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Abstract

We provide a novel method to estimate in a closed-form solution the option prices of various exotic
options, using techniques based on Laplace-Beltrami operator for estimating diffusion boundary times.
We estimate exit times and their expectations, the hitting probabilities, boundary local times until
the first hitting and other probabilistic quantities and moment generating functions related to local
hitting times. Our findings maybe of paramount importance for traders, investors, speculators and
more broadly speaking for financial institutions.
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1 Introduction

The payoff of a simple European or American-style call or put option while it depends heavily upon
the value of the underlying asset, yet not particularly so on the path taken. In general, options deriva-
tives products are determined by many features and primarily upon the underlying assets, as commonly
reported in the relevant literature. However, a plethora of exotic options including Binary options, Cash-
or-Nothing, Asset-or-Nothing, Barrier, Double Barrier options amongst other, all depend strongly on the
path of the asset as well and on whether price barriers are hit or not. These barriers eventually control
the option valuation. Once either of these barriers is breached, the status of the option is immediately
determined, namely either the option comes into existence in case the barrier - as called - is in- or knock-
in barrier, or ceases to exist if the barrier is out- or knock-out barrier. Other double barrier options of
many types also exist (see [1] ). In this work, we utilize double barrier options as proper proxies for
many categories of exotic derivatives. To the best of our knowledge, we present for the first time new
ways of estimating the expectation of the time when various exotic options seize to exist, their hitting
probabilities, the exit times and their expectations, boundary local times until the first hitting and other
probabilistic quantities related to the boundary local times. Importantly, we deliver closed-form solutions

The diversity of exotic barrier options is indicative of their applicability in modern derivatives markets.
Many different combinations of barrier options can be implemented in derivatives markets for equities,
FX, commodities and bonds. We present thereafter the most important types: a double knock-out (DKO)
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or one touch knock-out Barrier option has both lower and upper knock-out barriers. Initially the holder
of the option owns a call or a put. If at any time, either barrier is breached, the option seizes to exist
(knocked-out). In some cases at knock-out, the holder may receive a rebate. For a double knock-in
(DKI), or one touch knock-in barrier, if either barrier is breached, the holder of the barrier option is
knocked-in, hence now owns the call or put. In cases where the option is never knocked-in, the holder
may receive a rebate. An upper barrier knock-out (UKO) double barrier involves the upper barrier which
when breached prior to the lower barrier, the option holder is knocked out, whilst in case the lower is
breached prior to the upper or neither barrier is breached, the holder owns the option. Furthermore, in
case of an upper barrier knock-out double option (UKO2) if the upper barrier is breached prior to the
lower barrier, the option holder gets nothing and instead in case the lower barrier is breached prior to the
upper, the holder receives an option. All in all, if neither barrier is breached, the holder gets nothing. For
a lower barrier knock-out (LKO) if the lower barrier is hit prior to the upper barrier, the holder is knocked
out and when the upper barrier is hit prior to the lower or neither barrier is breached, the holder owns an
option. Additionally, for double lower barrier knock-outs (LKO2) if the lower barrier is breached prior to
the upper one, the option holder gets nothing while when the upper barrier is breached prior to the lower,
the holder receives the option. If neither barrier is breached, the holder is not compensated. An upper
barrier knock-in double barrier (UKI) relates to the case whereby, if the upper barrier is reached prior to
the lower barrier, the option holder receives a call or put, whilst in case neither barrier is hit, the holder
owns an option. A lower barrier knock-in (LKI) performs similarly to the UKI, yet with a switch on the
lower and upper barrier. A double touch knock-out option (DTKO) exists when the holder initially holds
a call or put option. However, if both the upper and lower barriers are breached during the life of the
option, the holder is knocked out. For a double touch knock-in option (DTKI), if both the upper and
lower barriers are breached during the life of the option, the holder is knocked-in to a call or put option.
With all of the aforementioned barrier variations, the specification of rebate is possible. These rebates
(cash or asset amounts) can be specified if one or the other barrier is hit or if neither barrier is reached.
Using these rebate features is a way of including digital / binary payoffs that depend on barrier levels.
Finally, the type of monitoring conducted upon the barriers is a very important feature as well. Several
possibilities exist, namely each barrier is continuously monitored for the life of the option or the barrier
is partially monitored for specific windows during the option life. During these windows, the barriers are
monitored continuously. Alternatively, each barrier is partially monitored for specific windows during
the life of the option and the barriers are monitored at discrete dates or in another case the barrier is
discretely monitored at specific dates.

Merton ([2]) was the first to derive a closed form solution for a down-and-out European call option.
Other closed-form pricing formulae of exotic derivatives i.e., particularly for single-barrier options were
published by Rubinstein and Reiner ( [3] ). Rich ([4]) provided a mathematical framework for pricing
the single-barrier options. A valuation method for double-barrier options based upon the probabilistic
approach was discussed by Kunitomo and Tkeda ([5]). The values of the double barrier options can also
be obtained by solving the Black-Scholes partial differential equation with the corresponding boundary
conditions using the method of separation of variables. Analytical solutions of one-touch double-barrier
binary options, in which a fixed payoff is determined by whether it is touching the barrier, are derived by
Hui ([6]). Hui ([7]) extends regular single and double barrier options to time-dependent barrier options
in which the barrier period covers a segment of time either at the beginning (front end) or the end (rear
end) of the option life. This feature makes the time-dependent barrier options more flexible than the
regular barrier options for an investor, having a particular view on an underlying asset in a certain period
of time. The one-time barrier discontinuity in the time-dependent barrier options makes their pricing
formulae different from the regular barrier option-pricing formulae. Roberts and Shortland ([8]) consider
the problem of pricing derivative securities which involve a barrier clause. They present general techniques
to calculate, or estimate accurately barrier option prices, using methods for estimating diffusion process

with hitting times. Mario Dell’Era ([9]) discusses the efficiency of the spectral method for computing the



value of double barrier options. Using this method, one may write the option price as a Fourier series
with suitable coefficients. However, all of the aforementioned methods cannot be generalized vis-a-vis
the valuation of many other exotic derivatives, and more importantly they do not tackle with all the
analytical closed-form specificities occuring and remain unsolvable.

We contribute to the literature in significant ways. Specifically, to our knowledge this is the first study
to estimate a closed-form solution for all the inherent features of a variety of barrier options and other
proxies. Specifically, i) the expectation of the time that the option dies out is calculated, ii) the hitting
probabilities i.e., the probabilities that the option hits first the upper or the lower barrier are accurately
estimated, iii) certain probabilistic quantities related to the boundary local time until first hitting are
introduced, iv) the exit times and their expectations are estimated as well as v) the boundary local times
until the first hitting, which are of immense importance to the investors, alongside with the moment
generating functions for all of the above. In this work, we consider as our proxy the double knock-out
barrier with two barriers related to the strike price: an upper and a lower one. The upper barrier defines
the level where the trigger price is above the strike price, while the lower barrier establishes a point
at which the trigger price is below the strike. If the underlying does not break out of either barrier
at any time during the option life, the option acts like a plain vanilla option and the holder would
receive a specified payout. However, if one of the barriers has been broken through, the option dies out
(gets knocked-out). Our novel concept is that we assume that the underlying asset follows a geometric
Brownian motion on a 1—dimensional sphere S* = {z = (acos p,asing) € R?| 0 < ¢ < 27} (i.e. circle)
with center at the origin and radius a > g—; In this case, the transformation introduces ¢, p; € [0, 27)
such that H; = ap, and Hy = ayp; i.e., two points on the circle, that denote the upper and lower
barriers. The underlying asset then starts from a point ¢ € D = (Hy, Hy). Via this method, we estimate
the closed-form solution of the price of every barrier option or any exotic one thereby. Moreover, we
calculate the expectation of the time the option dies out. The probabilities that the option hits first the
upper or the lower barrier are calculated and we evaluate certain probabilistic quantities related to the
boundary local time of the domain D until first hitting. We deliver valuable closed-form mathematical
solutions of paramount importance for traders, investors, speculators and more broadly speaking for
financial institutions. The paper is organized as follows: section 2 presents preliminary definitions,
propositions and proofs, whilst section 3 describes the valuation method and a theorem related to that.
Section 4 recalls some definitions and proofs, and presents new results on exit times, expectations, hitting
probabilities and moments generating fnctions. Section 5 exposes the proofs for estimating boundary local
times. Finally, section 6 concludes with very interesting remarks regarding the extension of the results
on spheres of higher dimensions and future applications of the presented methodology to the valuation
of other exotic derivatives as well as to other mathematical problems in many topical fields.

2 Preliminaries

2.1 The n—Sphere S"

Definition 2.1. Let n € N* = {1,2,3,...}. The n—dimensional sphere S™ with center (c1,cz.... cnt1) and
radius a > 0 is (defined to be) the set of all points x = (x1,%2, ..., Tpi1) € R™ L satisfying (v1 — c1)*+
(z2 — c2)* + ..t (Tng1 — Cng1)® = a®. Thus,

S = {(x1,$27 ~~71'n+1) S Rn+1‘($1 - 01)2 + (1’2 - C2)2 + ...+ (:I/.nJrl — Cn+1)2 = CL2} (21)

The points of the n—sphere with center at the origin and radius a for n = 1 may also be discribed in

spherical coordinates in the following way

S' = {x = (acosp,asinp) € R? 0 < ¢ < 27} (2.2)



The Laplace-Beltrami operator of a smooth function f on S is

1 0%f
A f= @ 052 (2.3)

(see [10]).

2.2 Brownian Motion on S"

Definition 2.2. The Brownian motion on S™ is a diffusion (Markov) process X, t > 0, on S™ whose

transition density is a function P(t,x,y) on (0,400) x S™ x S™ satisfying

oP 1
S5 = 300P (2.4)
P(t,x,y) — 0,(y) ast — 0T (2.5)

where A, is the Laplace-Beltrami operator on S™ acting on the z-variables and d,(y) is the delta mass

at z, i.e. P(t,z,y) is the heat kernel of S™. The heat kernel exists, it is unique, positive and smooth in
(t,z,y).

2.2.1 Further Properties of the Heat Kernel P(t,x,y)
Moreover the heat kernel possesses the following properties:
1. Symmetry in z,y, that is P(t,z,y) = P(t,y, z).

2. The semigroup identity: For any s € (0,t)

P(t,z,y) = / P(s,z,2)P(t — s,z,y)duz (2.6)
where dy is the area measure element of S™.

3. As t — oo, P(t,x,y) approaches the uniform density on S™, i.e. tlim P(t,z,y) = Ai where A, is
—00 n
the area of the S™ with radius a. It is well known that

n+1 n 2 n
2" 2" (2 -DIr2a
A, =2m%a fornoddandAn:%

TSRy for n even
("zH)!

4. Finally, the symmetry of S™ implies that P(¢,z,y) depends only on ¢t and d(z,y), the distance
between x and y. In spherical coordinates it depends on ¢ and the angle ¢ between x and y. Hence
P(t,xz,y) = P(t,p) where P(t, ) satisfies

orP 1 1 oP 9*P
A P= (-1 i 2.
o 27" 2a2 (n—1)cot Lp&p + D2 27)
and
lir(r)lJraAn_lP(t, @)sin™ o = §(p) (2.8)
t—

The symbol §(-) denotes the standard Dirac delta function on R.



2.2.2 Explicit Form of the Heat Kernel of S'

Reminder (Poisson Summation Formula). Let f(z) be a function in the Schwartz space S(R), where
S(R) consists of the set of all infinitely differentiable functions f on R so that f and all its derivatives
f® are rapidly decreasing, in the sense that

sup|x| ‘f(l ‘ < oo forevery k,I>0.
zER

Then

Zf (x 4 2mn) ZF n) exp(inx)

ne nGZ
where F(£) is the Fourier transform of f(x), i.e.

+oo
FQ = [ @) e(-ignis, €er

— 00

For example, if
f(z) = exp(—Az* + Bz), A>0, BeC,

16 = [T (S 27)

then

2.3 The Case of S!

Proposition 2.1. The transition density function of the Brownian motion X;,t > 0 on S' with radius

- Ze Xp < — + mga) (2.9)

a 1s the function

Equivalently
1 n’t 1
p(t, @) = T % [exp <M> cos(ngp)} ~ 9 (2.10)
and
(t, o) = — Y e “2( 21n)? (2.11)
= — xp | —— ™ . .
piL, ¢ ot Z p o P —
Proof. If
(to)=— 3 |ex Y ostng)| - S
p(t,p) = 2 P =522 2 v
then B(t. o) s
p(t, ¢
e 27ra3 Zn cos(ny) exp( 70 2> (2.12)
and So(t. o) . ,
p(t, ¢ 2 n*t
- S —— ). 2.1
0,2 — Zn cos(nep) exp( 2a2> (2.13)
neN
Therefore )
Op(t, o) 1 pt, )
ot 202 0p?
We will now show that
li t, ) = 6(p).
Jm ap(t, ¢) = 3(p)
If ¢ € (0,2m), then
lim ap(t, ¢) = 0. (2.14)

t—0t



Next we observe that
27T 1 27 Tl2t
ap(t, o)dp = 7/ {exp () cos(mp)] dp — 1. (2.15)
/0 T Jo T;\I 2a2

For ¢t > 0 let us consider the functions
fn:]0,27] = R, neN,

with ,
fu() = cos(np) exp (—“) |

Notice that f,(¢) are integrable functions on [0, 27]. Furthermore

“+o0
> fale)

converges uniformly on [0, 27] because

2
ol < e (5 )

and the series
ZOO o T
P 2a2
n=1

converges. Therefore (2.15) gives

27 2 27
1 n“t
to)dp=—1+ = - d
/0 ap(t, )de + > exp( 2a2>/0 cos(nep)dyp,

thus )
/ ap(t,p)de = 1, for every ¢ > 0. (2.16)
0

Therefore from (2.15) and (2.16)
lim ap(t, ) = ()
t—0+

and this complete the proof. O

2.4 Geometric Brownian Motion on a 1-dimentional Sphere S*

Definition 2.3. Let X; , t > 0 be the Brownian motion on S* of radius a. The geometric Brownian

motion on S of radius a with drift is

1
7y = Zyexp [(7‘ — 202) t+ aaXt} (2.17)

i.e. Zy have stochastic differential dZy = rZ;dt + caZidX;.

We have already shown that, the Brownian motion on S! of radius a, in spherical coordinates is the
solution of the stochastic differntial equation dX; = %dBt. Hence dZ; = rZ,dt + 0 Z;dB;.Therefore, the

generator L of Z; is given by

2
Li(p) = rp2L 4 Lo22 01

5, 37 5 (2.18)



2.5 Transition Density Function of the Geometric Brownian Motion on S!

Let X; ,t > 0 be the Brownian Motion on S* of radius a.The transition density function of the Brownian

motion X; , ¢ >0 on S! of radius a is the function (2.9) i.e.

()

nez

This means that Fx,(p) = P[X; < ¢] = [ p(t,¢)de. The geometric Brownian Motion Z; , ¢ > 0
on S! of radius a is Z; = Zyexp [(r — %02) t+ aaXt] .Hence,
Fz,(¢) = PZy < ] = P [Zyexp [(r — 30°) t + 0aX;| < | = P [Xt <Ll (Z%) +(£-2%) t] =
Ln( 2 )+(Z -2 )¢
7% (#)+(&=%) p(t,y)dy.
Now differentiating with respect to ¢, we obtain that the transition density function of the geometric

Brownian Motion, is the function

1 1 © o T
s (b)) = —p(t,—1 2 )t
P= (8,9) Uagap< n(Z0>+(2a oa))

i.e.

1 n’t 1 © o —2r
()= — i —m (2 t 2.19
pa (h¢) 2raloy T;ZGXP < 2a? T <Ja " <z0) * 20a >) (2.19)

3 Value of the derivative security

We limit ourselves to assume that the underlying asset follows a Geometric Brownian motion with drift,
i.e. dY; = rYidt + oY;dB;, where Y; is the asset price and B; , t > 0 is the Brownian motion.

Define ¥(Yr) = (Yr — k)T = max {(Yr — k),0} be the payoff of the derivative security at time T if
the underlying security is at Y (k is the strike price of the option). Assume that there is a double
knock-out Barrier at levels Hy, Hy € R such that H; < Hs. i.e., if one of the barrier is reached in a
double knock-out option, the option is killed. The idea is to consider the geometric Brownian motion on
a 1—dimensional sphere Sl = {a: = (acosp,asing) € R0 < p < 27r} (circle) with center at the origin

and radius a > T

In this case there exist ¢y, p; € [0,27) such that H; = ap, and Hs = ap, and k = ayp,,. For arbitrary
process S and Hy, Hs € R such that H; < Hy , we use the following notation according to ([8]):
Ty, =inf{t: Y (t) < H}if Y (0) > Hy and

T}/IQ =inf{t: Y (t) > Ho} if Y (0) < Ho

where H; and Hs are the Barriers.
Let Y'(t) be the value of the stock at time t € [0,7], where T = min{rY , 7%, } From the theory of
arbitrage-free pricing in a complete market (see [12]) , the value of the derivative security can then be

expressed as follows

V(t,x) =V (T, Hy, H3, Y (t),t) = E[\I/(ST)I(TZ;h < T)I(Tii{2 <T) (3.1)

where ¥(Zr) = (Yr — k)" = max{(Yr — k),0} is the payoff of the derivative security at time 7' if
the underlying security is at Y. The boundary problem for V (¢, x) can be tackled with fast and accurate
pricing of Barrier options under Levy processes to solve it



WLV -1V =0
V(0,2) = (zo— k)T
V(t,H )=V (t,H) =0
V (t,z) = 0 for every x € (—o0, H1] U [Ha, +00)

where L is the generator of Y; .
In case Z; is the Geometric Brownian motion without drift on a 1-dimensional sphere St of radius a > %,
ie. dZy = caZidX; and we let ¢y, @y € [0,27), such that ¢, < ¢, with ap; = Hy and ¢, = Ha, then
the problem (3.2) is equivelant to

% +T<pg—; + %02@23% —ru=20
u (Oa ()0) =a (900 - on)Jr (33)
u(t,p1) =ul(t,py) =0
u (t,p) = 0 for every ¢ € D¢, where D = (¢, p,) C S*

where ap, = 29 and ap, =k

Theorem 3.1. Under Black-Scholes framework the arbitrage-price of a knock-out call double barrier

option is given by relation

In Ha . o
Vi) / (#) 2exp [-r (T — 1)) (€H — 8 Toac e et -
N *
2 nmln [ 2
oo a—n] (e N @]
ner 21n? (%) In (%’) In (g—f)

where A(t) = In H; + (T — t) (7" - %) and B(t) = In Hy + (T — 1) (r - %) (see [8])

4 Exit Times

We recall some basic definitions:

Definition 4.1. A measurable space {Q, F'} is said to be equipped with a filtration {F:}, t € [0, +00), if
for every t > 0 {F;} is a o-algebra of subsets of Q2 such that Fy C F and for every ti,ts € [0,400) such
that t1 < ta, we have that Fy, C Fy,. (i.e. {F;} is an increasing family of sub o-algebras of F).

Definition 4.2. Let us consider a measurable space {Q, F'} equipped with a filtration {F;}. A random
variable T is a stopping time with respect to the filtration {F}} , if for everyt >0 {we Q| T (w) <t} €
F,.

Let Z; be the Geometric Brownian motion on S* and D C S' a domain. ThenT =inf{t >0 | Z; ¢ D }
is a stopping time with respect to Fy = 0 {Zs | 0 < s < t}, called the exit time on dD.(For more details
see [13]).

4.1 Expectations of Exit Times on S!

Proposition 4.1. Let ¢y, ps € (0,27], such that ¢, < @y, both fived. We consider the set D in S*, such
that D = (py1,¢5) . If Z; is the Geometric Brownian motion with drift on S' of radius a starting at the



point ¢ € D, then the expectation of T is given by

02;27' 027221» 02527~ o2 o o2 o 62327-
9 <‘7020 —p 7 )11190_(902” —p )hltpl—(@ aZ —py ° >ln<p2

E¥® [T] = o2 _ or ' 62;227. 52;22,.
P2 — ¥
(4.1)
Proof. Reminder. If u (z) = E* [T] , then u (z) satisfies
Lu(p) = -1
ulop =0
(see [14])
Hence from (2.18) the differential equation takes the form
ou  o?p? 0%u
— —=-1 4.2
Yoot T2 o (4.2)
with boundary condition
u(pr) =u(py) =0 (4.3)

From (4.2) and (4.3) we imply that

0252T 02327- GZEQT 2 o W2 o U232T
9 (902“ —¢17 )lngp<<p2“ —p )111901(30 - )lncp2

( ) 0-2 — ( 02—22T 02227‘)

S

i.e.

02—2% 02—2% U2_227‘ o2 o, 2o 62_2%
9 <¢2U —¥” )111%0_(%02” —p )111901—<90 T = >1ng02

Based on the proof above, if Y; is the asset price and we have a double knock-out barrier at level
Hy, = ap, and Hy = ayp, then if its price starts at the point x € (Hi, Ha) the expectation of T' =
inf {t > 0 | the option is killed } is

o2—2r o2—2r o2—2r o2 o 52 _on a2—2r
2 2 2 —_— 2
9 H,” —H ~° Ine—-(Hy,” —2 > |InHi—-(z -2 —H ° In H,

2 ’ o2 —2r c2—2r
o —2r g-2r
< ? T ! i )

B [T] =

(4.4)

4.2 Expectation of [ (Z;)

Proposition 4.2. Let ¢y, p, € (0,27], such that ¢, < @y, both fived. We consider the set D in S, such
that D = (¢y1,¢5) . If Z; is the Geometric Brownian motion with drift on S' of radius a starting at the
point ¢ € D, and f be a function on dD , then the expectation of f (Z;) is given by

[ (#2) <¢% - wf "2%) + f (1) (@g . w%)
E?[f(Zy)] = (4.5)

o2 —2r o2 —2r
2 2
P27 e’




Proof. Tt is known that the function u (p) = E¥ [Z;] satisfies the differential equation
Lu(p) =0
with boundary condition
ulop = f
(see [13])

Hence from (2.18) the differential equation takes the form

ou  o?¢? 0%u
T’(p% + 2 874,02 -

0 (4.6)

with boundary condition

u(er) = f (1) and u(py) = f(p2) (4.7)
From (4.6) and (4.7) we imply that

o2—2r o?—2r o?—2r o2—2r
f(@z)(‘PZ_S%”Q )+f(@1)(<»0202 —p 2 )

U((p) = o2 _or 2 _or
(@2 - )

2

0_2727‘ o —227‘ 02722r 0_2727‘
I (©2) (w T =y 7 >+f(901) <<P2° —p 7 )

o2 —2r o2 —2r
2 2
P27 e ”

4.3 Hitting Probabilities

Proposition 4.3. Let ¢, ¢y € (0,27], such that ¢, < @,, both fixzed. We consider the sets Dy, Do in
S1, such that Dy = (¢y,27] and Dy = (0,¢,). Let Z; is the Geometric Brownian motion with drift on
St of radius a starting at the point ¢ € Dy N Dy. If

Ty =inf{t>0| Z; ¢ D1} (4.8)
To=inf{t >0 | Z; ¢ Dy} (4.9)

and
T=inf{t>0]| Z; ¢ D1 N Dy} (4.10)

then the probabilities Pr? {T = T} and Pr? {T = Tz} are given by

2

Pr{l =T} =22 —% (4.11)
o —p 7
and )
. 02;22,,. B o 0—22r
Pr{T =Ty} =% %1 (4.12)

-2 -2
Po —¥1

10



p 9 —¥1

. —2r a2—2r 2
Proof. From (4.5) for f () = x we have E¥ [f (Z;)] = ( e : > .

However,
® ®
E?[f(Zy)] = o1 Pr{T =T} + o, Pr{T =Tz}
and
® ¥
Pr{T=T1}+Pr{T=Ta}=1
Therefore,
gzazr o2 _op
® o2 _ -2
Pr {T = Tl} = 9020'2—27“ <'Do'2727'
P27 —p”
and
. 0272% 02722r
p 2 = °
Pr {T = T2} = o2 —2r 12—27‘
2 2
S

O

Based on the proof above, in case Y; is the asset price and we have a double knock-out Barrier at levels
H;, = ap; and Hy = ap, then if its price starts at the point « € (Hy, Hy) the probability the option is
killed because it reaches the barrier level H; is given as

o2 —2r 2

o —2r
z H, ** —x o2
Pr{T=T}=—"2— — (4.13)
H2 o2 Hl o2
and the proability the option is killed because it reaches the barrier level Hy is
o2 oy HUQ 2r
x xr 2 f— a
Pr{T =T} = —5— 15— (4.14)
H2 o2 _ Hl o2

4.4 Moment Generating functions

Proposition 4.4. Let ¢y, p, € (0,27], such that ¢, < ¢, both fized. We consider the set D on S* such
that D = (g, 1) - If Z; is the geometric Brownian motion on S* of radius a starting at the point ¢ € D,
then the expectation of exp (—AT) is given by

E? [exp (—AT)]

7(27‘7(72)1» (2r—02)2 18202 7(27~702)+ (2r—02)% 48202 (2T762)7 (2r—02)2 {8702
2 27 — ¥ 207 v~ 257
- (2r—02)—4/(2r—o2)% 48202 (2r—02)4+4/(2r—02)2+8x02 (2r—02)4+4/(2r—02)2+8r02 (2r—02)—y/(2r—02)% 48202 *
90; 252 ‘,0; 252 _ (‘0; 252 %0; 202
B (2r70‘2)— (2r—02)2 48202 3 (27‘—0‘2)7\ /(2r—o2)% 48202 (2T*U2)+\/m
Y1 27’ — P2 207 - 2572

(2r—o02)—y/(2r—02)% 48202 (2r—o02)+4/(2r—02)2+8x02 (2r—o2)+4/(2r—02)2+8x02 (2r—02)—4/(2r—02)% 48202
_ . _ _ _

202 202 202

¥1 2 P2 — ¥ P2
(2r — 02)2
fA> ——— 4.15
if A > 52 (4.15)
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o2 _onr o2 —2r o2 —2r

2 (Ingpy — 1 =2 _ (lnp—1 29
% )2 (Inpy —Ine) @y (Inp —Inyp,) ¢, 7Z.fA:0227“ (4.16)

P12 Ingpy, —Ingp,

5 foxp (-7 = (

o2 —2r

E¥ [exp (—)\T)] _ ( ") ) 02;2% ©o 2o sin |:\/— (2r — 02)2 — 8)\co2ln (%)]
P1¥2 sin l:\/— (2T—g2)2_8)\02ln (i?):|
9010%? sin {\/_ (2r — 0%)? = 8)o%In (;‘;)}

sin [\/— (2r — 02)> — 8)o2In (?)]

B (27‘ — 02)2
802

+

n (4.17)

ifA < (4.18)
Proof. Reminder: Assume that A > —%, where )i is the first Dirichlet eigenvalue of D C S'. If
u(z) = Elexp (—AT)] then u (z) satisfies

Lu (¢) = Mu (p) with boundary conditions u|sp = 1, (see [13])

The first dirichlet eigenvalue of D C S' is A = 2(907’7290)2. Hence if A > —ﬁ , then
a 22— ¥ a 27 %1
E¥ [exp (—AT)] satisfies the differential equation

ou  d?p? 0%
— — = 4.19
roge+ T = () (4.19)

with boundary condition

u(pr) =u(py) =1 (4.20)

This is a Cauchy-Euler equation. The solution is

E¥ [exp (=AT)]

_(27‘—(72)+ (2r—02)2 48202 _(27‘702)4»\/(27‘702)2#»8)\02 (2r—a2)— (2r—02)2 {8702

Py 202 - 202 o >3
- _(2r—0?)- (272'—02)2+8>\02 _(zr=02)+4/ (22702)2+8>\52 _(zr—e?)+ (227a2)2+8>\02 _(2r—02)—/ (2;—02)24»8)\02
o, 20 ©y 20 " 20 ©y 20
_(zr-o?)- 2‘(2;702)2%;02 (2r=o?) -+ /2(2;42)2“»02 - (2r-02)4y/(2r—0?) 48302
Y1 7 — P2 7 ¥ 202
_(2r—0?)- (2;702)24»8)\02 B (27’7172)4»\/(227172)24»8)\02 B (27’702)#»‘/(2;702)24»8)\02 _(2r—0?)- (22—02)2+8A02 |
0, 20 ©y 20 e 20 ©y 20
2
2r — 02)
T S i
802
-2 _op 027221“ 027227« )
22 (] —1 202 _ (] —1 20 -9
EW[GXP(—)\T)]: ( 4 ) (D(,Dz n(p)wQI l(ngp n(pl)@l , lf)\zgz 2’1" (421)
P1¥2 Ny — M@y o
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o2 —2r

e2-2r 27" sin [\/— (2r — 02)® — 8Ao2In (‘f’f‘)]

E?lexp (—AT)] = <<p1<p902> N o {\/_ @09 —8retln (ij)} +
o i {\/ (2r — 02)% —8A0?In (ﬁ)}
T [\/— (2r — 0?)* — 8)o2In (g)] (422)
A < =)’ (4.23)

82
i.e. if Y; is the asset price and we have a double knock-out Barrier at levels H; = ap; and Ha = ayp,,

then if its price starts at the point © € (Hy, H2)

E* [exp (=AT)] =
B (27*702)#»\ /(2r—o2)? 48102 B (2’7‘7{72)+\ /(2r—o2)% 48102 (2T7U2)7 (2r—02)2 {8702
H, 20 - H, 207 T 202
_ (zr=o?)—+/ (2r—02)% 48202 _ (zr—e?)+ (2r—02)% 48202 _(zr—o?)+ (2r—02)2 48202 _(2r—0?)- (2r—02)? 4820
Hl 202 H2 202 _ Hl 202 H2 202
_(er-e?)- (22—02)2+8>\a2 _(2r-e?)- (272‘702)2+8A02 (2r—02)+y/(2r—?)2 48502
H, 2 — H, 2 H 307
+ _(2r—o?)- (2r—02)? 18202 _(ar—e?)+ (2r—02)2 18202 _(2r=o2)++/ (2r—02)% 48202 _ (2r—o2)—y/ (2r—02)2+
Hl 202 H2 202 _ Hl 202 H2 202
(2r — o2)”
if A>— 4.24
if A > = (4.24)
o?—2r 027*227" 02—227‘ )
x 202 (InHy —Inz) Hy?® — (lnx —InHy) H, * . 0% —2r
E” —\T)| = fl= —
[exp (=AT)] (HIHQ) In Hy — In H, ! 202
(4.25)
o2 _2r
“2*2” H, 2" sin {\/— (2r — 02)2 —8\o21n (?)}
:I/‘ o
E®exp (=AT)] = ( ) +
Hify sin {\/— (2r — 02)® —8X02In (Zf)]
o2 —2r
H,?"" sin {\/— (2r — 02)® — 8\o2In (I_?l):l
n (4.26)
sin {\/— (2r — 02)2 —8Xo21In (gf)}
2r — o ?
itA < —% (4.27)

5 Local Time estimation

Definition 5.1. Let p,, ¢, € (0,27], such that p, < ¢, both fized. We consider the set D in S such that
D = (¢y, 1) - The Reflected Geometric Brownian Motion in D is the diffusion Wy whose generator
is L in D with Neuman boundary condition at 0D.

Roughly speaking W; behaves like Z; inside D but when it reaches the boundary it is reflected back
in D.
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Definition 5.2. Let a fived open set D C S' with C3—boundary OD. If Y; is the Reflected Geometric

Brownian Motion in D , and Ds the domain
Ds={z e D|d(z,0D) <6}

we define the boundary local time Ly of Wy as

1
Lt—gli%?a/o 1ps (Ws)ds

It can be shown that the limit exists in Lo sense.

5.1 Boundary Local Time Until First Hitting

Proposition 5.1. Let ¢y, p, € (0,27], such that o, < p, both fived. We consider the set D in S* such
that D = (¢4, py) . Let Wy be the The Reflected Geometric Brownian Motion on D starting at the point

peD. If
T=inf{t>0]| Z; =¢;}

and Ly is the boundary local time of Wy, then

(02 — 2r) Py 7

m‘:’
\
>
9
[ V]
7 N\
S
q
q
| |
[ ¥
3
\
S
QK\J
QM I
[V
3
~
—
Q
[\v]
|
[

E¥ [exp (AL,)] = . — . if A<
(02 = 2r) ¢, °* — Ao? <902 T —p >

o

and

27

(02 — 27”) Py o

o2—2r o2—2r
2 2 2
0w T —o 7

Proof. It is known that the function Z (¢) = E¥ [exp (A\L;)] satisfies the differential equation

E?lexp (AL)] = 400, if A>

Lz=0
with boundary conditions
z2(py) =1
and d
z
“dp (2) + Az () =0
as long as the function z is positive (see [15])
Thus

) 7275 ) 6232r 2o
(62 =2r) ¢, ™ = Ao (<p2” — @ o2 )

z (QO) = 2r o2—2r 022r>

(02 —2r) @;”2 — Xy =y

N

(172 —27")@; 32

S

However z(p) > 0 for every ¢ € (¢, p,)if and only if A < ———+———— . Lherefore
2 (%Tf —<p17f>
) _2r ) o2 ~2r o2 oy
— o — 4 — o2 _2r
. (02 = 2r) ¢, Aa (902 ¢ ) . (02 —2r) o,
E [exp ()\Lt)] = _ 2r oc2—2r o2—2r ? if A < oc2—2r o2—2r
(0% =2r)py 7 — Ao (sﬂz T oo ) o? <<P2 e
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and

O

As a consequence of the proof, if we set A = a), Y; the asset price and we consider the double knock-out
barrier at levels Hy = ap, and Hy = ayp, then if its price starts at the point x € (H;, Hy), then the
expectation is given as

—2r ~ o2 —2r o2—2r
(02 —2r)H, °> — Ao? <H2 g2 )
E* {exp (ALt)} - — > if A<

_2r ~ ogZ_2r
(02 —2r)H, °° — o2 <H2  —H

and

E” [exp (:\L,)] =400, if A>

where L; is the boundary local time of the option price .

6 Conclusion

Our novel methodology is not restricted to underlying processes which are geometric Brownian motions
on S'. Any other form of underlying process can be used, provided that there exists a transformation
between the process and standard Brownian motion on S'. Moreover, we can easily extend all the
above results on spheres of higher dimensions. Our approach can be applied to the valuation of other
exotic derivatives as well as to other mathematical problems. For example, Brownian motions on S?
can be utilized for other types of derivatives’ pricing in financial literature, epidemiological models and
enviromental pollution models among other. Also for n = 3, S? some results appear in relativity theory
([16]). We contributed in a plethora of ways. In particular, we presented new ways of estimating the
expectation of the time the options seize to exist, their hitting probabilities, the exit times and their
expectations, boundary local times until the first hitting and other probabilistic quantities related to the
boundary local times. We deliver closed-form solutions which maybe of immense importance to traders,

investors, speculators and more broadly to financial institutions.
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