% normal confidence range for the variance of actual output.
When I ask which parameter is responsible for the large uncertainty in the
estimates of \ y, I find that it is the location and width of the support for p which
induce both a large mean value and a wide dispersion of estimates. For example,
assuming that the density of p has a point mass at 0.94 and maintaining the same
densities for the other parameters, I find that location measures of the simulated
distribution for Xy decrease (the mode is now at 0.792) and the standard deviation
of the simulated distribution for the variance of output drops to 0.529. Similar con
clusions are obtained by shifting the range of p toward 0.90 or by cutting the range
of possible p in half without changing the mean value. Hence, as in Eichenbaum, I
find that it is the intrinsic uncertainty in the process characterizing the exogenous
forces rather than the exact parameterization of the model that is responsible for
the large spread in the distribution of outcomes. In addition, I also find that normal
confidence bands do not appropriately characterize the uncertainty surrounding the
outcomes of the model.

6

C o n c lu sio n s

This paper describes a Monte Carlo procedure to formally evaluate the properties of
calibrated general equilibrium models. The procedure is designed to make the choice
of parameters and the evaluation of the properties of the model more statistically
sound. The approach realistically accounts for the uncertainty faced by a simulator
in choosing the parameters of the model by assuming that they are drawn from
the frequency distribution of existing estimates. The methodology allows for global
sensitivity analysis within the range of existing estimates and evaluates the discrep
ancy of the model from the data by attaching probabilities to events a simulator
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value of A,, = 0.80. As a reference, the value of Xy using Hansen’s (1985) parameters
is 0.84.
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is interested in characterizing. The approach is easy to implement, computation
ally simple and includes existing calibration, estimation by simulation and GMM
techniques as special cases. The usefulness of the approach as a tool to evaluate
the performance of theoretical models is gauged using two applications which have
received substantial attention in the literature: the equity premium puzzle and the
ability of a real business cycle model to reproduce the variance of actual US output.
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