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A Redistributive Approach to Price 
and Quality Discrimination*

Anna Pettini and Louis Plilips^

Abstract

This paper examines the properties of quality selection when 
the standard price discrimination rule is modified for redistributive 
purposes. A public firm is assumed to sell a private good of different 
qualities to people with homogeneous tastes but different incomes, 
in a mixed duopoly or as a monopolist: optimal marginal conditions 
for quality selection are compared for the different cases. We derive 
a generalised form of a redistributive price discrimination rule for 
a public monopoly. Welfare consequences and the sensibility of 
redistributive objectives in a partial equilibrium context are also 
discussed.

*We would like to thank Andrzej Baniak, Etienne Billette de Villemeur and Alessan
dro Petretto for very helpful comments. We are responsible for the remaining errors 
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1 In tro d u ctio n

Price discrimination naturally arises in the study of monopoly since a mo
nopolist typically desires to sell additional output if it can do so without 
lowering the price on the units it is currently selling (Varian,[7]). Price 
discrimination may involve selling different varieties of the same good 
(horizontal product differentiation), as well as selling different qualities 
(vertical product differentiation). In the latter case, the monopolist ex
ploits the differences in the ability to pay of consumers by applying a 
profit-maximising price-discrimination rule.

Phlips [6] applies price discrimination to the case where a monop
olist sells a different quality of a good to each class of consumers. In 
his model, all consumers rank the different qualities in the same order, 
namely they have the same preferences, so that their reservation price for 
each quality corresponds to their ability to pay, i.e. their income. The 
result of his analysis is that lower income people are charged a price equal 
to their reservation price, while richer consumers are able to retain a pos
itive surplus. Moreover, welfare maximising quality selection is such that 
the marginal evaluation of quality of richer people is equal to the marginal 
cost of the quality they buy, while the marginal benefit of lower income 
consumers for the quality chosen for them is lower than the marginal cost 
of it.

Suppose now that the private good to be sold at different qualities 
is not a car, for example, but a bed in a hospital. Quality differences 
between two beds in the same hospital could be represented, e.g., by the 
number of other beds in the same room.1 A bed in a hospital is a private 
good, because it is rivalrous, excludible and has non-zero marginal cost 
for the marginal consumer. Nonetheless, it produces health, which is a 
social good since it produces externalities. This is one of the reasons 
why a government may desire to sell a private good and/or to regulate 
the market.2 We consider the case where a government is interested in

1 'I'hls example fits well with the case of unitary demand, as considered in Phlips’s 
model and in the following analysis.

2 The desirability of public provision of private goods in second best economies, 
i.e. when personalized lump sum transfers are not available, is today a hotly debated

©
 T

he
 A

ut
ho

r(s
). 

Eu
ro

pe
an

 U
ni

ve
rs

ity
 In

st
itu

te
. 

D
ig

iti
se

d 
ve

rs
io

n 
pr

od
uc

ed
 b

y 
th

e 
EU

I L
ib

ra
ry

 in
 2

02
0.

 A
va

ila
bl

e 
O

pe
n 

Ac
ce

ss
 o

n 
C

ad
m

us
, E

ur
op

ea
n 

U
ni

ve
rs

ity
 In

st
itu

te
 R

es
ea

rc
h 

R
ep

os
ito

ry
.



providing a private good, which may or may not be already provided 
by the private market, for a redistributive purpose. Goods like health 
care or education are commonly provided by both the private and the 
public sector and, in general, the private sector offers better quality. The 
government may want everybody to have access to the service, and decides 
to provide it itself and target it to people who could not afford the privately 
provided one.

The first step of our approach is to consider a profit maximizing 
public firm which enters a market where there is an unregulated private 
monopolist. The public firm offers only the lowest quality and, by doing 
this, forces the private seller to adapt the price of the lowest quality to the 
one set by the government.3 We call this market setting a mixed duopoly. 
A remark is here essential: since the private firm has to adjust to the 
price fixed by the public sector, strategic behavior is ruled out. The first 
case, that of the profit-maximising' duopoly, could indeed include strategic 
interaction between the private and the private firm, but we use it as a 
benchmark of cases in which the government is not interested in price 
competion. The government, through the public firm, is only interested 
in exploring the redistributive potential of price discrimination.

Section 2 presents the model and is then divided into three cases: 
in cases 1 (2.1) and 2 (2.2) the public firm offers only the low quality 
and the private one offers both qualities. The difference between the two 
cases is that both firms adopt a profit maximising pricing rule in the first 
while, in the second, the public firm is assumed to choose a price for the 
quality sold such that low income people retain a positive surplus. In the 
third case there is only one producer, the public firm, which offers the two 
qualities.

issue and has been first introduced in a paper by Guesnerie-Roberts [4] and Blackorby- 
Donaldson [3]. A comprehensive list of references on the theory of public provision of 
private goods together with optimal taxation, can be found in Balestrino [2]. Hare [5] 
provides a general review of the literature which invokes externalities, informational 
asymmetries and merit goods arguments to justify public intervention in the supply of 
private goods.

3This amounts to assuming that the price set by the public firm is lower than the 
price that the private monopolist would like to charge for the low quality.

2
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Section 3 analyses some welfare implications while section 4 gen
eralizes the case of a redistributive monopoly. A redistributive pricing 
rule and optimality conditions for quality selection are derived. Section 5 
concludes.

2 T h e  M od el

Consider an economy in which a private good (q) is offered by a public firm 
(G) and a private firm (P). Assume a context of vertical differentiation 
of the product, namely a technology which allows for providing the good 
q at different qualities. Thus, good q can be interpreted as being the 
general good, which is converted in as many specific goods as the number 
of qualities at which it can be provided. We assume that there are only 
two qualities <?, (i =  1, 2) with q2 > Qi where qt indicates the quality level.

The government offers the lower quality qi whereas the private firm 
offers both the low and the high quality or none of the two. Costs are 
continuous over the two qualities and the unitary cost of producing qual
ity qt for the private firm is cp (qi), while the public sector’s cost per unit 
in producing q\ is cG{q\). The unit cost of quality improvement increases 
with quality at a rate dck(qi)/dqi > 0  (k =  G ,P ,i  =  1 i f  k =  G). 
Since ck(qi) is the unit cost, total cost is N kck(qi) (where N k is the 
number of consumers of group i served by firm k), and marginal cost 
is d N kck(qi)/dqi = N kdck(qi)/dql.

Profits of the two firms are

UG = N GP l - N GcG(qi) (1)

n  P = E ^ - E ^ f e ) .  (2)
t=l i=l

The demand side of the market is supposed to be divided into two 
classes of consumers (j =  1, 2); both of them have the same preferences 
over the ranking of qualities, namely they agree on the higher quality 
being preferable (f?2 > R\ where R\ is the highest price that a consumer 
of group j  is ready to pay for quality 1), but they differ in the income they

3
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have (so that the index j  indicates both the class of consumers and the 
income level). Higher income people have a higher total willingness-to- 
pay (hereafter WTP) than the poorer for both qualities, i.e. Rf > R\. In 
addition, we assume that the individuals with larger WTP have also larger 
marginal WTP, so that dR^/dqi > dR\ / f)qt and, lastly, that dR\/dqi > 0.

Each consumer is supposed to buy, at most, one quality and at most 
one unit of that quality, so that their W TP reduces to then reservation 
price for the unit of product they buy. Assuming that consumers Eire 
interested in buying the good is equivalent to assuming that the following 
participation constraint is satisfied:

R l ~ P i >  0 Vj,i, (3)

where R\ is the reservation price of group j  for quality i, and Pi is the 
price for quality i.

Each group j  chooses quality j  on the condition that no other quality 
gives it a higher surplus, i.e. the following self-selection constraint has to 
be satisfied:

Rj -  Pj > R \ -  Pi ±  i- (4)

If the self-selection constraint is satisfied each group is not interested 
in buying another quality. This self-selection constraint is a basic feature 
of our problem in the sense that the government wants to target the low 
quality to poorer people. It affects the outcomes of all the redistributive 
efforts of the government and is valid whet her the low quality is also offered 
by the private firm or not.4

The social consumer surplus is

s  = ! > < ( * ! - * ) .  (5)t=i

4In this respect the structure of the market or the number of suppliers is not relevant.

4
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Let us assume that general welfare depends linearly upon social con
sumer surplus and the profits of the two firms

W =  AS, +  n G + fIp , (6)

where 0 < A < 1. When A =  1 the maximisation of this welfare function 
gives the unconstrained optimum, while pure profit maximising is obtained 
when A is equal to zero. This interpretation holds in the discriminating 
profit maximising monopoly setting. In the present analysis A amounts 
to the weight assigned to social consumer surplus by the public sector.5 
(Later on A will be indexed since its interpretation may change depending 
on the cases considered. The optimal quality selection will then result 
from maximising the welfare function under particular pricing rules for 
the two firms.)

We can now study three cases. In the first, the public firm offers only 
f/i, while the private firm offers both qualities. Each firm is interested in 
extracting as much surplus as possible from consumers, i.e. they select 
the qualities which maximise their profits. In case 2, the good is still 
supplied by both the government and a private firm, but the government 
is only interested in breaking even; the private firm offers the good at both 
qualities and wants to maximise its profit. In case 3, the public firm is 
the only producer; it offers either the low quality only or the two quality 
levels at prices which cover the costs. Finally, the case of introducing a 
redistributive device in the profit maximising pricing rule is explored.

2.1 T h e  In itia l S ettin g: C ase 1

People are divided into two subgroups, Ni and and the first group is 
served by both firms (N\ =  N ^+ N [). 7VG and N f  are given. Nonetheless, 
since the relative magnitude of the two shares will be relevant to interpret 
our results, the whole range of possibilities, i.e. /VG < (>)Arf ,  will be 
discussed.

5 A could be interpreted as related to the marginal C06t of public funds, 5 as A =  
1/1 +  5. A =  1 means 5 =  0. Since we are working in a partial equilibrium context with 
a break-even constraint, to which the public provision is subjected, the assumption
5 =  0 makes sense .

5
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If both firms maximise their profits, they will try to extract as much 
surplus as possible from each class of buyers. The pricing rule result
ing from this objective subject to the self-selection and the participation 
constraints is

P\{=P\ = Pi) = R\ CO
Pi(=P2) = Rl -  R 2i+ P i-

Prices are completely determined by the objective we attribute to 
the sellers, so that these are the equilibrium prices. Indeed, these are 
the highest possible prices that satisfy the self-selection and participation 
constraints. Since prices for the homogeneous low quality have to be 
equal while there is only one price for the high quality, they can be simply 
labelled p\ and p2.

Lem m a 1 The pricing rule (7) is valid whether the low quality is offered 
by a monopolist or by the government and a private firm.

Proof. Both public firm and the private one are assumed to set the prices 
in order to extract as much surplus as possible from consumers. Thus, the 
highest possible prices satisfying both participation and self-selection con
straints are (7). Since quality 1 provided by the two firms is assumed to 
be homogeneous, they face the same reservation price I?}. Consequently, 
pc{ cannot differ from pp because all people of class N\ would otherwise 
choose the quality offered at the lower price, q.e.d.

Social consumer surplus and social profits are expressed as

S  — Ni(R \ — pi) +  N2(R% — Pi ) (8)
n = n G + n p =  n gPi + n 1pPi +  n 2P2

- N ? c G(qi) -  N [c p (qi) -  N2cp(q2). (9)

6
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Profits differ when costs are different. ffG' =  ffp only if technology 
is homogeneous, i.e. when costs for producing the same quality are equal, 
and if TVf = N p.

General welfare is the weighted sum

W =  A,S +  II (10)
=  A, [Nx(R\ -  Px) + N2(R22 -  p2)] +

{n °  +  O p , +  n 2P2 -  O c (gi)
- N ? c p (qi) -  N2cp(q2),

where 0 <  A, < 1 . Substituting the pricing rule into (10) we obtain

W =  N2[R\ -  (1 -  A,){R\ -  R\) -  cp (q2)} +
N ? [ R \ - c G(qi)} + N p[ R \ - c p (qi)]. (11)

Maximisation of (11) with respect to the qualities leads to

dR\ A f
dqx Nx +  ^ ( 1  — A,) 

N2{ 1 -  A,)
Nx + N2{ 1 -  A,)

dR\ dcp (q2)
dq2 dq2

d Q i )
dqi 

dRj 
dqx

N x + N2{ 1 - A , )
dcp{qi)

dqx

( 12)

(13)

which is analogous to the result in Phlips [6]. The only special feature is 
that there are two derivatives for the unit cost, one for the public firm and 
the other for the public one. Equations (12) and (13) show that marginal 
WTP is equal to per capita marginal cost only for the highest quality. For 
group 1 marginal W TP is a weighted average of marginal costs and the 
marginal value placed on quality 1 by group 2.

It is worth noting that the difference between R\ and the marginal 
cost of quality 1 in a discriminating monopoly is null when Aj =  1. It is in

7
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fact the unconstrained optimum. The same is true here, when marginal 
cost is measured as the weighted average

About quality selection we can state the following.

Proposition 2 Let dck(qi)/dqi > 0. [q\D | 0 < Xx < 1] < [q*1D \ Ax =  1]

where q\D is optimal quality 1 obtained in a discriminating duopoly. 
Provided 0 < Ai < 1, optimal quality selection is such that the qual
ity offered to the lower income group is lower than at the unconstrained 
optimum. Indeed, at a constrained optimum, quality 1 decreases with 
marginal W TP of group 2 for quality 1 (dR\/dq\).

Proof.
Compare the case where Ax =  1 with that in which Ai =  0. For Aj =  1,

dR\ _ N GdcG(gx) N [ dcp(qi) 
dqi N\ dqi N\ dq\

= ~ ( M C G + M C P) (14)

For Aj =  0,

f)R\ M C f +  M C f N2 dR\
dqi ~  N i + N 2 + Ni +  N2 dqi  ̂ ’

Assume R\ to be linearly dependent of qi so that dR\/dqi is a given 
constant with respect to q and the left hand sides of both (14) and (15) 
turn out to be equalized to the same value, a. Let (dR \/dq\)N 2 =  b (> 0 
by assumption). Equations (14) and (15) are satisfied respectively for a 
value q* and q of quality 1 (where q stands for q\ until the end of this 
proof). The relevant comparison is therefore when q* > (<)(]■ In other 
words, we are interested in the sign of Aq in q = q* +  Aq. Take

M C G(q*) + M C p {q*) M CG{q) + M C p(q) b
Ni ~ N i + N 2 +  Ai + N2 (16)

8
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and, for simplicity, let [MCa (q*)+MCp(q’)] =  f (q *) and [MCG(q)+ 
M C p(q)\ =  f(q)', (16) becomes

jm
Ni

=  a

/(g) b
N 1 + N2 N 1+ n 2

(17)

(18)

Compare now (16) and (17) in which the two terms of (16) have been 
solved for a. f (q *) is always greater than f(q) since dR\/dq\ is less than 
dR\/dqi and costs are monotonically increasing in q. q.e.d.

The intuition behind Proposition (2) is that optimal quality 1 is the 
higher, the greater is the importance given to social consumer surplus 
when maximizing general welfare. If no weight is attributed to consumer 
surplus and profits only are maximised, optimal quality 1 is at the lowest 
possible level. This is due to the presence of the W TP of consumers of 
class 2 for quality 1 which appears when Ai < 1.

Another comparison involves the difference, if any, between optimal 
qualities in a discriminating monopoly, as in Phlips [6], and that selected 
in the duopoly we have been analysing. Not surprisingly, optimal quality 2 
is the same since quality 2 is still produced by one firm only. As for quality 
1, compare expressions (14) and (15) with the corresponding expressions

dR\
dq1
dR\
dqx

dcM(ql)
dqi

for \ i  =  1

At dcM(qi) n 2 dR\
N 1 +  N2 dqi Ni  +  N2 dqi

for Ai =  0

(19)

(20)

for a discriminating monopoly.

P ro position  3 With the pricing rule (7), q\D > {<)q\M if M C G(q\) + 
M C p(q\) < (>)M CM(qi), VAi : 0 < Aj < 1.
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M C M(qi) is the monopolist’s marginal cost of quality 1 and q\M optimal 
quality 1 selected in a discriminating monopoly.

According to Proposition 3, when each firm in a discriminating 
duopoly maximises its profits, optimal quality 1 to be selected is higher 
(smaller) than in a discriminating monopoly if the sum of the duopolists’ 
marginal costs of producing q\ is smaller (higher) than monopolist’s mar
ginal cost for quality 1. Results of this section will serve as benchmarks.

2.2  In trod u cin g  a R ed istr ib u tiv e  O bjective: C ase 2

Assume now that the government is interested in giving the low quality to 
lower income people at a price below their reservation price. We assume 
that the price set by the public sector is either equal to the unit cost of low 
quality ( eq.(21)), which allows the public sector to break even, or equal to 
the marginal cost of low quality (eq.(29)). In both cases the government 
sets the price according to its own costs, and the private firm has to follow 
the price set by the government for low quality.

Let the pricing rule be

P \= cG{qi) (21)
Pi = R 2 — R \ +  Pi ■

Substituting this rule into general welfare, we have

M/=A25 +  n G +  n p
=  A -  cG(qi)) + N2(R* -  cG(qi))} +

N[[cG(qj) -  cp (qi)} + N2(R22 -  R]) +  N2cG(qi) -  N2cp (q2) (22)

where 0 < \ 2 < 1 and cG{q\) ^  cF{q\). The weight assigned to social con
sumer surplus within the expression for social welfare cannot be assumed 
to be zero, in the current and following sections: it would be contradic
tory to assign no importance to consumer surplus in a problem where the 
specific purpose of one of the two firms is to leave a positive surplus to 
lower income people.
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Optimal quality selection is given by substituting the pricing rule 
(21) into equation (22), and maximising the latter with respect to the 
qualities.

Resulting optimal qualities at the constrained optimum are such that

dR\ _ [ n 2 (i  -  a2)1 dc°{qi) [yv2 ( i - A 2)l
dqi N i A2 dqi [Ni A2

1 N f  f dcp(q\) _  dcG(q1) \  
A2 N\ \  dqi dqi )

dR \ _  dcp(q2)

d R M
dqi

dq2 dq2

(23)

(24)

At the unconstrained optimum (i.e. when A2 =  1)

dR\ _ N ? dcG{qi) N p dcp{gx) 
dqi Ni dq\ Nx dqi 
dR\ dcp (q2) 
dq2 dq2

(25)

(26)

P roposition  4 When A2 — 1, \q\D \ (21)] — [q̂ D \ (7)]. 

Proof.
Equations (25) and (26) can be written as

^ = ± (M C? + MCr>

dR\
dq2

- ^ M C P,

(27)

(28)

where M C f denotes marginal cost of firm k for quality i. Equation (27) 
is the same as (14).
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When A2 =  1, optimal quality 1 in a profit-maximising discriminat
ing duopoly is the same as that selected in a duopoly in which the price 
of quality 1 is set equal to the unit cost of producing the same quality. 
In other words, it is possible to leave a positive surplus to lower income 
people and, at the same time, let them get the same quality as in a profit 
maximising duopoly. The explanation of this result is that welfare max
imization is left unaltered by the changes in the pricing rule from (7) to 
(21): when social consumer surplus and social profits are equally weighted 
in the expression for general welfare (A2 =  Aj =  1), the positive surplus 
left to consumers of class 1 is compensated by the zero profit given to the 
public firm. This is exactly what the public firm aims at.

The open question is whether unit cost of the private firm for quality 
1 are higher or smaller than that of the public firm. Indeed, general welfare 
is lower when cf < cf because the private firm sells quality 1 at a price 
lower than the cost of it (the opposite holds when cf > c f ). This is clear 
by looking at the t hird term of the right hand side of (23).

Now let the pricing rule be

n d N GcG(qi) 
Pi = -----~-------dqi
Vi =  •fi>2 — ^1 +  Pi 

where [dNiCG{qi)]/{qi) ^  [dN fcp{qi)}/(dqi). 

General welfare is

(29)

w = x2s  +  n G +  n f

a 2n x

N g

iV2

R\ -  N{G9cG{qi)

a,c <9cg(c/ i) g

dqi

- c u (qi)

+ A2-/V2 I —.2 dcG{qi)
dqi

+

dqi
2 , »r dcG{qi)R} - R i  + N 1

dqi

+ N [  

~ C P(qi)

N c 9cG{qi) nP
dq\ -  cP(qi) +

(30)

The expressions for optimal quality selection (when the price for low qual
ity is set equal to its marginal cost) are
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1 — A2 
A2

(31)
dR\
dqi

dqi

N f
_1_

N i  _ 
dcp{q2) 

dqi

d2cG(Ql) 1 Pd*cp (qi)
dqi A 2 1 dqi +

N id R \  
Ni dqi

(32)

where the total number of individuals is normalised to one [N\ +N2 =
!)•

Socially optimal quality 1 from pricing rules at equations (21) and 
(29) depends on the functional form of costs. When, for example, a cost 
function based on a Cobb-Douglas technology is assumed

[ft*d I (21)] > [ft*D | (29)].

The unconstrained optima are as in (25) — (26)and (27) — (28).

2.3 T h e  P r iv a te  S ector  D rops O ut: C ase 3

Imagine now that the public firm produces the two qualities and that there 
is no private firm. The public firm chooses among different options. In 
the first and second option (33) and (36) it chooses to sell both qualities 
at prices respectively equal to the unit cost and the marginal cost of the 
corresponding quality. In the third case, the public firm chooses a pricing 
rule which allows for positive profits in selling the higher quality, while it 
keeps the price for low quality equal to its unit cost.

The pricing rule is

P i= cG(qi) (33)
P2 = cG(q2),

so that there is no price discrimination. Profits are zero, and general 
welfare reduces to W  =  S  since maximising S  or A3S' amounts to the 
same. Only unconstrained welfare maximisation is relevant and optimal 
quality selection obeys

9R\ dcG{qi) 
dqi dqi
dR \ =  dca (q2) 
dq2 dq2
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If, instead, the pricing rule is

(36)

positive profits are possible, since (dcG(</*)/dqi) > 0, so that it makes sense 
to define social welfare as

while the unconstrained optimum again implies (34) and (35). Putting 
prices equal to unit costs or marginal costs leads to the same uncon
strained optimum. Note the appearance of second order derivatives in the 
constrained optima.

A remark is in order. When both prices are set equal to marginal cost 
of the corresponding quality, self-selection constraints are not necessarily 
binding since the number of people of classes 1 and 2 are not given any 
more. Marginal costs Eire affected by this, since they depend on the number 
of people choosing a given quality.

Third, suppose a redistributive objective is applied to the price for 
low quality only. The pricing rule is then as defined in equation (21), so 
that the participation and self-selection constraints are satisfied and the 
rich will not buy the lower quality.

Social welfare is

w=x3s + n G

where 0 < A3 < 1. Optimal quality selection is such that

9R\ _  1 dcG{qi) _  riVi(l — A3)l d2cG(qi) 
dqi A3 dqi A3 dq\
dRl 1 dca (g2) N2{ 1 -  A3) d2cG(g2) 
dq2 A3 dq2 A3 dqi

(38)

(39)
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(40)

w =  x3s  +  n G
= X3N ì (R\ -  Ca ( q i ) )  + A3N2(Rl -  cG(qi)) 

+N2(R22 - R 2 + cg (9i)) -  N2cG(q2).

where, again, 0 < A3 < 1, and

dR\ _ [ n 2 { i - a3)1 dcG(>71) [A2 ( l - A 3)l
d<h L Al A3 d<h [Nr A3

dR\
d(h

dR \ _  dcG(q2) 
dq2 dq2

(41)

(42)

When A3 =  1, we obtain again (34) and (35): the unconstrained optimum 
is the same when the two qualities are priced at unit cost or when only 
the low quality is priced at unit cost.

3 S om e R em ark s on  G eneral W elfare and  R ed istr i
b u tio n

The previous section analyses quality changes when the price rule is mod
ified by the introduction of a redistributive objective. What can we say in 
terms of general welfare resulting from the examined changes in the pric
ing rule? In other words, when poorer people are left a positive surplus, 
who pays for it?

In general, the possibility of leaving poorer people a positive surplus 
is payed by the firms. In the case where low quality price is set equal to unit 
cost, the positive surplus left to consumers of class 1 is directly translated 
into zero profits for the public firm. A similar mechanism applies to every 
other redistributive modification of the pricing rule. This is due to the 
linearity of the social welfare function in its arguments. Had that function 
been non-linear, results could have been different.

To what extent can one analyse a redistributive objective in a partial 
equilibrium context, such as ours? It is well known that the approach in 
which consumers and producers surpluses are taken as a measure of social
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benefits implicitly assumes that individual preferences are represented by 
a quasi-linear utility function. This kind of utility function implies a 
constant marginal utility of income and, as a consequence, zero income 
effects. A constant marginal utility of income means that one dollar given 
to a poor has the same impact on his welfare as one given to a rich. The 
linearity of the social welfare function maintains this property. In this 
environment, redistribution of income and of welfare are equivalent.

4  A  general case o f  red istr ib u tive  m on op o ly

This section will generalize the case of a discriminating monopoly when 
a redistributive objective is introduced. Assume that the government ap
plies the profit maximising pricing rule but with the following redistrib
utive device: the price for low quality is lessened by a positive amount, 
K , which is added to the price for high quality. K  is assumed to be a 
function of the two qualities to be specified later. The self-selection and 
participation constraints are satisfied, so that richer people are prevented 
from choosing the low quality, and at the same time poorer people are 
allowed to retain a positive surplus.

P roposition  5 K(q \ , q2) modifies the profit maximising pricing rule as 
follows:

Pi = R \ ~  K(qi,q2)
p2 = R \ - R \  + R \ + K{qi,q2). (43)

Proof.6

The participation and self-selection constraints are

R\ > P iR \>  p2

R \ ~ P i > R \ -  Pi R \ ~ Pi > R\ ~  Pi-

6 The proof of this proposition follows the derivation of the non-linear pricing rule 
done by Varian[7].
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and introducing K(qi,q2) (=K during the following) they become respec
tively

P i < R \ - K
P2 < R\ + K

(44)
(45)
(46)
(47)

Pi < R\ -  2 K  -  R \ +  Pi
Pi  ^  f t 2 +  2 K  — R j +  p\.

The monopolist wants to select the largest possible p\ and p2. Thus, 
just one of the two equations (44) and (45) as well as of (46) and (47) will 
be binding.

About p2. Suppose that (45) is binding, i.e. p2 = R% + K. From (47) 
we get R \ < pi -f K. Combining the assumption by which ftf > R] with 
47, we have R \ > R\ < pi 4- K , which contradicts (44). Consequently, 
(47) is binding.

About p\. If (46) was binding, ft} — ft} =  ft) — R\ which is by 
definition

which violates the assumption that dR?/dqi > dR]/dqi. Thus, (44) is 
binding, q.e.d.

General welfare is

(48)

w = xAs + n G =
= —NiX1iK(qi ,q2) +  A4.ZV2f.ftj — ft} +  K(q\,q2)] + 

Ni[R{ -  K{qx,q2) -  c(fc)] +
A2[ft2 — ftj +  ft} +  K(qi,q2) — 0(^2)] (49)

Optimal quahties correspond to the condition that

dR\ _  T N\ 1 dc{qi) \ N2{ 1 -  A4) 1 dR\
dqi ~  [a 2(1 -  A4) +  TVjJ dqx +  [a 2(1 - A 4) +  A i J ~d^  +
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(50)

O R |  

Oq?

(l + A4)(jVi-JV2)l dK(qu q2)
N2( 1 -  A4) + Ni J dqi

d c f a )  ,
dq2

(Ni -  N2) 
n 2

(1 +  A4) dl<{qi,q2)
dq2

When A4 =  1 the last two expressions are

(51)

dR\
d q i

d q i

dcjqi)
dq i

dcjqi)
dq2

2(Ni -  N2)
N 1

2{Ni ~ N2)
No

dK{qi,q2)
dqi

dK{qu q2)
dq2

(52)

(53)

Let q*R and q*M be the optimal quality resulting from respectively a redis
tributive monopoly and a (standard) discriminating monopoly. Equations 
(52) and (53) lead to the following

Proposition 6 Let A i  =  A 4 =  1 and dc(qi)/dqi > 0.
(A) q*R > q*M if Ni > (<)N2 and (dK(q1,q2)/dqi) > ( < ) 0 .
(B) q*R < q*M when (Nt — N2) and (dK(qi,q2)/dqi) have opposite sign.

Proof.
Along the lines of the proof of Proposition 2.

It can immediately be observed that the introduction of a positive 
device makes the number of people of the two classes relevant for the 
optimal quality selection. The special case in which the two classes of 
customers are of equal size, is such that lower people are left a positive 
surplus but everybody gets the same quality as in the case of a redistrib
utive monopoly. If N\ ^ N2 , the rules of the last proposition apply.

Proposition 6 has several implications. First, it is straightforward 
that optimal qualities are the same in the two kinds of monopoly when 
either K (qi, q2) =  0 or its derivative with respect to quality is equal to 
zero. Moreover, K(qi, q2) must have a non-zero response to quality varia
tions for the present case to be meaningful.
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Second, the number of people of the two classes is a given constant, 
whereas K{q\, 92) is set by the monopolist; thus, the monopolist has the 
following possible choices. If the number of low income people is greater 
than the number of high income people, than the only opportunity to  give 
the two classes a quality higher than in a discriminating monopoly (</m) 
is to make K{qi, q2) increasing in q\. i.e. he has to charge a lower price 
to N\ and a higher price to 7V2. When N\ < N?, on the other hand, the 
two classes can be offered a quality higher than q^, if K{q\, <72) decreases 
with q\. In other words, K (q\, q2) acts as a redistributive device because 
it allows consumers of class 1 to retain a positive surplus which is taken 
away from consumers of class 2 . The second class of consumers, in turn, 
accept the burden imposed to them as long as the quality they are offered 
is higher than qm -

5 C on clu d in g  C om m en ts

In this paper we have extended the profit-maximizing pricing rule of a 
discriminating monopoly to a discriminating mixed duopoly, where a ver
tically differentiated private good is offered by both a public and a private 
firm. The public firm is supposed to produce only the first quality of the 
good, while the private one produces the two qualities, and discriminates 
the price charged to different categories of consumers in order to extract 
as much surplus as possible from them. A first result pf the paper is that 
the non-linear pricing rule of a profit maximising monopolist is extendable 
to a mixed duopoly. In fact, a government may decide to act as a monop
olist or to enter the market where a private firm is already selling the good 
and regulate it. Optimal quality in a discriminating duopoly is higher or 
lower than that in a discriminating monopoly according to the relation 
between the costs of the monopolist and the duopolists. The public firm 
is then supposed to experiment different modifications of the pricing rule, 
in order to let lower income people retain a positive surplus.

Optimal quality selection in a profit maximizing discriminating duopoly 
is equal to that in a duopoly in which the public firm sets the price of the 
low quality equal to its unit cost. The interesting feature of this result is 
that poorer people are left a positive surplus.
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We also analyse the case of a public monopoly, in order to be able 
to compare optimal quality selection resulting from a standard discrimi
nating monopoly, with a situation in which the monopolist is the public 
sector. This section shows that optimal quality selected can be higher for 
both income groups, whatever the number of rich and poor consumers is, 
provided the monopolist sets the redistributive variable in the appropriate 
way.
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