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D Eduwohww fruuhfwlrq idfwru iru whvwv
rq wkh frlqwhjudwlqj uhodwlrqv

Vûuhq Mrkdqvhq/
Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ Ioruhqfh

Pdufk 4<<<

Devwudfw

Olnholkrrg udwlr whvwv iru uhvwulfwlrqv rq frlqwhjudwlqj yhfwruv duh
dv|pswrwlfdoo| "2 glvwulexwhg1 Iru vrph ydoxhv ri wkh sdudphwhuv wklv
dv|pswrwlf glvwulexwlrq grhv qrw jlyh d jrrg dssur{lpdwlrq wr wkh �qlwh
vdpsoh glvwulexwlrq1 Lq wklv sdshu zh ghulyh wkh Eduwohww fruuhfwlrq idf0
wru iru wkh olnholkrrg udwlr whvw dqg vkrz e| vrph vlpxodwlrq h{shulphqwv
wkdw lw fdq eh d xvhixo wrro iru pdnlqj lqihuhqfh1



4 Lqwurgxfwlrq

Lq wklv sdshu zh ghulyh d Eduwohww fruuhfwlrq iru wkh whvw rq wkh frlqwhjudwlqj
uhodwlrqv lq wkh yhfwru dxwruhjuhvvlyh prgho iru wkh ?�glphqvlrqdo surfhvv f
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� �� duh ghwhuplqlvwlf whupv/ olnh frqvwdqw/ olqhdu whup hwf1 Wkh pdwulfhv
k dqg q duh E?� o� dqg wkh pdwulfhv K
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� ��� Iru wkh dqdo|vlv ri wklv sdshu zh dvvxph wkdw f
|

lv UE��� D w|slfdo
h{dpsoh ri wkh ghwhuplqlvwlf whupv lv wr ohw _

|

' �c dqg (
|

' |c fruuhvsrqglqj
wr kdylqj d olqhdu wuhqg lq wkh surfhvv dqg wuhqg vwdwlrqdu| frpelqdwlrqv q�f

|

�

Wkh irupxodwlrq ehorz dovr doorzv/ zlwk plqru prgl�fdwlrqv/ wkh srvvlelolw|
wkdw ?

(

dqg ?
_

duh }hur1

Wkh olnholkrrg udwlr whvw iru k|srwkhvhv rq q kdv ehhq wuhdwhg lq Mrkdqvhq
dqg Mxvholxv +4<<3, dqg Dkq dqg Uhlqvho +4<<3,/ dqg lw lv nqrzq wkdw lw lv
dv|pswrwlfdoo| �2 glvwulexwhg/ ghvslwh wkh idfw wkdw wkh dv|pswrwlf glvwulexwlrq
ri wkh hvwlpdwru lv pl{hg Jdxvvldq1 Wkh �qlwh vdpsoh glvwulexwlrq/ krzhyhu/ lv
qrw dozd|v zhoo dssur{lpdwhg e| wkh dv|pswrwlf glvwulexwlrq/ vhh iru lqvwdqfh
Idfklq +4<<:,/ Mdfrevhq dqg Juhghqkr� +4<<;,/ dqg Mdfrevrq/ Yuhglq/ dqg
Zduqh +4<<;,/ Kdxj +4<<;,/ wr phqwlrq d ihz ri wkh pdq| vwxglhv ri wkh �qlwh
vdpsoh surshuwlhv ri wkh whvw ri uhvwulfwlrqv rq q�

Zh ghulyh khuh d fruuhfwlrq whup wr wkh olnholkrrg udwlr whvw vwdwlvwlf iru
k|srwkhvhv rq q zlwk wkh sxusrvh ri lpsurylqj wkh dssur{lpdwlrq wr wkh dv|ps0
wrwlf �2 glvwulexwlrq1 Wkh fruuhfwlrq lv wkh vr0fdoohg Eduwohww fruuhfwlrq/ vhh
Eduwohww +4<6:,1 Iru d uhfhqw vxuyh| ri wkh wkhru| ri wklv w|sh ri fruuhfwlrq vhh
Fuledur0Qhwr dqg Frughlur +4<<9,1 Eulh | wkh phwkrg frqvlvwv ri fdofxodwlqj
wkh h{shfwdwlrq ri wkh olnholkrrg udwlr +OU, vwdwlvwlf lq wkh irup �2uJ}u- iru
d jlyhq sdudphwhu srlqw w xqghu wkh qxoo k|srwkhvlv1 Xvxdoo| lw lv qrw srvvleoh
wr gr wklv h{solflwo| dqg rqh fdq lqvwhdg �qg dq dssur{lpdwlrq ri wkh irup

.d�2 *L}u-o � �E� n
�Ew�

A
�c

zkhuh � lv htxdo wr wkh ghjuhhv ri iuhhgrp iru wkh whvw dqg �Ew�c vkrzv krz wkh
uhpdlqlqj sdudphwhuv xqghu wkh qxoo k|srwkhvlv glvwruwv wkh phdq dqg khqfh
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wkh glvwulexwlrq ri wkh whvw vwdwlvwlf1 Wkh lghd lv wkdw wkh txdqwlw|

�2Orju-

� n �E
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A

kdv d glvwulexwlrq wkdw lv forvhu wr wkh olplw glvwulexwlrq/ vhh Odzoh| +4<89, iru d
surri ri wklv vwdwhphqw xqghu fodvvlfdo l1l1g1 dvvxpswlrqv/ wkdw duh qrw vdwlv�hg
lq wkh UE�� prgho1

Wkh prgho +4, lv fkdudfwhul}hg e| glphqvlrq +?�/ frlqwhjudwlqj udqn Eo�/
odj ohqjwk E&�c wkh qxpehu ri ghwhuplqlvwlf whupv uhvwulfwhg wr wkh frlqwhjudwlqj
vsdfh E?

(

�c wkh qxpehu ri xquhvwulfwhg whupv E?
_

� dqg �qdoo| ri frxuvh wkh ydoxh
ri doo wkh sdudphwhuv dqg wkh vdpsoh vl}h EA ��

Wkh pdlq uhvxow suhvhqwhg lq Vhfwlrq 7 lv wkdw wkh Eduwohww fruuhfwlrq lv
d ixqfwlrq ri wkh sdudphwhuv wkurxjk rqo| wzr ixqfwlrqv/ dqg ydulrxv frpelqd0
wlrqv ri wkh deryh fkdudfwhulvwlf qxpehuv1 Zh �qg iru lqvwdqfh iru wkh whvw wkdw
q ' M�c EME?� r�� wkdw � ' oE?� r�c dqg iru 6 ' ?n r� o n � n 2?

(

�Ew� ' d
�

2
6n ?

_
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Wkh frh!flhqwv �Ek�c SEk�c dqg S
_

Ek� duh jlyhq lq Wkhruhp 8 ehorz1 Wklv
uhvxow lpsolhv wkdw rqh fdq vhh iru zklfk frpelqdwlrqv ri wkh sdudphwhuv wkh
xvxdo �2 dssur{lpdwlrq euhdnv grzq/ dqg pruh frqvwuxfwlyho| zkhq lw lv xvh0
ixo1 Lq ehwzhhq wkhuh lv dq duhd zkhuh wkh Eduwohww fruuhfwlrq fdq vhuyh dv dq
lpsuryhphqw wr wkh xvxdo dv|pswrwlf uhvxowv1

Wkh sodq ri wkh sdshu lv �uvw wr hvwdeolvk lq Vhfwlrq 5/ wkdw d qxpehu
ri k|srwkhvhv fdq eh jlyhq d jhqhudo irupxodwlrq dv whvwv lq d uhgxfhg udqn
uhjuhvvlrq prgho1 Lq Vhfwlrq dq h{sdqvlrq lv jlyhq ri wkh hvwlpdwruv ri wklv
uhgxfhg udqn uhjuhvvlrq/ dqg wkhq dq h{sdqvlrq lv jlyhq ri wkh orj olnholkrrg
udwlr whvw vwdwlvwlf1 Lq Vhfwlrq 7 wkh pdlq uhvxow rq wkh Eduwohww fruuhfwlrqv duh
jlyhq dqg wkh uhvxowv vshfldol}hg wr wkh prghov glvfxvvhg lq Vhfwlrq 5/ dqg �qdoo|
lq Vhfwlrq 8 vrph vlpxodwlrq h{shulphqwv duh frqgxfwhg zklfk vkrz wkdw wkh
Eduwohww fruuhfwlrq lv d xvhixo dgglwlrq wr wkh xvxdo dv|pswrwlf dqdo|vlv1 Wkh
yhu| orqj dqg whglrxv surriv duh jlyhq lq dq Dsshqgl{1

5 Wkh prghov dqg wkh k|srwkhvhv

Zh gh�qh lq wklv vhfwlrq wkuhh prghov e| uhvwulfwlrqv rq wkh frlqwhjudwlqj uh0
odwlrqv1 Doo prghov fdq eh dqdo|vhg e| uhgxfhg udqn uhjuhvvlrq/ vhh Mrkdqvhq
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+4<<9, iru d ghwdlohg dqdo|vlv ri wkh prghov1 Wkh prghov doorz ghwhuplqlvwlf
whupv ri d vxlwdeo| vlpsoh w|sh/ wkdw fryhuv pdq| ri wkh xvxdo vlwxdwlrqv1 Zh
vkrz krz wkh fruuhfwlrq whup iru wkh whvw ri hdfk ri wkh prghov fdq eh fdo0
fxodwhg vlpso| li zh kdyh wkh fruuhfwlrq whup iru d vlpsoh k|srwkhvlv/ dqg zh
vkrz iru hdfk ri wkh prghov krz wr irupxodwh wkh whvw ri d vlpsoh k|srwkhvlv
dv d whvw lq d uhgxfhg udqn uhjuhvvlrq/ vxfk wkdw doo wkh whvwv fdq eh jlyhq wkh
vdph xqlirup irupxodwlrq1
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sduwo| nqrzq1 Wklv prgho/ krzhyhu/ fdq qrw eh hvwlpdwhg e| uhgxfhg
udqn uhjuhvvlrq dqg wkh dqdo|vlv jlyhq ehorz zrxog kdyh wr eh prgl�hg1
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Wklv doorzv xv wr ghulyh doo wkh uhvxowv iurp rqh jhqhudo uhgxfhg udqn uhjuhvvlrq
htxdwlrq1

515 D vlpsoh k|srwkhvlv rq q dqg 4 lq P3
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qhz sdudphwhuv dqg uhjuhvvruv zklfk lqyroyh wkh wuxh ydoxh1 Lq wkh iroorzlqj
vxevhfwlrqv zh wkhuhiruh qhhg d qrwdwlrq iru wkh wuxh ydoxh ri wkh sdudphwhuv/ dv
zhoo dv iru wkh sdudphwhuv ri wkh prgho1 Zh dovr qhhg d qrwdwlrq iru wkh hvwlpd0
wru xqghu wkh qxoo k|srwkhvlv dqg rqh iru wkh hvwlpdwru xqghu wkh dowhuqdwlyh1
Wkxv iru lqvwdqfh zh ohw k ghqrwh wkh sdudphwhu/ kf wkh wuxh ydoxh ri wkh sd0
udphwhu/ iru zklfk zh fdofxodwh wkh h{shfwdwlrqv/ �k wkh uhgxfhg udqn hvwlpdwru
lq wkh prgho dqg 	k wkh uhjuhvvlrq hvwlpdwru xqghu wkh qxoo k|srwkhvlv1
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Lq prgho P
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wr dffrpprgdwh wkh fkdqjh lq uhjuhvvruv1 Lw lv vhhq wkdw htxdwlrq +47, lv ri wkh
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Wkh k|srwkhvlv fdq eh whvwhg dv B ' fc dv wkh rwkhu uhvwulfwlrqv duh devruehg lq
k dqg [�

Wkxv lq d jhqhudo irupxodwlrq wkdw fryhuv doo wkh k|srwkhvhv zh duh lqwhu0
hvwhg lq/ zh qhhg wr doorz wkh glphqvlrqv ri wkh yduldeohv hqwhulqj wkh htxdwlrq
wr eh gl�huhqw iurp wkh wkrvh jlyhq lq +43,1 Exw zh vwloo qhhg wr suhvhuyh wkh
surshuwlhv wkdw xqghu wkh qxoo k|srwkhvlv wkh surfhvv +T �
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B ' fc wkh prgho lv vroyhg e| vlpsoh uhjuhvvlrq1

6 D jhqhudo uhgxfhg udqn htxdwlrq dqg dq h{0
sdqvlrq ri wkh hvwlpdwruv dqg wkh whvw vwdwlv0
wlf

Lq rughu wr fryhu wkh gl�huhqw fdvhv frqvlghuhg lq Vhfwlrq 5/ zh glvfxvv wkh
h{sdqvlrq dqg Eduwohww fruuhfwlrq ri wkh olnholkrrg udwlr whvw iru wkh k|srwkhvlv
B ' f lq wkh htxdwlrq
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Wdeoh 6= Vlpxodwlrq ri A ' Df revhuydwlrqv iurp dq DU+4, surfhvv lq 8 glphq0
vlrqv zlwk o ' � frlqwhjudwlqj uhodwlrqv1 Wkh qxpehu ri vlpxodwlrqv lv 4313331
Wkh wdeoh jlyhv wkh fruuhfwhg s0ydoxh ryhu wkh xqfruuhfwhg s0ydoxh iru d qrplqdo
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Wdeoh 7= Vlpxodwlrq ri A ' �ff revhuydwlrqv iurp dq DU+4, surfhvv lq 8 glphq0
vlrqv zlwk o ' � frlqwhjudwlqj uhodwlrqv1 Wkh qxpehu ri vlpxodwlrqv lv 4313331
Wkh wdeoh jlyhv wkh fruuhfwhg s0ydoxh ryhu wkh xqfruuhfwhg s0ydoxh iru d qrplqdo
8( whvw1 Wkh vlpxodwlrq vwdqgdug huuru lv 315(
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815 Vrph uhdo olih h{dpsohv

Dv d shukdsv pruh lqwhuhvwlqj fdvh frqvlghu wkh gdwd vhw glvfxvvhg lq Mrkdqvhq
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udwh e%S�
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9 Frqfoxvlrq

Lq wklv sdshu zh kdyh ghulyhg dq dssur{lpdwlrq ri wkh orj olnholkrrg udwlr
vwdwlvwlf iru ydulrxv k|srwkhvhv rq wkh frlqwhjudwlqj frh!flhqwv lq d YDUprgho1
Ghvslwh wkh udwkhu whglrxv fdofxodwlrqv lw wxuqv rxw wkdw wkh �qdo uhvxow ghshqgv
rq wkh reylrxv txdqwlwlhv olnh/ glphqvlrq/ odj ohqjwk/ frlqwhjudwlqj udqn/ qxpehu
ri uhvwulfwhg ghwhuplqlvwlf whupv/ dqg qxpehu ri xquhvwulfwhg whupv/ dv zhoo dv
rq wkh k|srwkhvlv/ wkdw zh zdqw wr whvw1 Wkh h�hfw ri wkh sdudphwhuv lv irfxvvhg
lq wzr ru vrphwlphv wkuhh ixqfwlrqv/ zklfk fdq eh hdvlo| fdofxodwhg rqfh wkh
sdudphwhuv ri wkh prgho kdv ehhq hvwlpdwhg1
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Wkh xvhixoqhvv ri wkh uhvxowv lv ghprqvwudwhg e| vrph vlpxodwlrq h{shul0
phqwv1 Wdeoh 5 dqg 6 jlyh wkh uhvxowv iru doo prghov zlwk rqh odj/ rqh frlqwh0
judwlqj yhfwru dqg qr ghwhuplqlvwlf whupv lq fdvh ? ' 2c dqg A ' Dfc dqg Wdeoh
7 iru ? ' D dqg A ' �ff�

: Uhihuhqfhv

Dkq/ V1 N1 dqg F1 J1 Uhlqvho +4<<3, Hvwlpdwlrq iru sduwldoo| qrq0vwdwlrqdu|
pxowlyduldwh dxwruhjuhvvlyh prghov1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq ;8/ ;460;561

Eduwohww/ P1 V1 +4<6:, Surshuwlhv ri vx!flhqf| dqg vwdwlvwlfdo whvwv1 Surfhhglqj
ri wkh Ur|do Vrflhw| ri Orqgrq Vhulhv D/ Yro1 493/ 59;05;51

Fuledul0Qhwr/ I1 dqg Frughlur/ J1 +4<<9, Rq Eduwohww dqg Eduwohww0w|sh fru0
uhfwlrqv1 Hfrqrphwulf Uhylhzv 48/ 66<069:1

Idfklq/ V1 +4<<:, Errwvwuds dqg dv|pswrwlf whvwv ri orqj0uxq uhodwlrqvklsv lq
frlqwhjudwhg v|vwhpv/ Glvfxvvlrq sdshu/ Xqlyhuvlw| ri Urph1

Juhghqkr�/ P1 dqg Mdfrevrq/ W1 +4<<;, Errwvwuds whvwlqj dqg dssur{lpdwh
�qlwh vdpsoh glvwulexwlrqv iru whvw ri olqhdu uhvwulfwlrqv rq frlqwhjudwlqj
yhfwruv1 Glvfxvvlrq sdshu/ Vwrfnkrop Vfkrro ri Hfrqrplfv1

Kdxj/ D1 +4<<;, Whvwlqj olqhdu uhvwulfwlrqv rq frlqwhjudwlqj yhfwruv1 vl}h dqg
srzhu ri Zdog whvwv lq �qlwh vdpsohv1 Glvfxvvlrq sdshu/ Xqlyhuvlw| ri
Fdqwhuexu|1

Mdfrevrq/ W1 +4<<8, Vlpxodwlqj vpdoo vdpsoh surshuwlhv ri wkh pd{lpxp olnh0
olkrrg frlqwhjudwlrq prgho= hvwlpdwlrq dqg whvwlqj1 Ilqqlvk Hfrqrplf
Sdshuv ;/ <9043:1

Mdfrevrq/ W1 Yuhglq/ D1/ dqg Zduqh/ D1 +4<<;, Duh uhdo zdjhv dqg xqhpsor|0
phqw uhodwhg B Hfrqrplfd 98/ 9<0<91

Mrkdqvhq/ V1 +4<<9, Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dxwruh0
juhvvlyh prghov1 R{irug= R{irug Xqlyhuvlw| Suhvv1

Mrkdqvhq/ V1 +4<<<, D vpdoo vdpsoh fruuhfwlrq iru whvw ri k|srwkhvhv rq wkh
frlqwhjudwlqj yhfwruv1 Glvfxvvlrq sdshu/ HXL1

Odzoh|/ G1Q +4<89, D jhqhudo phwkrg iru dssur{lpdwlqj wr wkh glvwulexwlrq
ri olnholkrrg udwlr fulwhuld1 Elrphwulnd 76/ 5<906361
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; Dsshqgl{

;14 Vrph whfkqlfdo uhvxowv
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