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Udwlrqdol}delolw| lq Lqfrpsohwh Lqirupdwlrq
Jdphv

Slhusdror Edwwljdool
Ghsduwphqw ri Hfrqrplfv

Hxurshdq Xqlyhuvlw| Lqvwlwxwh
edwwljdoClxh1lw

Uhylvhg= Iheuxdu| 4<<;
Plqru uhylvlrq= Dsulo 4<<<

Devwudfw

Zh dujxh wkdw wkh udwlrqdol}delolw| dssurdfk lv sduwlfxoduo| dssursul0
dwh wr dqdo|}h jdphv zlwk jhqxlqh lqfrpsohwh lqirupdwlrq1 Zh gh�qh wzr
qhvwhg lwhudwlyh vroxwlrq surfhgxuhv/ zklfk gr qrw uho| rq wkh vshfl�fdwlrq
ri d w|sh vsdfh ã od Kduvdq|l1 Zhdn udwlrqdol}delolw| lv fkdudfwhul}hg e|
frpprq fhuwdlqw| ri udwlrqdolw| dw wkh ehjlqqlqj ri wkh jdph1 Vwurqj udwlr0
qdol}delolw| lqfrusrudwhv d qrwlrq ri iruzdug lqgxfwlrq1 Wkh vroxwlrqv pd|
wdnh dv jlyhq vrph h{wudqhrxv uhvwulfwlrqv rq sod|huv* frqglwlrqdo eholhiv1 Lq
g|qdplf jdphv/ vwurqj udwlrqdol}delolw| lv d uh�qhphqw ri zhdn udwlrqdol}0
delolw|1 H{lvwhqfh/ uhjxodulw| surshuwlhv/ htxlydohqfh zlwk wkh vhw ri shuihfw
Ed|hvldq htxloleulxp rxwfrphv dqg wkh vhw ri lwhudwlyho| lqwhulp xqgrpl0
qdwhg vwudwhjlhv duh suryhg xqghu vwdqgdug dvvxpswlrqv1 Wkh dssurdfk lv
looxvwudwhg e| vrph dssolfdwlrqv wr hfrqrplf prghov lqfoxglqj uhsxwdwlrq/
glvforvxuh dqg vljqdolqj1



41 Lqwurgxfwlrq dqg Ryhuylhz4

Lq d ?0shuvrq jdph ri lqfrpsohwh lqirupdwlrq vrph ri wkh fuxfldo hohphqwv jryhuq0
lqj vwudwhjlf lqwhudfwlrq � vxfk dv lqglylgxdo ihdvlelolw| frqvwudlqwv/ krz dfwlrqv
duh pdsshg lqwr frqvhtxhqfhv dqg lqglylgxdo suhihuhqfhv ryhu frqvhtxhqfhv � duh
uhsuhvhqwhg e| d yhfwru ri sdudphwhuv w zklfk lv +sduwldoo|, xqnqrzq wr vrph sod|0
huv1 Iru wkh vdnh ri vlpsolflw|/ ohw xv dvvxph wkdw w ghwhuplqhv wkh vkdsh ri hdfk
sod|hu*v sd|r� ixqfwlrq dqg wkdw lw fdq eh sduwlwlrqhg lqwr vxeyhfwruv w�c ���c w?
zkhuhe| hdfk sod|hu � ' �c ���c ? nqrzv w�1 Zh fdoo w wkh vwdwh ri Qdwxuh dqg w� wkh
sulydwh lqirupdwlrq ru sd|r�0w|sh ri sod|hu �1 Wkh irup ri wkh sdudphwulf sd|r�
ixqfwlrqv ��E�c w� � ru/ pruh jhqhudoo|/ wkh irup ri wkh pdsslqj K dvvrfldwlqj hdfk
frqfhlydeoh vwdwh ri Qdwxuh w wr wkh �wuxh� +exw xqnqrzq, jdphCEw� � lv dvvxphg
wr eh frpprq nqrzohgjh1 Lq wklv sdshu zh wdnh wklv pdsslqj w :$ CEw� dv wkh
ixqgdphqwdo ghvfulswlrq ri d vwudwhjlf vlwxdwlrq zlwk lqfrpsohwh lqirupdwlrq dqg
zh sxw iruzdug dqg dqdo|}h vroxwlrq frqfhswv dvvrfldwlqj wr dq| vxfk pdsslqj d
vhw ri srvvleoh rxwfrphv1 Rxu dssurdfk lv uhodwhg wr/ exw gl�huhqw iurp Kduvdq|l*v
+4<9:09;, vhplqdo sdshu rq lqfrpsohwh lqirupdwlrq jdphv1 Kduvdq|l*v Ed|hvldq
prgho lv qrz vr hqwuhqfkhg lq wkh olwhudwxuh wkdw rqo| d kdqgixo ri �sxuh� jdph
wkhrulvwv vwloo sd| dwwhqwlrq wr lwv vxewohwlhv1 Lq rughu wr prwlydwh dqg ehwwhu
xqghuvwdqg rxu frqwulexwlrq lw lv xvhixo wr jr wkurxjk Kduvdq|l*v prgho lq vrph
ghwdlo15

4141 Kduvdq|l*v Ed|hvldq Prgho

Dv Kduvdq|l qrwlfhg/ rqh zd| wr surylgh d Ed|hvldq dqdo|vlv ri lqfrpsohwh lq0
irupdwlrq jdphv lv wr hqgrz hdfk sod|hu zlwk d klhudufk| ri eholhiv/ wkdw lv/ +l,
d vxemhfwlyh suredelolw| phdvxuh rq wkh vhw ri frqfhlydeoh vwdwhv ri Qdwxuh/ ru
�uvw0rughu eholhi/ +ll, d vxemhfwlyh suredelolw| phdvxuh rq wkh vhw ri frqfhlydeoh
�uvw0rughu eholhiv ri klv rssrqhqwv/ ru vhfrqg rughu eholhiv/ dqg vr rq1 Lq sulqflsoh/
d frpsohwh ghvfulswlrq ri hyhu| uhohydqw dwwulexwh ri d sod|hu vkrxog lqfoxgh/ qrw

4Wklv sdshu lv d uhylvlrq ri Edwwljdool +4<<8,1 Khosixo frpphqwv iurp Sdwulfn Erowrq/ Jl0
dfrpr Erqdqqr/ Wlopdq Eùujhuv/ Iudqêrlvh Irujhv/ Iduxn Jxo/ Pdufldqr Vlqlvfdofkl/ Mxxvr
Yçolpçnl/ Mrho Zdwvrq dqg vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw| ri Ydohqfld/ Qruwkzhvwhuq
Xqlyhuvlw|/ Fdowhfk/ PfJloo Xqlyhuvlw|/ VLWH +Vwdqirug Xqlyhuvlw|,/ Xqlyhuvlwì gh Fhuj| Srq0
wrlvh/ Xqlyhuvlw| ri Qruwk Fdurolqd dqg Hxurshdq Xqlyhuvlw| Lqvwlwxwh duh judwhixoo| dnqrzo0
hgjhg1

5Iru wkrxurxjk glvfxvvlrq ri wkh Ed|hvldq prgho vhh Kduvdq|l +4<<8,/ Jxo +4<<9e,/ Ghnho
dqg Jxo +4<<:,1
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rqo| klv sd|r�0w|sh/ exw dovr klv hslvwhplf w|sh/ wkdw lv/ dq lq�qlwh klhudufk| ri
eholhiv1 Ixuwkhupruh/ +lq�qlwho|, pdq| klhudufklhv ri eholhiv frxog eh dwwdfkhg wr
d jlyhq sd|r�0w|sh1 Wklv klhudufklhv0ri0eholhiv dssurdfk lv pdwkhpdwlfdoo| ihd0
vleoh dqg wkhruhwlfdoo| lqwhuhvwlqj +vhh h1j1 Phuwhqv dqg ]dplu +4<;8, dqg wkh
uhodwhg uhihuhqfhv phqwlrqhg ehorz,/ exw lw grhv qrw vhhp wr surylgh d wudfwdeoh
iudphzrun wr dqdo|}h lqfrpsohwh lqirupdwlrq jdphv1

Kduvdq|l*v +4<9:09;, frqwulexwlrq zdv wzrirog1 Rq wkh rqh kdqg/ kh sxw iru0
zdug d jhqhudo qrwlrq ri �w|sh vsdfh� zklfk surylghv dq lpsolflw/ exw uhodwlyho|
sduvlprqlrxv ghvfulswlrq ri lq�qlwh klhudufklhv ri eholhiv1 Rq wkh rwkhu kdqg/ kh
vkrzhg krz wr dqdo|}h lqfrpsohwh lqirupdwlrq jdphv zlwk wkh vwdqgdug wrrov ri
jdph wkhru|1 D w|sh vsdfh fdq eh gh�qhg dv iroorzv1 Iru hdfk sod|hu � dqg hdfk
sd|r�0w|sh w� 5 X� +X� lv wkh vhw ri �*v frqfhlydeoh sd|r�0w|shv, zh dgg d sd0
udphwhu e� fruuhvsrqglqj wr d sxuho| hslvwhplf frpsrqhqw ri sod|hu �*v dwwulexwhv1
Lq jhqhudo/ gl�huhqw ydoxhv ri e� fdq eh dwwdfkhg wr d jlyhq sd|r�0w|sh w�1 Wklv
zd| zh rewdlq d vhw A� � X� � .� ri srvvleoh dwwulexwhv/ ru Kduvdq|l0w|shv/ ri
sod|hu �1 D Kduvdq|l0w|sh hqfrghv wkh sd|r�0w|sh dqg wkh hslvwhplf w|sh ri d
sod|hu1 Lq idfw/ wkh eholhiv ri dq| jlyhq sod|hu � derxw klv rssrqhqwv* sd|r�0w|shv
dv zhoo dv wkhlu rzq eholhiv duh ghwhuplqhg e| d ixqfwlrq R� G A� $ {EA

3��/ zkhuh
A
3� '

T
� �'� A�1 Lw lv dvvxphg wkdw wkh yhfwru ri ixqfwlrqv ER�c ���c R?� lv frpprq

nqrzohgjh1 Wkhuhiruh hyhu| |� 5 A� fruuhvsrqgv wr dq lq�qlwh klhudufk| ri eholhiv=
wkh �uvw rughu eholhi R�� E|�� lv vlpso| wkh pdujlqdo ri R�E|�� rq X3�> wkh E&n��0rughu
eholhi lpsolflw lq |� lv ghulyhg iurp R�E|�� dqg nqrzohgjh ri wkh ? � � ixqfwlrqv
R&� E��/ � 9' �/ pdsslqj wkh rssrqhqwv* Kduvdq|l0w|shv lqwr &0rughu eholhiv1 Zkhq
zh dgg d w|sh vsdfh rq wrs ri wkh pds w :$ CEw� zh rewdlq d Ed|hvldq jdph1
D Ed|hvldq htxloleulxp lv d yhfwru ri ehkdylrudo uxohv K� G A� $ 7� +� ' �c ���c ?/
7� lv wkh vwudwhj| vhw iru sod|hu �, vxfk wkdw iru hdfk sod|hu � dqg hdfk Kduvdq|l0
w|sh |� ' Ew�c e��c vwudwhj| r� ' K�Ew�c e�� pd{lpl}hv �*v h{shfwhg sd|r� jlyhq wkh
sd|r�0w|sh w�/ wkh vxemhfwlyh eholhi R�Ew�c e�� dqg wkh E? � ��0wxsoh ri ixqfwlrqv
K3�1 Qrwh wkdw/ iru dq| �{hg yhfwru ri ehkdylrudo uxohv/ d yhfwru ri Kduvdq|l0w|shv
E|�c ���c |?� surylghv dq lpsolflw/ exw frpsohwh ghvfulswlrq ri hyhu| uhohydqw dvshfw
ri wkh zruog= wkh vwdwh ri Qdwxuh/ hdfk sod|hu*v vxemhfwlyh eholhiv derxw wkh vwdwh
ri Qdwxuh dqg klv rssrqhqwv* ehkdylru dqg hdfk sod|hu*v vxemhfwlyh eholhiv derxw
klv rssrqhqwv eholhiv1

Zlwklq wklv iudphzrun/ wkh sod|huv* vlwxdwlrq lq d jdph ri lqfrpsohwh lqiru0
pdwlrq lv irupdoo| vlplodu wr wkh lqwhulp vwdjh ri d jdph zlwk frpsohwh/ exw
lpshuihfw dqg dv|pphwulf lqirupdwlrq zkhuhe| |� uhsuhvhqwv wkh sulydwh lqirupd0
wlrq ri sod|hu � derxw wkh uhdol}dwlrq ri dq lqlwldo fkdqfh pryh/ vxfk dv wkh fdugv
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sod|hu � kdv ehhq ghdow lq d jdph ri Srnhu1 Kduvdq|l sxvkhg wkh dqdorj| hyhq
ixuwkhu e| dvvxplqj wkdw doo wkh vxemhfwlyh eholhiv R�E|�� +� ' �c ���c ?/ |� 5 A�,
fdq eh ghulyhg iurp d frpprq sulru � 5 {E

T?
�'� A�� vr wkdw R�E|�� ' � E�m|��1

Lq wklv fdvh d Ed|hvldq htxloleulxp vlpso| fruuhvsrqgv wr d Qdvk htxloleulxp
ri d frpsdqlrq jdph zlwk lpshuihfw lqirupdwlrq derxw d �fwlwlxrv fkdqfh pryh
vhohfwlqj wkh yhfwru ri dwwulexwhv dffruglqj wr suredelolw| phdvxuh � 1 Wklv lv
wkh vr fdoohg �udqgrp yhfwru prgho� ri wkh Ed|hvldq jdph1 Iurp wkh srlqw ri
ylhz ri htxloleulxp dqdo|vlv zh fdq htxlydohqwo| dvvrfldwh wr wkh jlyhq Ed|hvldq
jdph d frpsdqlrq jdph zlwk frpsohwh lqirupdwlrq zkhuhe| iru hdfk sod|hu2uroh
� ' �c ���c ? wkhuh lv d srsxodwlrq ri srwhqwldo sod|huv fkdudfwhul}hg e| wkh gl�huhqw
dwwulexwhv |� 5 A�1 Dq dfwxdo sod|hu lv gudzq dw udqgrp iurp hdfk srsxodwlrq � wr
sod| wkh jdph1 Wkh mrlqw glvwulexwlrq ri dwwulexwhv lq wkh ? srsxodwlrqv lv jlyhq
e| wkh frpprq sulru � 1 Wklv lv wkh �sulru orwwhu| prgho� ri wkh Ed|hvldq jdph1

4151 Gudzedfnv ri Vwdqgdug Ed|hv0Qdvk Htxloleulxp Dqdo|vlv

Kduvdq|l*v dqdo|vlv ri lqfrpsohwh lqirupdwlrq jdphv kdv r�huhg lqydoxdeoh lq0
vljkwv wr hfrqrplf wkhrulvwv dqg dssolhg hfrqrplvwv/ exw lwv vxffhvv vkrxog qrw
pdnh xv ryhuorrn vrph srwhqwldo gudzedfnv ri wklv dssurdfk dqg ri lwv vwdqgdug
dssolfdwlrqv wr hfrqrplf prghov1 Wkhvh srwhqwldo gudzedfnv duh doo uhodwhg wr wkh
iroorzlqj idfwv= +d, d Ed|hvldq jdph surylghv rqo| dq lpsolflw dqg +lq jhqhudo,
qrq h{kdxvwlyh � ru qrq0xqlyhuvdo � uhsuhvhqwdwlrq ri wkh frqfhlydeoh hslvwhplf
w|shv> +e, uhsuhvhqwlqj d Ed|hvldq jdph zlwk wkh �udqgrp yhfwru prgho� ru wkh
�sulru orwwhu| prgho� eoxuv wkh ixqgdphqwdo glvwlqfwlrq ehwzhhq jdphv zlwk jhq0
xlqh lqfrpsohwh lqirupdwlrq dqg jdphv zlwk lpshuihfw/ dv|pphwulf lqirupdwlrq=
lq wkh iruphu wkhuh lv qr h{ dqwh vwdjh dw zklfk wkh sod|huv dqdo|}h wkh vlwxdwlrq
ehiruh uhfhlylqj vrph slhfh ri lqirupdwlrq vhohfwhg dw udqgrp1

+d, Qrq0wudqvsduhqw dvvxpswlrqv derxw eholhiv1 Zh phqwlrqhg wkdw
iru hyhu| Kduvdq|l0w|sh lq d Ed|hvldq jdph zh fdq ghulyh d fruuhvsrqglqj lq0
�qlwh klhudufk| ri eholhiv1 Wklv ghulydwlrq pdnhv vhqvh li lw lv dvvxphg wkdw wkh
Ed|hvldq jdph lv frpprq nqrzohgjh16 Phuwhqv dqg ]dplu +4<;8, vkrzv wkdw wklv
lqirupdo dvvxpswlrq lv zlwkrxw orvv ri jhqhudolw| ehfdxvh +l, wkh vsdfh ri ?0wxsohv
ri +frqvlvwhqw, lq�qlwh klhudufklhv ri eholhiv lv d zhoo0 gh�qhg w|sh vsdfh lq wkh
vhqvh ri Kduvdq|l dqg +ll, hyhu| w|sh vsdfh lv hvvhqwldoo| d eholhi0forvhg vxevsdfh

6Li zh uhjdug wkh Ed|hvldq jdph lwvhoi dv d vxemhfwlyh prgho ri d jlyhq sod|hu/ wkhq zh
kdyh wr dvvxph wkdw wklv sod|hu lv fhuwdlq wkdw hyhu|erg| vkduhv wkh vdph prgho +fi1 Kduvdq|l
+4<9:09;,,1
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ri wkh vsdfh ri lq�qlwh klhudufklhv ri eholhiv/ zklfk lv wkhuhiruh d xqlyhuvdo w|sh
vsdfh17 Wklv phdqv wkdw wkh fodvv ri doo Ed|hvldq prghov lv vx!flhqwo| ulfk/ exw
zkhqhyhu zh frqvlghu d sduwlfxodu +qrq0xqlyhuvdo, prgho/ ru d vxefodvv ri prghov/
zh uxoh rxw vrph hslvwhplf w|shv1 Wklv fruuhvsrqgv wr pdnlqj dvvxpswlrqv derxw
sod|huv* lqwhudfwlyh eholhiv/ zklfk duh riwhq txhvwlrqdeoh dqg � gxh wr wkh lpsolflw
uhsuhvhqwdwlrq ri hslvwhplf w|shv � qrq0wudqvsduhqw1

Iru h{dpsoh/ �djuhhphqw� dqg �qr0wudgh� uhvxowv krog iru Ed|hvldq prghov
vdwlvi|lqj wkh frpprq sulru dvvxpswlrq/ exw wkh phdqlqj ri wklv dvvxpswlrq dv d
uhvwulfwlrq rq sod|huv* klhudfklhv ri eholhiv lv qrw reylrxv18 Iru wkh vdnh ri wudfwdelo0
lw|/ dssolhg hfrqrplvwv riwhq uhvwulfw wkhlu dwwhqwlrq wr dq hyhq vpdoohu fodvv ri
Ed|hvldq prghov e| dvvxplqj wkdw wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq
sd|r�0w|shv dqg Kduvdq|l0w|shv1 Wkhvh vwurqj dqg |hw rqo| lpsolflw dvvxpswlrqv
derxw sod|huv* klhudufklhv ri eholhiv pd| d�hfw wkh vhw ri htxloleulxp rxwfrphv lq
dq lpsruwdqw zd|1 Exw zh kdyh d kdug wlph uhgxflqj wkhvh dvvxpswlrqv wr pruh
sulplwlyh dqg wudqvsduhqw d{lrpv1

+e4, Qr h{ dqwh vwdjh dqg sodxvlelolw| ri dvvxpswlrqv derxw eholhiv1
Wkh irupdo vlplodulw| ehwzhhq Ed|hvldq jdphv dqg jdphv zlwk dv|pphwulf lqiru0
pdwlrq pd| eh plvohdglqj1 Zh duh txlwh uhdg| wr dffhsw wkdw lq wkh �udqgrp
yhfwru prgho� sod|huv dvvljq wkh vdph sulru suredelolwlhv wr fkdqfh pryhv19 Vlp0
loduo|/ dvvxplqj d frpprp suredelolw| phdvxuh ryhu sod|huv* dwwulexwhv lv phdq0
lqjixo dqg sodxvleoh/ li qrw frpshoolqj/ lq wkh �sulru orwwhu| prgho1� Iru h{dpsoh/
lw fdq eh mxvwl�hg e| dvvxplqj wkdw wkh vwdwlvwlfdo glvwulexwlrq ri fkdudfwhulwlfv lq
wkh srsxodwlrq ri srwhqwldo sod|huv lv frpprqo| nqrzq1 Exw lq jdphv zlwk jhq0
xlqh lqfrpsohwh lqirupdwlrq wkhuh lv qr h{ dqwh vwdjh dqg sulru suredelolwlhv duh
rqo| d +frqyhqlhqw/ exw xqqhfhvvdu|, qrwdwlrqdo ghylfh wr vshfli| sod|huv* lq�qlwh
klhudufklhv ri eholhiv1 Wkxv/ wkh frpprq sulru dvvxpswlrq dqg wkh frq dwlrq ri
sd|r�0w|shv dqg Kduvdq|l0w|shv duh pxfk kdughu wr dffhsw1

+e5, Qr h{ dqwh vwdjh dqg ohduqlqj1 Wkh odfn ri dq h{ dqwh vwdjh dovr
pdnhv wkh htxloleulxp frqfhsw pruh sureohpdwlf1 D Qdvk htxloleulxp ri d jlyhq
�remhfwlyh� jdph C pd| eh lqwhusuhwhg dv d vwdwlrqdu| vwdwh ri d ohduqlqj surfhvv

7Vhh dovr Eudqghqexujhu dqg Ghnho +4<<6, dqg uhihuhqfhv wkhuhlq1 Edwwljdool dqg Vlqlvfdofkl
+4<<;, surylghv dqdorjrxv uhvxowv iru lq�qlwh klhudfklhv ri v|vwhpv ri frqglwlrqdo eholhiv lq g|0
qdplf jdphv ri lqfrpsohwh lqirupdwlrq1

8Iru pruh rq wklv vhh Jxo +4<<9e, dqg Ghnho dqg Jxo +4<<:,1 Erqdqqr dqg Qhkulqj +4<<9,
�pdnhv vhqvh� ri wkh frpprq sulru dvvxpswlrq lq lqfrpsohwh lqirupdwlrq jdphv/ fkdudfwhul}lqj
lw dv d yhu| vwurqj �djuhhphqw� surshuw|1

9Iru d glvfxvvlrq ri wkh frpprq sulru dvvxpswlrq lq vlwxdwlrqv zlwk dv|pphwulf/ exw frp0
sohwh lqirupdwlrq vhh Pruulv +4<<8,1
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dv wkh sod|huv uhshdwhgo| sod| C1 Ixuwkhupruh/ lw lv srvvleoh wr surylgh vx!flhqw
frqglwlrqv vxfk wkdw ohduqlqj hyhqwxdoo| lqgxfhv d Qdvk htxloleulxp rxwfrph1:

Zh fdqqrw surylgh d vlplodu mxvwl�fdwlrq iru htxloleuld ri Ed|hvldq jdphv1 Ohw w
eh wkh dfwxdo vwdwh ri Qdwxuh lq d jdph ri lqfrpsohwh lqirupdwlrq K dqg uhfdoo
wkdw CEw� ghqrwhv wkh �wuxh remhfwlyh jdph� fruuhvsrqglqj wr w1 Ohw xv dvvxph
wkdw wkh sod|huv lqwhudfw uhshdwhgo|1 E| wkh yhu| qdwxuh ri wkh sureohp zh duh
frqvlghulqj/ zh kdyh wr dvvxph wkdw wkh vwdwh ri Qdwxuh w lv �{hg rqfh dqg iru doo
dw wkh ehjlqqlqj ri wlph udwkhu wkdq ehlqj gudzq dw udqgrp dffruglqj wr vrph
l1l1g1 surfhvv1 E| uhshdwhgo| sod|lqj CEw� wkh sod|huv fdq ohduq +dw prvw, wr sod|
d Qdvk htxloleulxp ri CEw�/ qrw d Ed|hvldq htxloleulxp ri +vrph Ed|hvldq jdph
edvhg rq, K1;

4161 Udwlrqdol}deoh Rxwfrphv ri Lqfrpsohwh Lqirupdwlrq Jdphv

Wr vxppdul}h zkdw zh vdlg vr idu/ lq rughu wr dqdo|}h dq hfrqrplf prgho zlwk lq0
frpsohwh lqirupdwlrq K xvlqj Kduvdq|l*v dssurdfk zh kdyh wr vshfli| d w|sh vsdfh
edvhg rq K dqg wkhq orrn iru wkh Ed|hvldq htxloleuld ri wkh uhvxowlqj Ed|hvldq
jdph1 Wkh vshfl�fdwlrq ri wkh w|sh vsdfh lv kdugo| uhodwhg wr wkh ixqgdphq0
wdov ri wkh hfrqrplf sureohp dqg |hw pd| fuxfldoo| d�hfw wkh vhw ri htxloleulxp
rxwfrphv1 Wklv udlvhv vhyhudo uhodwhg wkhruhwlfdo txhvwlrqv1 Fdq zh dqdo|}h lq0
frpsohwh lqirupdwlrq jdphv zlwkrxw vshfli|lqj d w|sh vsdfhB Fdq zh surylgh
dq lqghshqghqw mxvwl�fdwlrq iru wkh Ed|hvldq htxloleulxp frqfhswB Zklfk uhvxowv
ri wkh Ed|hvldq dqdo|vlv duh lqghshqghqw ri wkh h{dfw vshfl�fdwlrq ri wkh w|sh
vsdfhB Lv lw srvvleoh wr surylgh d uhodwlyho| vlpsoh fkdudfwhul}dwlrq ri wkh vhw ri
doo Ed|hvldq htxloleulxp rxwfrphvB

Wkh dqvzhu wr wkhvh txhvwlrqv fdq eh irxqg lq wkh olwhudwxuh rq udwlrqdol}delo0
lw|1 Ohw xv frqvlghu frpsohwh lqirupdwlrq jdphv �uvw/ l1h1 jdphv zlwk rqo| rqh
frqfhlydeoh vwdwh ri Qdwxuh1 Wkh vhw ri udwlrqdol}deoh vwudwhjlhv lq d vwdwlf jdph
zlwk frpsohwh lqirupdwlrq lv rewdlqhg e| dq lwhudwlyh ghohwlrq surfhgxuh zklfk
+lq wzr0shuvrq jdphv, frlqflghv zlwk lwhudwhg vwulfw grplqdqfh +Shdufh +4<;7,,1
Udwlrqdol}delolw| h{dfwo| fkdudfwhul}hv wkh vwudwhjlhv frqvlvwhqw zlwk frpprq fhu0
wdlqw| ri udwlrqdolw| +Wdq dqg Zhuodqj +4<;;,, dqg dovr wkh vhw ri vxemhfwlyh
fruuhodwhg htxloleulxp rxwfrphv +Eudqghqexujhu dqg Ghnho +4<;:,,1 Qrwh wkdw/

:Lq jhqhudo/ frqyhujhqfh lv qrw jxdudqwhhg dqg/ hyhq li wkh sod| frqyhujhv/ wkh olplw rxw0
frph lv d vhoi0frq�uplqj +ru frqmhfwxudo, htxloleulxp/ zklfk qhhg qrw eh htxlydohqw wr d Qdvk
htxloleulxp1 Vhh Ixghqehuj dqg Ohylqh +4<<;, dqg uhihuhqfhv wkhuhlq1

;Pruh jhqhudoo|/ wkhlu sdwwhuq ri ehkdylru pd| frqyhujh wr zkdw Edwwljdool dqg Jxdlwrol
+4<<9, fdoo �d frqmhfwxudo htxloleulxp dw �1�
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dffruglqj wr wkh whuplqrorj| xvhg vr idu/ d vxemhfwlyh fruuhodwhg htxloleulxp lv
vlpso| d Ed|hvldq htxloleulxp ri d prgho zlwk d xqltxh vwdwh ri Qdwxuh dqg khqfh
zlwk sd|r�0luuhohydqw Kduvdq|l0w|shv1

Wklv sdshu sxwv iruzdug dqg dqdo|}hv vrph qrwlrqv ri udwlrqdol}delolw| iru
jdphv zlwk jhqxlqh lqfrpsohwh lqirupdwlrq/ exw wkh sursrvhg vroxwlrqv duh dovr
uhohydqw iru jdphv zlwk dv|pphwulf lqirupdwlrq zkhuh wkh vwdwlvwlfdo glvwulexwlrq
ri dwwulexwhv lq wkh srsxodwlrq ri srwhqwldo sod|huv lv qrw nqrzq1 Zh irfxv pdlqo|
rq wkh dqdo|vlv ri g|qdplf jdphv zkhuh sod|huv fdq vljqdo wkhlu w|shv dqg vwudwh0
jlf lqwhqw1 Exw wkh edvlf lghd lv pruh hdvlo| xqghuvwrrg li zh frqvlghu vwdwlf jdphv
�uvw1 Frqvlghu wkh iroorzlqj surfhgxuh= +Edvlv Vwhs, Iru hyhu| sod|hu �/ sd|r�
w|sh w� dqg vwudwhj| r� lq K/ zh fkhfn zkhwkhu r� fdq eh mxvwl�hg dv d ihdvleoh ehvw
uhvsrqvh iru w� wr vrph suredelolvwlf eholhiv derxw wkh rssrqhqwv* sd|r�0w|shv dqg
ehkdylru1 Li wkh sdlu Ew�c r�� grhv qrw sdvv wklv whvw lw lv �uhpryhg1� +Lqgxfwlyh
Vwhs, Iru hyhu| �/ w� dqg r� zh fkhfn zkhwkhu r� lv d ihdvleoh ehvw uhvsrqvh iru w� wr
vrph suredelolvwlf eholhiv derxw wkh rssrqhqwv dvvljqlqj suredelolw| }hur wr wkh
+yhfwruv ri, sdluv Ew

3�c r3�� uhpryhg vr idu1 Qrwh wkdw +hslvwhplf, w|sh vsdfhv duh
qrw phqwlrqhg1 Wkh surfhgxuh ghshqgv rqo| rq wkh �ixqgdphqwdov� ri wkh hfr0
qrplf prgho1 Qrw vxusulvlqjo|/ wklv vroxwlrq lv htxlydohqw wr dq lwhudwlyh �lqwhulp�
grplqdqfh surfhgxuh1 Ixuwkhupruh/ lw wxuqv rxw wkdw lw h{dfwo| fkdudfwhul}hv wkh
vhw ri doo srvvleoh htxloleulxp rxwfrphv ri wkh Ed|hvldq jdphv edvhg rq K1 Lw lv dovr
hdv| wr surylgh dq hslvwhplf fkdudwhul}dwlrq ã od Wdq dqg Zhuodqj +4<;;, ri wkh
udwlrqdol}deoh rxwfrphv dv wkrvh frqvlvwhqw zlwk frpprq fhuwdlqw| ri udwlrqdolw|
+vhh Edwwljdool dqg Vlqlvfdofkl +4<<;, lq wkh frqwh{w ri g|qdplf jdphv,1
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Iljxuh 4

Ohw xv vhh krz wkh vroxwlrq surfhgxuh zrunv lq d wh{werrn h{dpsoh1 Frqvlghu
d Frxuqrw gxrsro| zlwk rqh0vlghg lqfrpsohwh lqirupdwlrq1 Wkh lqyhuvh ghpdqg
vfkhgxoh � E'� lv olqhdu dqg �upv kdyh frqvwdqw pdujlqdo frvw1 Wkh pdujlqdo
frvw �up �/ S�/ lv frpprq nqrzohgjh/ exw S2/ wkh pdujlqdo frvw ri �up 2/ lv
xqnqrzq wr �up �1 Wkh udqjh ri frqfhlydeoh ydoxhv ri S2 lv d forvhg lqwhuydo vwulfwo|
frqwdlqhg lq dfc � Ef�o dqg frqwdlqlqj S� lq lwv lqwhulru1 Erwk �upv duh h{shfwhg
sur�w pd{lpl}huv1 Iljxuh 4 vkrzv wkh uhdfwlrq ixqfwlrqv iru �up � +o�E^2�,/ iru
wkh prvw h!flhqw w|sh ri �up 2 +o2Ewc ^��,/ dqg iru wkh ohdvw h!flhqw w|sh ri �up
2 +o2Ewc ^��,1 Lq wklv prgho/ wkhuh lv qr orvv ri jhqhudolw| lq frqvlghulqj rqo| ehvw
uhvsrqvhv wr ghwhuplqlvwlf eholhiv1< Wkh �uvw vwhs ri wkh udwlrqdol}delolw| surfhgxuh

<Wklv lv wuxh lq doo vwdwlf jdphv zkhuh/ iru hdfk sod|hu l/ +4, wkh xwlolw| ixqfwlrq xl+�> vl> v�l,
lv frqwlqxrxv dqg vwulfwo| txdvl0frqfdyh lq lwv vhfrqg dujxphqw/ +5, wkh vwudwhj| vsdfh Vl lv d
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holplqdwhv/ iru hdfk w|sh ri hdfk �up/ doo wkh rxwsxwv deryh wkh prqrsrolvwlf
fkrlfh +h1j1 o2Ew2c f� iru w|sh w2 ri �up 2,/ zklfk lv wkh ehvw uhvsrqvh wr wkh prvw
rswlplvlwf frqmhfwxuh derxw wkh rssrqhqw +dvvxplqj wkdw wkh rssrqhqw pljkw dovr
eh luudwlrqdo,1 Lq idfw/ doo wkh holplqdwhg rxwsxwv duh vwulfwo| grplqdwhg iru w|sh
w� e| wkh prqrsrolvwlf fkrlfh ri w�/ zkloh wkh uhpdlqlqj rxwsxwv duh ehvw uhvsrqvhv
wr vrph frqmhfwxuh1 Lq wkh vhfrqg vwhs ri wkh surfhgxuh zh holplqdwh/ iru hdfk
w|sh ri hdfk �up/ doo wkh rxwsxwv ehorz wkh ehvw uhsrqvh wr wkh prvw shvvlplvwlf
frqmhfwxuh frqvlvwhqw zlwk udwlrqdolw| ri wkh rssrqhqw1 Iru h{dpsoh/ iru �up �
zh holplqdwh doo wkh rxwsxwv ehorz o�Eo2Ewc f��1 Lq wkh wklug vwhs zh holplqdwh/
h1j1 iru �up �/ doo wkh rxwsxwv deryh o�Eo2Ewc o�Ef��/ zklfk lv wkh ehvw uhvsrqvh wr
wkh prvw rswlplvwlf frqmhfwxuh frqvlvwhqw zlwk wkh rssrqhqw ehlqj udwlrqdo dqg
fhuwdlq wkdw hyhu|erg| lv udwlrqdo1 Lq wkh olplw zh rewdlq d vhw ri udwlrqdol}deoh
rxwfrphv uhsuhvhqwhg e| wkh uhfwdqjoh DEFG lq Iljxuh 41

Ohw xv frpsduh udwlrqdol}deoh rxwfrphv dqg vwdqgdug Ed|hvldq htxloleulxp
rxwfrphv1 Wkh vwdqgdug Ed|hvldq prgho vshfl�hv wkh eholhi ri sod|hu � derxw w2/
vd| Z 5 {EX2�1 Lw lv dvvxphg wkdw lw lv frpprq fhuwdlqw| wkdw Z lqghhg uhsuhvhqwv
wkh eholhi ri sod|hu �1 Wkh Ed|hvldq htxloleulxp vwudwhj| iru sod|hu � lv jlyhq e|
wkh lqwhuvhfwlrq ehwzhhq wkh judsk ri o�E�� dqg wkh judsk ri o2E.Ehw( Z�c ��/ zkhuh
.Ehw( Z� ghqrwhv wkh h{shfwhg ydoxh ri w2 jlyhq Z1 Wkh vhw ri Ed|hvldq htxloleulxp
rxwfrphv iru doo srvvleoh Z 5 {EX2� lv wkh sdudoohorjudp D*EF*G lq Iljxuh 41
Exw li zh frqvlghu doo wkh srvvleoh vshfl�fdwlrqv ri d w|sh vsdfh ã od Kduvdq|l/
wkh vhw ri Ed|hvldq htxloleulxp rxwfrphv frlqflghv zlwk wkh vhw ri udwlrqdol}deoh
rxwfrphv143

Wkh surfhgxuh ghvfulehg deryh lv uhohydqw li zh gr qrw zdqw wr uxoh rxw dq|
frqfhlydeoh hslvwhplf w|sh1 Krzhyhu/ lw pd| eh sodxvleoh wr dvvxph wkdw sod|huv*
eholhiv vdwlvi| vrph txdolwdwlyh uhvwulfwlrqv1 Wkh lwhudwlyh vroxwlrq frqfhsw fdq eh
hdvlo| prgl�hg wr dffrprgdwh uhvwulfwlrqv rq �uvw rughu eholhiv +lqirupdoo|, dv0
vxphg wr eh frpprqo| nqrzq1 Lq wkh jhqhudo gh�qlwlrq ri wkh vroxwlrq surfhgxuh

forvhg lqwhuydo ri wkh uhdo olqh/ dqg +6, wkh vhw ri frqfhlydeoh sd|r� w|shv �l lv frpsdfw dqg
frqqhfwhg1

43Wkh surri ri Sursrvlwlrq 6143 vkrzv krz wr frqvwuxfw d w|sh vsdfh vxfk wkdw/ lq wkh uhvxowlqj
Ed|hvldq jdph/ hdfk udwlrqdol}deoh rxwfrph lv d Ed|hvldq htxloleulxp rxwfrph1 Khuh zh surylgh
d vlpsohu h{dpsoh1 Dvvxph wkdw wkhuh duh wzr hslvwhplf w|shv iru hdfk sd|r�0w|sh1 Wkxv
W4 @ iw4

4
> w5
4
j dqg W5 @ �5�ih45> h55j1 Dvvxph s4+w44, lv ghjhqhudwh rq +�> h45,/ s4+w54, lv ghjhqhudwh

rq +�> h5
5
,/ dqg s5+�5> h

m
5
, dvvljqhv suredelolw| rqh wr wm

4
iru doo �5 dqg m1 +Wkhvh eholhi ixqfwlrqv

duh frqvlvwhqw zlwk d �fruuhodwhg� frpprq sulru1, Lq wkh Ed|hvldq htxloleulxp zkhuh w|sh w44
+w5
4
, fkrrvhv wkh orzhvw +kljkhvw, udwlrqdol}deoh rxwsxw iru �up 4/ doo wkh srlqwv lq wkh yhuwlfdo

vhjphqwv DG dqg EF duh htxloleulxp rxwfrphv1
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wkhvh h{wudqhrxv uhvwulfwlrqv rq sod|huv* eholhiv duh sdudphwulfdoo| jlyhq1
Wkh dqdo|vlv ri lqfrpsohwh lqirupdwlrq jdphv lv sduwlfxoduo| lqwhuhvwlqj zkhq

wkh| kdyh d g|qdplf vwuxfwxuh/ ehfdxvh lq wklv fdvh d sod|hu fdq pdnh lqihuhqfhv
derxw wkh w|shv dqg 2ru vwudwhjlf lqwhqwv ri klv rssrqhqwv e| revhuylqj wkhlu
ehkdylru lq suhylrxv vwdjhv ri wkh jdph1 Dv lq wkh frpsohwh lqirupdwlrq fdvh/
wkhuh duh vhyhudo srvvleoh gh�qlwlrqv ri wkh udwlrqdol}delolw| vroxwlrq frqfhsw iru
g|qdplf jdphv/ fruuhvsrqglqj wr gl�huhqw dvvxpswlrqv derxw krz sod|huv zrxog
xsgdwh wkhlu eholhiv li wkh| revhuyhg xqh{shfwhg ehkdylru1 Khuh zh frqvlghu wzr
qhvwhg vroxwlrq frqfhswv iru +srvvleo| lq�qlwh, pxowl0vwdjh jdphv zlwk lqfrpsohwh
lqirupdwlrq/ fdoohg zhdn udwlrqdol}delolw| dqg vwurqj udwlrqdol}delolw|1 Uljrxurxv
d{lrpdwl}dwlrqv ri wkhvh vroxwlrq frqfhswv lqyroyh wkh gh�qlwlrq ri h{whqvlyh irup
hslvwhplf prghov dqg duh jlyhq hovhzkhuh +Ehq Srudwk +4<<:,/ Edwwljdool dqg Vlqlv0
fdofkl +4<<;/ 4<<<d/e,,1 Lqwxlwlyho|/ zhdn udwlrqdol}delolw| vlpso| dvvxphv wkdw
sod|huv fkrrvh vhtxhqwldo ehvw uhvsrqvhv wr wkhlu v|vwhpv ri frqglwlrqdo eholhiv/
xsgdwlqj yld Ed|hv uxoh zkhqhyhu srvvleoh/ dqg wklv lv frpprq fhuwdlqw| dw wkh
ehjlqqlqj ri wkh jdph1 Rq wrs ri wklv/ vwurqj udwlrqdol}delolw| dovr dvvxphv wkdw
hdfk sod|hu nhhsv eholhylqj wkdw klv rssrqhqwv duh udwlrqdo hyhq zkhq wkh| ehkdyh
lq dq xqh{shfwhg zd|/ surylghg wkdw wkhlu ehkdylru fdq eh vrphkrz �udwlrqdol}hg�
+d pruh ghwdlohg dffrxqw lv surylghg lq Vhfwlrq 6,1 Wkxv/ xqolnh zhdn udwlrqdol}0
delolw|/ vwurqj udwlrqdol}delolw| lqfrusrudwhv d iruzdug lqgxfwlrq fulwhulrq1

Zh dsso| wkh udwlrqdol}delolw| dssurdfk wr vrph hfrqrplf prghov1 Lq vrph
fdvhv zh duh deoh wr rewdlq wkh vdph txdolwdwlyh uhvxowv dv lq wkh pruh vwdqgdug
htxloleulxp dqdo|vlv edvhg rq wkh frpprq sulru dvvxpswlrq dqg2ru wkh frq dwlrq
ri sd|r�0w|shv dqg Kduvdq|l0w|shv1 Lq rwkhu fdvhv/ vxfk dv wkh h{dpsoh deryh/ zh
rewdlq zhdnhu uhvxowv1 Lq jhqhudo/ udwlrqdol}delolw| hpskdvl}hv dqg fodul�hv vrph
dvshfwv ri vwudwhjlf uhdvrqlqj wkdw duh hlwkhu ljqruhg ru pdgh revfxuh e| vwdqgdug
htxloleulxp dqdo|vlv1

4171 Uhodwhg Olwhudwxuh

Wkh vroxwlrq frqfhswv ghyhorshg lq wklv sdshu h{whqg qrwlrqv ri udwlrqdol}delolw|
iru h{whqvlyh irup jdphv zlwk frpsohwh lqirupdwlrq sxw iruzdug dqg dqdo|}hg
e| Shdufh +4<;7,/ Edwwljdool +4<<9/ 4<<:, dqg Ehq Srudwk +4<<:,1 Wkh lghd ri
xvlqj vrph qrwlrq ri udwlrqdol}delolw| wr dqdo|}h jdphv ri lqfrpsohwh lqirupd0
wlrq lv d txlwh qdwxudo ghyhorsphqw ri Ehuqkhlp +4<;7, dqg Shdufh*v +4<;7, zrun
rq frpsohwh lqirupdwlrq jdphv dqg lw dsshduv lq vrph sdshuv lq wkh olwhudwxuh
+dowkrxjk vhyhudo sdshuv wdnh iru judqwhg wkh frpprq sulru dvvxpswlrq dqg2ru
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lghqwli| sd|r�0w|shv dqg Kduvdq|l0w|shv,1 Edwwljdool dqg Jxdlwrol +4<<9, dqd0
o|}hv wkh h{whqvlyh irup udwlrqdol}deoh sdwkv ri d vlpsoh pdfurhfrqrplf jdph
zlwk lqfrpsohwh lqirupdwlrq dqg qr frprq sulru1 Wklv sdshu dovr sxwv iruzdug
d qrwlrq ri frqmhfwxudo +ru vhoi0frq�uplqj, htxloleulxp dw d jlyhq vwdwh ri Qd0
wxuh ri dq lqfrpsohwh lqirupdwlrq jdph1 Fkr +4<<7, dqg Zdwvrq +4<<:, xvh d
qrwlrq ri vxeirup udwlrqdol}delolw| wr dqdo|}h g|qdplf edujdlqlqj zlwk lqfrp0
sohwh lqirupdwlrq1 Zdwvrq +4<<6/ 4<<9, rewdlqv uhsxwdwlrq dqg2ru frrshudwlrq
uhvxowv iru shuwxuehg uhshdwhg jdphv xqghu plog uhvwulfwlrqv rq sod|huv* eholhiv1
Edwwljdool dqg Zdwvrq +4<<:, txdoli| dqg h{whqg Zdwvrq*v +4<<6, dqdo|vlv ri uhs0
xwdwlrq1 Shuu| dqg Uhq| +4<<7, dqg Nkdqhpdq/ Shuu| dqg Uhq| +4<<8, frqvlghu
vrph vshfl�f vrfldo fkrlfh sureohpv zlwk lqfrpsohwh lqirupdwlrq dqg sursrvh
h{whqvlyh irup phfkdqlvpv wr lpsohphqw ghvludeoh rxwfrphv lq lwhudwlyho| xq0
grplqdwhg vwudwhjlhv1 Udelq +4<<7, sursrvhv wr frpelqh udwlrqdol}delolw| dqg
h{wudqhrxv uhvwulfwlrqv rq sod|huv* eholhiv wr lqwurgxfh ehkdylrudo dvvxpswlrqv lq
jdph wkhruhwlf dqdo|vlv1 Vlqlvfdofkl +4<<:d, dssolhv wkh dssurdfk ri wkh suhvhqw
sdshu wr wkh dqdo|vlv ri g|qdplf dxfwlrqv1 D gl�huhqw dssurdfk wr lqfrpsohwh
lqirupdwlrq jdphv lv sursrvhg lq Vänrylfv +4<<:,1 Kh frqvlghuv Ed|hvldq prghov
zlwk �qlwh klhudufklhv ri eholhiv dqg sxwv iruzdug d qryho vroxwlrq frqfhsw/ fdoohg
�pludjh htxloleulxp1�

4181 Vwuxfwxuh ri wkh Sdshu

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 frqwdlqv wkh jdph wkhruhwlf
vhw xs1 Zhdn dqg vwurqj udwlrqdol}delolw| duh gh�qhg dqg dqdo|}hg lq Vhfwlrq 6
irfxvlqj rq wzr0shuvrq jdphv zlwk revhuydeoh dfwlrqv1 H{lvwhqfh dqg uhjxodulw|
surshuwlhv duh suryhg iru d fodvv ri �vlpsoh/� exw srvvleo| lq�qlwh jdphv1 Zh
gh�qh d qrwlrq ri �zhdn Ed|hvldq shuihfw htxloleulxp� dqg zh vkrz wkdw zhdn
udwlrqdol}delolw| fkdudfwhul}hv wkh vhw ri doo zhdn Ed|hvldq shuihfw htxloleulxp rxw0
frphv1 Ilqdoo|/ zh h{whqg wr wkh suhvhqw iudphzrun vrph nqrzq uhvxowv uhodwlqj
udwlrqdol}delolw| dqg lwhudwlyh grplqdqfh1 Vhfwlrq 7 vkrzv krz wkh dqdo|vlv fdq
eh h{whqghg wr ?0shuvrq jdphv zlwk lpshuihfwo| revhuydeoh dfwlrqv1 Vhfwlrq 8
dssolhv wkhvh vroxwlrq frqfhswv wr prghov ri uhsxwdwlrq/ glvforvxuh dqg frvwo| vlj0
qdolqj1 Wkh Dsshqgl{ frqwdlqv vrph ghwdlov derxw g|qdplf jdphv ri lqfrpsohwh
lqirupdwlrq dqg prvw ri wkh surriv1
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51 Jdph Wkhruhwlf Iudphzrun

5141 Jdphv ri Lqfrpsohwh Lqirupdwlrq zlwk Revhuydeoh Dfwlrqv

D jdph ri lqfrpsohwh lqirupdwlrq zlwk revhuydeoh dfwlrqv lv d vwuxfwxuh

K ' k�c EX���M� c E����M� cKWE��c E����M�l
jlyhq e| wkh iroorzlqj hohphqwv=44

� � lv d qrq hpsw|/ �qlwh vhw ri sod|huv1

� Iru hdfk � 5 � / X� � +6� lv d qrq hpsw| vhw ri srvvleoh w|shv iru sod|hu �
dqg �� � +?� lv d qrq hpsw| vhw ri srvvleoh dfwlrqv iru sod|hu � ++& lv wkh
&0glphqvlrqdo Hxfolghdq vsdfh,1

� Ohw X '
T
�M� X� dqg � '

T
�M� ��1 Wkhq

�W ' i�j ^
#
|'"^
|'�

�|

$
c

wkdw lv/ �W lv wkh vhw ri �qlwh dqg frxqwdeo| lq�qlwh vhtxhqfhv ri dfwlrq
sur�ohv/ lqfoxglqj wkh hpsw| vhtxhqfh �/ dqg

KWE�� G X$ 2�
W

+2�
W

lv wkh srzhu vhw ri �W, lv d qrq hpsw|0ydoxhg fruuhvsrqghqfh dvvljqlqj
wr hdfk sur�oh ri w|shv w wkh vhw KWEw� ri ihdvleoh klvwrulhv jlyhq w1 Iru
hyhu| klvwru| � 5 KWEw� rqh fdq ghulyh wkh vhw �Ewc �� '

T
�M� ��Ew�c �� ri

ihdvleoh dfwlrq sur�ohv1 D klvwru| � 5 KWEw� lv whuplqdo dw w li �E�c w� ' >
+hyhu| lq�qlwh ihdvleoh klvwru| lv whuplqdo,1 Zh ohw

KEw� ' i� 5 �W G �Ewc �� 9' >jc
KEw�� ' i� 5 �W G <w3� 5 X3�c �EEw�c w3��c �� 9' >jc

K '
^
wMX

KEw�

uhvshfwlyho| ghqrwh wkh vhw ri ihdvleoh qrq whuplqdo klvwrulhv dw w/ ru iru w�/
dqg wkh vhw ri d sulrul ihdvleoh qrq whuplqdo klvwrulhv1

44Wkh iroorzlqj prgho jhqhudol}hv Ixghqehuj dqg Wluroh +4<<4/ ss 6640665, dqg Rveruqh dqg
Uxelqvwhlq +4<<7/ ss 5640565,1 Wkh Dsshqgl{ surylghv ixuwkhu ghwdlov1
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� Gh�qh wkh vhw ] ri rxwfrphv dv iroorzv=45

] ' iEwc �� G � 5 KWEw�c �Ewc �� ' >j�

Iru doo � 5 � /
�� G ] $ +

lv wkh sd|r� ixqfwlrq iru sod|hu � ++ ghqrwhv wkh vhw ri uhdo qxpehuv,1

Sdudphwhu w� uhsuhvhqwv sod|hu �*v sulydwh lqirupdwlrq derxw ihdvlelolw| frq0
vwudlqwv dqg sd|r�v1 Iru euhylw|/ zh fdoo w� wkh �sd|r�0w|sh� ri sod|hu �1 Lw lv
dvvxphg wkdw K lv frpprq nqrzohgjh1 Wkh duud| w ' Ew���M� lv lqwhusuhwhg dv d
vwdwh ri Qdwxuh> lw frpsohwho| vshfl�hv wkh xqnqrzq sdudphwhuv ri wkh jdph dqg
wkh sod|huv* lqwhudfwlyh nqrzohgjh derxw wkhp1 Sod|hu � dw Ewc �� nqrzv Ew�c �� dqg
zkdwhyhu fdq eh lqihuuhg iurp klvwru| � jlyhq wkdw K +khqfh KWE��, lv frpprq
nqrzohgjh1 Fkdqfh pryhv dqg uhvlgxdo xqfhuwdlqw| derxw wkh hqylurqphqw fdq
eh prghohg e| kdylqj d svhxgr0sod|hu S 5 � zlwk d frqvwdqw sd|r� ixqfwlrq1
Wkh �w|sh� wS ri wklv svhxgr0sod|hu uhsuhvhqwv wkh uhvlgxdo xqfhuwdlqw| derxw wkh
vwdwh ri Qdwxuh zklfk zrxog uhpdlq diwhu srrolqj wkh sulydwh lqirupdwlrq ri wkh
uhdo sod|huv1 Sod|huv* frpprq ru khwhurjhqhrxv eholhiv derxw fkdqfh pryhv fdq
eh prghohg dv h{wudqhrxv uhvwulfwlrqv rq eholhiv +vhh ehorz,1

Jdph K lv vwdwlf li iru doo w 5 X dqg @ 5 �Ewc ��/ E@� lv d whuplqdo klvwru|
dw w1 Jdph K kdv sulydwh ydoxhv li/ iru doo � 5 � / ��Ew�c w3�c �� lv lqghshqghqw ri
w3�1 D sod|hu ri w|sh w� lv dfwlyh dw klvwru| � li ��Ew�c �� frqwdlqv dw ohdvw wzr
hohphqwv1 K kdv qr vlpxowdqrhxv pryhv li iru hyhu| vwdwh ri Qdwxuh w dqg hyhu|
klvwru|� 5 KEw� wkhuh lv rqo| rqh dfwlyh sod|hu1 Lq wklv fdvh/ K fdq eh uhsuhvhqwhg
e| dq h{whqvlyh irup zlwk ghflvlrq qrghv Ewc ��/ w 5 X/ � 5 KEw� +sdluv Ewc ��
duh wkh lqlwldo qrghv ri wkh dueruhvfhqfh, dqg lqirupdwlrq vhwv iru sod|hu � ri wkh
iroorzlqj irup=

UEw�c �� ' iEw�c w3�c �� G � 5 KEw�c w3��jc
zkhuh w� lv dfwlyh dw �1 Jdph K kdv +lqfrpsohwh exw, shuihfw lqirupdwlrq li lw kdv
qr vlpxowdqhrxv pryhv dqg KWEw� lv lqghshqghqw ri w146

Qrwh wkdw wkh edvlf prgho K grhv qrw vshfli| sod|huv* eholhiv derxw wkh vwdwh ri
Qdwxuh w1 Wklv lv zkdw pdnhv K gl�huhqw iurp wkh vwdqgdug qrwlrq ri d Ed|hvldq

45Wkh ihdvlelolw| fruuhvsrqghqfh lv vxfk wkdw/ li ++�l> ��l,> k, 5 ]/ wkhq ++�l> �
3

�l
,> k, 5 ] iru

doo �3
�l1,1

46Lq wklv fdvh/ � fdq dovr eh uhsuhvhqwhg e| d jdph wuhh +zlwk ghflvlrq qrghv k 5 K, ihdwxulqj
shuihfw lqirupdwlrq dqg sd|r� ixqfwlrqv yl = �� ] $ U> zkhuh ] lv wkh vhw ri whuplqdo qrghv1
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jdph1 Dv phqwlrqhg lq wkh Lqwurgxfwlrq/ li zh zdqw wr surylgh d jhqhudo +doehlw
lpsolflw, uhsuhvhqwdwlrq ri sod|huv* eholhiv derxw wkh vwdwh ri Qdwxuh dqg ri wkhlu
klhudfklhv ri eholhiv/ zh kdyh wr hpehg hdfk vhw X� lq d srvvleo| ulfkhu vhw A� ri
�Kduvdq|l0w|shv� dqg vshfli| eholhi ixqfwlrqv R� G A� $ {EA

3��1 Iru pruh rq wklv
vhh vhfwlrq 6171

Wxuqlqj wr wkh wrsrorjlfdo surshuwlhv ri K/ zh hqgrz �W dqg ] zlwk wkh
vwdqgdug �glvfrxqwlqj� phwulfv +vhh wkh Dsshqgl{, dqg wkurxjkrxw wkh sdshu zh
uho| rq wkh iroorzlqj dvvxpswlrq=

Dvvxpswlrq 31 � dqg X duh forvhg/ KWE�� lv d frqwlqxrxv fruuhvsrqghqfh
dqg/ iru doo � 5 � / �� lv d frqwlqxrxv ixqfwlrq1

5151 Vwudwhjlf Irupv

D ihdvleoh vwudwhj| iru w|sh w� lv d ixqfwlrq r� G K$ �� vxfk wkdw r�E�� 5 ��Ew�c ��
iru doo � 5 KEw��147 Wkh vhw ri ihdvleoh vwudwhjlhv iru w|sh w� lv ghqrwhg 7�Ew�� dqg

7� '
^
wMX

7�Ew��

ghqrwhv wkh vhw ri d sulrul ihdvleoh vwudwhjlhv1 +E| gh�qlwlrq ri K/ iru doo � 5 K/
��Ew�c �� lv qrqhpsw|1 Wkhuhiruh 7�Ew�� lv dovr qrqhpsw|1,

Wkh edvlf hohphqwv ri rxu dqdo|vlv duh ihdvleoh w|sh0vwudwhj| sdluv= Ew�c r�� lv
d ihdvleoh sdlu li r� 5 7�Ew��1 D jhqhulf ihdvleoh sdlu iru sod|hu � lv ghqrwhg j�
dqg wkh vhw ri vxfk ihdvleoh sdluv iru sod|hu � lv wkh judsk ri wkh fruuhvsrqghqfh
7�E�� G X� $ 27� / l1h1

P� G' iEw�c r�� 5 X� � 7� G r� 5 7�Ew��j
Wkh vhwv ri sur�ohv ri ihdvleoh sdlu iru doo sod|huv dqg iru wkh rssrqhqwv ri d sod|hu
� duh/ uhvshfwlyho|/ P '

T
�M� P� dqg P3� '

T
� �'�P�1 Hdfk sur�oh j ' dEw�c r��o�M�

lqgxfhv d whuplqdo klvwru| lEj� 5 KEw� dqg khqfh dq rxwfrph lWEj� ' Ewc lEw�� 5
]1 Wkhuhiruh/ iru hdfk sod|hu �/ zh fdq ghulyh wkh iroorzlqj vwudwhjlf irup sd|r�
ixqfwlrq =

L� ' �� � lW G P$ +1

Ixuwkhupruh/ iru hdfk d sulrul ihdvleoh klvwru| � 5 K zh fdq gh�qh wkh vhw ri
sur�ohv ri ihdvleoh sdluv frqvlvwhqw zlwk �=

PE�� ' ij 5 P G � lv d suh�{ ri lEj�j�
47Zh ohw wkh grpdlq ri vl eh K +lqvwhdg ri K+�l,, rqo| iru qrwdwlrqdo vlpsolflw|1
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Fohduo|/ PE�� ' P1 Zh ohw P�E�� ghqrwh wkh surmhfwlrq ri PE�� rq P�/ wkdw lv/
wkh vhw ri Ew�c r�� vxfk wkdw vwudwhj| r� lv ihdvleoh iru w|sh w� dqg grhv qrw suhyhqw
klvwru| �1 Lw fdq eh hdvlo| fkhfnhg wkdw/ iru doo � 5 K/

PE�� '
\
�M�

P�E�� 9' >�

Wkh lqirupdwlrq ri sod|hu � derxw klv rssrqhqwv dw klvwru| � lv uhsuhvhqwhg lq
vwudwhjlf irup e| P3�E��/ wkh surmhfwlrq ri PE�� rq P3�1

Zh hqgrz wkh vhwv P� +� 5 �, zlwk wkh vwdqgdug phwulfv ghulyhg iurp wkh
phwulf rq ] +vhh wkh Dsshqgl{,1

Ohppd 5141 Iru doo � 5 K/ P�E�� lv forvhg1

5161 Frqglwlrqdo Eholhiv

Sod|huv* eholhiv lq g|qdplf jdphv fdq eh uhsuhvhqwhg dv v|vwhpv ri frqglwlrqdo
suredelolwlhv1 OhwP eh d phwulf vsdfh zlwk Eruho vljpd0dojheud V1 Il{ d qrqhpsw|
froohfwlrq ri vxevhwv E � Vqi>j/ wr eh lqwhusuhwhg dv �uhohydqw k|srwkhvhv1�

Gh�qlwlrq 5151 +fi1 Uìq|l +4<89, dqg P|huvrq +4<;9,, D frqglwlrqdo suredelolw|
v|vwhp +ru FSV, rq EPcVcE� lv d pdsslqj

>E�m�� G V � E $ dfc �o

vdwlvi|lqj wkh iroorzlqj d{lrpv=

D{lrp 41 Iru doo � 5 E/ >E�m�� ' �1

D{lrp 51 Iru doo � 5 E/ >E�m�� lv d suredelolw| phdvxuh rq EPcV�1

D{lrp 61 Iru doo � 5 D/ �c� 5 E/ � � � � � , >E�m��>E�m�� ' >E�m��1

Wkh vhw ri suredelolw| phdvxuhv rq EPcV� lv ghqrwhg e| {EP�> wkh vhw ri
frqglwlrqdo suredelolw| v|vwhpv rq EPcVcE� fdq eh uhjdughg dv d vxevhw ri d{EP�o�

+wkh vhw ri pdsslqjv iurp E wr{EP�, dqg lw lv ghqrwhg e|{�EP�1 Wkh wrsrorj| rq
P dqg V +wkh vpdoohvw vljpd0dojheud frqwdlqlqj wklv wrsrorj|, duh xqghuvwrrg dqg
qhhg qrw eh h{solflw lq rxu qrwdwlrq1 Lw lv dovr xqghuvwrrg wkdw {EP� lv hqgrzhg
zlwk wkh wrsrorj| ri zhdn frqyhujhqfh ri phdvxuhv dqg d{EP�o� lv hqgrzhg zlwk
wkh surgxfw wrsrorj|1
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D uhodwlyho| vlpsoh zd| wr uhsuhvhqw wkh eholhiv ri d sod|hu � lq d g|qdplf
jdph zlwk lqfrpsohwh lqirupdwlrq lv wr frqvlghu wkh vhw {��EP3�� ri frqglwlrqdo
suredelolw| v|vwhpv rq EP3�cV3�cE��/ zkhuh P3� lv wkh vhw ri w|sh0vwudwhj| sur�ohv
iru klv rssrqhqwv/ V3� lv wkh Eruho vljpd dojheud ri P3�/ dqg

E� ' i� � P3� G <� 5 Kc � ' P3�E��j

lv wkh idplo| ri �vwudwhjlf irup lqirupdwlrq vhwv� iru sod|hu �148 E| Ohppd 514/ E�

lv d froohfwlrq ri forvhg vxevhwv dqg wkxv {��EP3�� lv lqghhg d zhoo0gh�qhg vsdfh
ri frqglwlrqdo suredelolw| v|vwhpv1

Dq hohphqw ri {��EP3�� rqo| ghvfulehv wkh �uvw rughu frqglwlrqdo eholhiv ri
sod|hu �1 Rqo| vxfk eholhiv duh h{solflw lq wkh jdph wkhruhwlf dqdo|vlv ri wklv
sdshu/ exw wkh prwlydwlrqv dqg hslvwhplf irxqgdwlrqv ri wkh vroxwlrq frqfhswv wr
eh sursrvhg ehorz dw ohdvw lpsolflwo| frqvlghu kljkhu rughu eholhiv1 Edwwljdool dqg
Vlqlvfdofkl +4<<;, vkrzv krz wr frqvwuxfw lq�qlwh klhudufklhv ri frqglwlrqdo eholhiv
zklfk uhsuhvhqw wkh hslvwhplf w|sh ri d sod|hu/ wkdw lv/ wkh eholhiv wkdw wklv sod|hu
zrxog kdyh/ frqglwlrqdo rq hdfk klvwru|/ derxw wkh vwdwh ri Qdwxuh / klv rssrqhqwv*
vwudwhjlhv dqg klv rssrqhqwv* hslvwhplf w|shv1 Wklv frqvwuxfwlrq doorzv rqh wr
gh�qh irupdo qrwlrqv ri frqglwlrqdo frpprq fhuwdlq| dqg vwurqj eholhi zklfk
duh lqirupdoo| xvhg lq wklv sdshu wr prwlydwh dqg foduli| wkh sursrvhg vroxwlrq
frqfhswv1 Irupdo hslvwhplf fkdudfwhul}dwlrqv ri vroxwlrq frqfhswv lq whupv ri
lq�qlwh klhudfklhv ri frqglwlrqdo eholhiv fdq eh irxqg lq Edwwljdool dqg Vlqlvfdofkl
+4<<;/ 4<<<d/e,1

48Wzr srlqwv duh zruwk glvfxvvlqj1 +4, Lq d vlwxdwlrq ri lqfrpsohwh lqirupdwlrq/ zkhq sod|hu
l irupv klv eholhiv kh douhdg| nqrzv klv sulydwh lqirupdwlrq �l1 Wkhuhiruh lw zrxog eh pruh
jhupdqh wr wkh dqdo|vlv ri lqfrpsohwh lqirupdwlrq jdphv wr frqvlghu wkh vhw �El+�l,+	�l, ri
frqglwlrqdo eholhiv iru w|sh �l/ zkhuh

El+�l, @ iE � 	�l = <k 5 K+�l,> E @ 	�l+k,j=

+5, D sod|hu dovr kdv eholhiv derxw klpvhoi dqg wkh| pd| eh uhohydqw zkhq zh glvfxvv wkh
hslvwhplf irxqgdwlrqv ri d vroxwlrq frqfhsw1 Rqfh djdlq/ zh gr qrw h{solflwo| frqvlghu vxfk
eholhiv iru qrwdwlrqdo vlpsolflw|1 Wklv grhv qrw dowhu wkh dqdo|vlv lq dq| hvvhqwldo zd|1
Rxu uhsuhvhqwdwlrq ri d sod|hu*v eholhiv dqg rxu jdph wkhruhwlf dqdo|vlv duh frqvlvwhqw zlwk

wkh iroorzlqj hslvwhplf dvvxpswlrq= dw d vwdwh ri wkh zruog zkhuh sod|hu l*v w|sh lv �l dqg l*v
sodq lv vl 5 Vl+�l,/ sod|hu l zrxog eh fhuwdlq ri �l dw hdfk klvwru| k 5 K+�l, dqg zrxog eh
fhuwdlq wr iroorz sodq vl dw hdfk klvwru| k frqvlvwhqw zlwk vl1
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5171 Vhtxhqwldo Udwlrqdolw|

D vwudwhj| 	r� lv vhtxhqwldoo| udwlrqdo iru d sod|hu ri w|sh 	w� zlwk frqglwlrqdo eholhiv
>� li lw pd{lplvhv wkh frqglwlrqdo h{shfwhg xwlolw| ri 	w� dw hyhu| klvwru| � frqvlvwhqw
zlwk 	r�1 Qrwh wkdw wklv d qrwlrq ri udwlrqdolw| iru sodqv ri dfwlrqv49 udwkhu wkdq
vwudwhjlhv +vhh/ iru h{dpsoh/ Uhq| +4<<5,,1 Ohw

KEw�c r�� ' i� 5 KEw�� G Ew�c r�� 5 P�E��j

dqg
7�Ew�c �� ' ir� 5 7�Ew�� G Ew�c r�� 5 P�E��j

uhvshfwlyho| ghqrwh wkh vhw ri klvwrulhv frqvlvwhqw zlwk Ew�c r�� dqg wkh vhw ri
vwudwhjlhv frqvlvwhqw zlwk Ew�c ��1 Jlyhq d FSV >� 5 {��EP3�� dqg d klvwru|
� 5 KEw�c r��/ ohw

L�

�
w�c r�c >

�E�mP3�E��
�
'
]
P
3�E��

LEw�c r�c j3��>
� E_j3� m P3�E���

ghqrwh wkh h{shfwhg sd|r� iru w|sh w� iurp sod|lqj r� jlyhq �/ surylghg wkdw wkh
lqwhjudo rq wkh uljkw kdqg vlgh lv zhoo0gh�qhg14:

Gh�qlwlrq 5161 D vwudwhj| 	r� E� ' �c 2c ���� lv vhtxhqwldoo| udwlrqdo iru w|sh 	w�

zlwk uhvshfw wr eholhiv >� 5 {��EP3��/ zulwwhq E	w�c 	r�� 5 4
�
E>�� ru htxlydohqwo|

	r� 5 o�E	w�c >
��/ li iru doo � 5 KE	w�c 	r�� zkhuh sod|hu � lv dfwlyh dqg doo r� 5 7�E	w�c ��

wkh iroorzlqj lqhtxdolw| lv zhoo0gh�qhg dqg vdwlv�hg=

L�

�
	w�c 	r�c >

�E�mP3�E��
�
� L�

�ew�c r�c >
�E�mP3�E��

�
�

Uhpdun 41 Lw fdq eh vkrzq wkdw xqghu vwdqgdug/ exw vrphzkdw uhvwulfwlyh dv0
vxpswlrqv wkh vhw ri pd{lpl}huv o�E	w�c >

�� lv qrq0hpsw|1 Iru h{dpsoh/ li 7�E	w�� lv
frpsdfw dqg L�E	w�c r�c j3�� lv xsshu khplfrqwlqxrxv lq r�/ erxqghg dqg phdvxu0
deoh lq j3�/ wkhq o�E	w�c >

�� 9' >1
49Irupdoo|/ d sodq ri dfwlrq lv d pd{lpdo vhw ri vwudwhjlhv frqvlvwhqw zlwk wkh vdph klvwrulhv

dqg suhvfulelqj wkh vdph dfwlrqv dw vxfk klvwrulhv1
4:Hyhq lq zhoo0ehkdyhg jdphv +h1j1 wkh Xowlpdwxp Jdph zlwk d frqwlqxxp ri r�huv,/ iru

vrph fkrlfhv ri �l dqg2ru vl/ wkh vwudwhjlf irup sd|r� ixqfwlrq Xl lv qrw lqwhjudeoh1
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5181 H{wudqhrxv Uhvwulfwlrqv rq Eholhiv

D sod|hu*v eholhiv pd| eh dvvxphg wr vdwlvi| vrph uhvwulfwlrqv wkdw duh qrw lpsolhg
e| pxwxdo ru frpprq eholhi lq udwlrqdolw|1 Zh fdoo vxfk uhvwulfwlrqv h{wudqhrxv/
dowkrxjk wkh| pd| eh uhodwhg wr vrph vwuxfwxudo surshuwlhv ri wkh prgho1 Zh pd|
glvwlqjxlvk ehwzhhq +l, uhvwulfwlrqv rq eholhiv derxw wkh vwdwh ri Qdwxuh dqg fkdqfh
pryhv dqg +ll, uhvwulfwlrqv rq eholhiv derxw ehkdylru1 Rxu jhqhudo wkhru| dqg wkh
iroorzlqj dssolfdwlrqv frqvlghu erwk +l, dqg +ll,1 Vrph h{dpsohv ri uhvwulfwlrqv ri
wkh �uvw nlqg duh wkh iroorzlqj=

� Vrph �remhfwlyh suredelolwlhv� ri fkdqfh pryhv pljkw eh nqrzq ru vdwlvi|
vrph nqrzq uhvwulfwlrqv vxfk dv srvlwlylw| ru lqghshqghqfh dfurvv qrghv14;

� Lw pd| eh frpprq eholhi wkdw doo wkh rssrqhqwv* sd|r�0w|shv duh frqvlghuhg
srvvleoh d sulrul e| hdfk sod|hu1 Ru lw pd| eh frpprq eholhi wkdw wkh sulru
suredelolw| ri d �fud}| w|sh� wW

�
frpplwwhg wr sod| d vwudwhj| rW

�
+hlwkhu

ehfdxvh rW
�
lv grplqdqw iru wW

�
ru ehfdxvh 7�Ew

W

�
� ' iwW

�
j, lv hlwkhu srvlwlyh ru

erxqghg ehorz e| d jlyhq srvlwlyh qxpehu "�Ew
W

�
�1 Wklv nlqg ri uhvwulfwlrq

lv frqvlghuhg lq wkh dqdo|vlv ri uhsxwdwlrq lq vhfwlrq 814 +vhh dovr Zdwvrq
+4<<6/ 4<<9, dqg Edwwljdool dqg Zdwvrq +4<<:,,1

Wkh iroorzlqj duh h{dpsohv ri uhvwulfwlrqv ri wkh vhfrqg nlqg=

� Vshfl�f vwuxfwxudo surshuwlhv ri wkh jdph vxfk dv vwdwlrqdulw| +fi1 Fkr
+4<<7,, ru prqrwrqlflw| pd| eh vrphkrz uh hfwhg lq sod|huv* eholhiv1 Uh0
vwulfwlrqv ri wklv nlqg duh frqvlghuhg lq wkh dqdo|vlv ri glvforvxuh dqg vlj0
qdolqj lq vhfwlrqv 815 dqg 8161

� Wkh idfw wkdw dq dfwlrq @� lv frqglwlrqdoo| zhdno| grplqdqw dw d klvwru| �
iru d w|sh w� +h1j1 elgglqj |rxu ydoxdwlrq lq d vhfrqg sulfh dxfwlrq, pd|
fdxvh hyhu|erg| wr eholhyh wkdw wkh suredelolw| ri @ frqglwlrqdo rq � ehlqj
uhdfkhg dqg w� ehlqj wkh wuxh w|sh ri sod|hu � pxvw eh srvlwlyh ru erxqghg
ehorz e| d jlyhq qxpehu BEw�c �c @�� 5 Efc �o1 Vlploduo|/ wkh idfw wkdw dfwlrq
@� lv frqglwlrqdoo| zhdno| grplqdwhg iru w|sh w� dw klvwru| � +h1j1 elgglqj
deryh |rxu ydoxdwlrq lq d �uvw sulfh dxfwlrq, pd| fdxvh hyhu|erg| wr eholhyh

4;Eùujhuv +4<<4, frqvlghuv shuwxuehg jdphv zlwk �vpdoo wuhpeohv� zkhuhe| wkh wuxh wuhpeolqj
suredelolwlhv duh xqnqrzq/ exw lw lv frpprq eholhi wkdw wkh dfwxdo fkrlfh lv yhu| olnho| wr frlqflgh
zlwk wkh lqwhqghg fkrlfh1 Kh vwuhvvhv wkh gl�huhuhqfh ehwzhhq fruuhodwhg dqg xqfruuhodwhg
wuhpeohv1
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wkdw wkh suredelolw| ri wklv dfwlrq frqglwlrqdo rq Ew�c �� lv ohvv wkdq rqh ru
erxqghg deryh e| d jlyhq qxpehu #Ew�c �c @�� 5 dfc ��1

� Lw pd| eh frpprq eholhi wkdw hdfk sod|hu*v eholhiv derxw wkh w|shv dqg
vwudwhjlhv ri gl�huhqw rssrqhqwv vdwlvi| vwrfkdvwlf lqghshqghqfh1

� Lw pd| eh frpprq eholhi wkdw hdfk sod|hu*v frqglwlrqdo eholhiv kdyh frxqw0
deoh vxssruw +fi1 Zdwvrq +4<<9, dqg vhfwlrq 816,1

Lq jhqhudo/ zh dvvxph wkdw/ iru hdfk vwdwh ri Qdwxuh w/ wkh frqglwlrqdo sure0
delolw| v|vwhp ri hdfk sod|hu � ehorqjv wr d jlyhq/ qrqhpsw| vxevhw {�1 Lq rughu
wr pdnh vhqvh ri wkh vroxwlrq frqfhswv glvfxvvhg lq wkh qh{w vhfwlrq lw lv vx!flhqw
+exw qrw qhfhvvdu|, wr dvvxph wkh iroorzlqj= iru doo n@4/5/111/ +iru hyhu| � 5 K/
hyhu| sod|hu � 5 � zrxog eh fhuwdlq dw � wkdw,& wkh �uvw rughu eholhiv ri hyhu|
sod|hu � ehorqj wr {�1 Zhdnhu vx!flhqw hslvwhplf dvvxpswlrqv duh glvfxvvhg lq
wkh qh{w vhfwlrq1

61 Zhdn dqg Vwurqj {0Udwlrqdol}delolw|

Lq wklv vhfwlrq zh gh�qh dqg dqdo|}h wzr qhvwhg h{whqvlrqv ri wkh udwlrqdol}delo0
lw| vroxwlrq frqfhsw wr g|qdplf jdphv ri lqfrpsohwh lqirupdwlrq/ zklfk wdnh dv
jlyhq vrph h{wudqhrxv uhvwulfwlrqv rq sod|huv* eholhiv uhsuhvhqwhg e| vhwv ri FSVv
{� � {��EP

3��/ � 5 � 1 Zhdn udwlrqdol}delolw| lv dq h{whqvlrq ri d vroxwlrq frq0
fhsw sxw iruzdug dqg dqdo|}hg e| Ehq Srudwk +4<<:, iru jdphv ri shuihfw dqg
frpsohwh lqirupdwlrq14< Vwurqj udwlrqdol}delolw| lv d jhqhudol}dwlrq ri wkh qrwlrq
ri h{whqvlyh irup udwlrqdol}delolw| sursrvhg e| Shdufh +4<;7, dqg ixuwkhu dqdo|}hg
e| Edwwljdool +4<<9/ 4<<:, +vhh dovr Uhq| +4<<5,,1 Zh irfxv pdlqo| rq wzr0shuvrq
jdphv +l1h1 � ' i�c 2j, wr dyrlg glvfxvvlqj wkh lvvxh ri fruuhodwhg yv lqghshqghqw
eholhiv/ zklfk zrxog glvwudfw wkh uhdghuv* dwwhqwlrq iurp pruh lpsruwdqw srlqwv1
Wkh dqdo|vlv lv h{whqghg wr ?0shuvrq jdphv lq Vhfwlrq 71 Wkh wzr vroxwlrq frq0
fhswv duh gh�qhg e| surfhgxuhv zklfk lwhudwlyho| holplqdwh ihdvleoh w|sh0vwudwhj|
sdluv dqg frlqflgh rq wkh fodvv ri vwdwlf jdphv1 Hslvwhplf dvvxpswlrqv duh fux0
fldo iru wkh prwlydwlrq ri wkhvh vroxwlrq frqfhswv1 D irupdo hslvwhplf dqdo|vlv lv
eh|rqg wkh vfrsh ri wklv sdshu dqg lv surylghg hovhzkhuh/53 exw zh zloo wu| wr

4<Vhh dovr Ghnho dqg Ixghqehuj +4<<3,/ Eudqghqexujhu +4<<5,/ Eùujhuv +4<<7, dqg Jxo
+4<<9d,1

53Ehq Srudwk +4<<:, dqdo|}hv zhdn udwlrqdol}delolw| xvlqj �qlwh/ qrq xqlyhuvdo/ h{whqvlyh
irup w|sh vsdfhv1 Edwwljdool dqg Vlqlvfdofkl +4<<;, dqdo|}hv xqlyhuvdo dqg qrq xqlyhuvdo w|sh
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eh h{solflw dqg fohdu derxw wkh hslvwhplf dvvxpswlrqv xqghuo|lqj hdfk vroxwlrq
frqfhsw1

D jlyhq vwdwh ri wkh zruog ghvfulehv wkh vwdwh ri Qdwxuh +khqfh hdfk sod|hu*v
sulydwh lqirupdwlrq, dqg wkh sod|huv* glvsrvlwlrqv wr dfw dqg wr eholhyh frqgl0
wlrqdo rq hdfk klvwru|/ wkdw lv/ wkhlu vwudwhjlhv dqg wkhlu lq�qlwh klhudufklhv ri
frqglwlrqdo eholhiv1 Ohw { ' E{���M� 1 Hdfk {0udwlrqdol}delolw| vroxwlrq frqfhsw
fkdudfwhul}hv wkh ihdvleoh w|sh0vwudwhj| uhdol}hg dw vwdwhv zkhuh +d, hyhu| sod|hu
� 5 � lv vhtxhqwldoo| udwlrqdo dqg kdv �uvw rughu eholhiv lq {�/ dqg +e, wkh sod|huv*
kljkhu rughu frqglwlrqdo eholhiv vdwlvi| frqglwlrqv frqfhuqlqj pxwxdo fhuwdlqw| ri
+d, dqg2ru urexvwqhvv ri eholhiv derxw +d,1

6141 Zhdn {0Udwlrqdol}delolw|

Zhdn {0udwlrqdol}delolw| fkdudfwhul}hv wkh vhw ri ihdvleoh w|sh0vwudwhj| sdluv uhdo0
l}hg dw vwdwhv ri wkh zruog zkhuh doo wkh iroorzlqj hyhqwv duh wuxh=54

+3, hyhu| sod|hu � kdv �uvw rughu frqglwlrqdo eholhiv lq {� dqg lv vhtxhqwldoo|
udwlrqdo/

+Z4, hyhu| sod|hu � lv fhuwdlq ri +3, dw wkh ehjlqqlqj ri wkh jdph +l1h1 frqglwlrqdo
rq �,/

+Z5, hyhu| sod|hu � lv fhuwdlq ri +Z4, dw wkh ehjlqqlqj ri wkh jdph/

111

+Zn, hyhu| sod|hu � lv fhuwdlq ri +Z+n04,, dw wkh ehjlqqlqj ri wkh jdph/

111 1

Gh�qlwlrq 6141 Ohw `�Efc{� ' P�/ � ' �c 21 Dvvxph wkdw wkh vxevhwv `�E&c{�/
� ' �c 2/ kdyh ehhq gh�qhg/ & ' fc �c ��� 1 Wkhq iru hdfk � ' �c 2/`�E&n�c{� lv wkh
vhw ri ihdvleoh Ew�c r�� vxfk wkdw r� lv vhtxhqwldoo| udwlrqdo iru w� zlwk uhvshfw wr vrph
FSV >� 5 {� vxfk wkdw >�E`3�E&c{�mP3�� ' �155 D ihdvleoh sdlu Ew�c r�� 5`�E&c{�

vsdfhv iru g|qdplf jdphv ri lqfrpsohwh lqirupdwlrq dqg surylghv hslvwhplf fkdudfwhul}dwlrqv
ri vroxwlrq frqfhswv1 Edwwljdool dqg Vlqlvfdofkl +4<<<d/e, xvh dq h{whqvlyh irup/ xqlyhuvdo +ru
eholhi0frpsohwh, w|sh vsdfh wr surylgh dq hslvwhplf fkdudfwhul}dwlrq ri vwurqj�0udwlrqdol}delolw|
zlwk fruuhodwhg dqg lqghshqghqw eholhiv1

54Wkh frqglwlrqv duh lqgh{hg e| wkh dvvxphg rughu ri pxwxdo fhuwdlqw| ri udwlrqdolw|1
55Lw jrhv zlwkrxw vd|lqj wkdw zkhqhyhu zh zulwh d frqglwlrq olnh �l+Hm	

�l+k,, � � dqg H lv
qrw phdvxudeoh/ wkh frqglwlrq lv qrw vdwlv�hg1
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lv fdoohg zhdno| E&c{�0udwlrqdol}deoh1 D ihdvleoh sdlu lv zhdno| {0udwlrqdol}deoh
li lw lv zhdno| E&c{�0udwlrqdol}deoh iru doo & ' �c 2c ��� 1 Wkh vhw ri zhdno| {0
udwlrqdol}deoh sdluv iru sod|hu � lv ghqrwhg e| `�E4c{�1

Wkhuh lv d frqyhqlhqw zd| wr uhirupxodwh Gh�qlwlrq 6141 Iru dq| vxevhw �
3� �

P
3�/ ohw

\�

{
E�

3�� ' i>� 5 {� G >�E�
3�mP3�� ' �j�

Qrwh wkdw +d, \�

{
E�

3�� ' > zkhqhyhu �
3� lv qrw phdvxudeoh/ +e, rshudwru \�

{
lv

prqrwrqh56 rq wkh Eruho vljpd0dojheud ri P
3� dqg lv dovr prqrwrqh zlwk uhvshfw

wr {�c dqg +f, `�E& n �c{� ' 4
�
E\�

{
E`

3�E&c{���1
`�E&c{��`2E&c{� lv wkh vhw ri sur�ohv frqvlvwhqw zlwk dvvxpswlrqv +3,0+n0

4, deryh1 Qrwh wkdw wkhvh dvvxpswlrqv duh vlohqw derxw krz wkh sod|huv zrxog
fkdqjh wkhlu eholhiv li wkh| revhuyhg d klvwru| � zklfk wkh| eholhyhg lpsrvvleoh
dw wkh ehjlqqlqj ri wkh jdph/ hyhq li � lv frqvlvwhqw zlwk udwlrqdolw| ru pxwxdo
fhuwdlqw| ri udwlrqdolw| ri dq| rughu1 Wkhuhiruh zhdn udwlrqdol}delolw| vdwlv�hv rqo|
d yhu| zhdn irup ri edfnzdug lqgxfwlrq +h1j1 lq wzr0vwdjh jdphv zlwk shuihfw
lqirupdwlrq, dqg fdq qrw fdswxuh dq| nlqg ri iruzdug lqgxfwlrq uhdvrqlqj1 Wklv
lv zkdw pdnhv zhdn udwlrqdol}delolw| gl�huhqw iurp vwurqj udwlrqdol}delolw|1

6151 Vwurqj {0Udwlrqdol}delolw|

Dffruglqj wr vwurqj udwlrqdol}delolw| hdfk sod|hu eholhyhv wkdw klv rssrqhqw lv ud0
wlrqdo dv orqj dv wklv lv frqvlvwhqw zlwk klv revhuyhg ehkdylru1 Pruh jhqhudoo|/
hdfk sod|hu ehvwrzv rq klv rssrqhqw wkh kljkhvw ghjuhh ri �vwudwhjlf vrsklvwlfd0
wlrq� frqvlvwhqw zlwk klv revhuyhg ehkdylru +vhh Uhpdn 5 ehorz,1 Wklv lv d irup
ri iruzdug lqgxfwlrq uhdvrqlqj dqg lw dovr lqgxfhv wkh edfnzdug lqgxfwlrq sdwk lq
jdphv ri shuihfw dqg frpsohwh lqirupdwlrq +fi1 Edwwljdool +4<<9/ 4<<:,,1 Wr pdnh
wkh hslvwhplf dvvxpswlrqv xqghuo|lqj vwurqj udwlrqdol}delolw| pruh wudqvsduhqw
uhfdoo wkdw d vwdwh ri wkh zruog ghvfulehv wkh sod|huv* glvsrvlwlrqv wr eholhyh/ wkdw
lv/ lw ghvfulehv qrw rqo| krz wkh sod|huv* dfwxdo eholhiv hyroyh dorqj wkh dfwxdo
sdwk/ exw dovr wkh eholhiv wkh sod|huv zrxog kdyh dw klvwrulhv r� wkh dfwxdo sdwk1
Zh vd| wkdw sod|hu � vwurqjo| eholhyhv dq hyhqw . li � zloo ru zrxog eh fhuwdlq
ri . dw hdfk klvwru| � frqvlvwhqw zlwk . +vhh Edwwljdool dqg Vlqlvfdofkl +4<<<d,
dqg uhihuhqfhv wkhuhlq,1 Vwurqj {0udwlrqdol}delolw| fkdudfwhul}hv wkh ihdvleoh w|sh0
vwudwhj| sdluv uhdol}hg dw vwdwhv ri wkh zruog zkhuh doo wkh iroorzlqj hyhqwv duh
wuxh=

56D vhw wr vhw rshudwru � lv prqrwrqh li H � I lpsolhv �+H, � �+I ,1
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+3, hyhu| sod|hu � kdv �uvw rughu frqglwlrqdo eholhiv lq {� dqg lv vhtxhqwldoo|
udwlrqdo/

+V4, hyhu| sod|hu � vwurqjo| eholhyhv +3,/

+V5, hyhu| sod|hu � vwurqjo| eholhyhv +3, ) +V4,/

111

+Vn, hyhu| sod|hu � vwurqjo| eholhyhv +3, ) +V5, )111) +V+n04,,/

111 1

Gh�qlwlrq 6151 Ohw P�Efc{� ' P� dqg x�Efc{� ' {�/ � ' �c 21 Vxssrvh wkdw
P�E&c{� dqg x�E&c{� kdyh ehhq gh�qhg iru hdfk � ' �c 21 Wkhq iru hdfk � ' �c 2/

x�E& n �c{� '

i>� 5 x�E&c{� G ;� 5 KcP
3�E�� _P

3�E&c{� 9' > , >�EP
3�E&c{�mP

3�E��� ' �jc
P�E& n �c{� ' 4

�
Ex�E&c{���

D ihdvleoh sdlu Ew�c r�� 5 P�E&c{� lv fdoohg vwurqjo| E&c{�0udwlrqdol}deoh1 D ihdvleoh
sdlu lv vwurqjo| {0udwlrqdol}deoh li lw lv vwurqjo| E&c{�0udwlrqdol}deoh iru doo & '
�c 2c ��� 1 Wkh vhw ri vwurqjo| {0udwlrqdol}deoh sdluv iru sod|hu � lv ghqrwhg e|
P�E4c{�1

Qrwh wkdw`�E�c{� ' 4
�
E{�� ' P�E�c{�1 Zh vkrz ehorz wkdw xqghu uhjxodulw|

frqglwlrqv/ dv wkh whuplqrorj| vxjjhvwv/ wkh vhw ri vwurqjo| E&c{�0udwlrqdol}deoh
sur�ohv lv frqwdlqhg lq wkh vhw ri zhdno| E&c{�0udwlrqdol}deoh sur�ohv dqg wkdw
wkh wzr vhwv frlqflgh lq vwdwlf jdphv +lq jhqhudo/ lw lv vx!flhqw wkdw doo wkh vhwv
`�E&c{� dqg P�E&c{� +� 5 � / & ' �c 2c ��, duh qrqhpsw| dqg phdvxudeoh,1

Uhpdun 51 Wkh vhw x�E? n �c{� fdq eh fkdudfwhul}hg dv iroorzv= ohw VE��c �c ?�
ghqrwh wkh kljkhvw lqgh{ & � ? vxfk wkdw vwurqjo| E&c{�0udwlrqdol}deoh ehkdylru
e| �� lv frqvlvwhqw zlwk � 5 K/57 wkhq

x�E?n �c{� '
q
>� 5 {� G ;� 5 Kc >�EP

3�EVE��c �c ?�c{�mP
3�E��� ' �

r
'

?_
&'f

i>� 5 {� G ;� 5 KcP
3�E�� _ P

3�E&c{� 9' > , >�EP
3�E&c{�mP

3�E��� ' �j�

57Wkdw lv/ �+�l> k> q,@ pd{ in 5 i3> ===> qj= 	
�l+k, _	�l+n>�, 9@ >j1
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6161 H{dpsoh= �Ehhu ru Txlfkh� ulylvlwhg

Lq Vhfwlrq 4 zh looxvwudwhg wkh udwlrqdol}delolw| surfhgxuh iru vwdwlf jdphv zlwkrxw
h{wudqhrxv uhvwulfwlrqv rq eholhiv1 Qrz zh frqvlghu d g|qdplf jdph dqg zh
lqwurgxfh h{wudqhrxv/ txdolwdwlyh uhvwulfwlrqv rq eholhiv derxw wkh vwdwh ri Qdwxuh
dqg wkh rssrqhqw*v ehkdylru1 Wkh jdph ghslfwhg lq Iljxuh 5 fruuhvsrqgv wr wkh
zhoo0nqrzq Ehhu0Txlfkh h{dpsoh xvhg e| Fkr dqg Nuhsv +4<;:, wr looxvwudwh wkh
srzhu ri vrph htxloleulxp uh�qhphqwv lq vljqdolqj jdphv1 Ri frxuvh/ Fkr dqg
Nuhsv dqdo|}h d vwdqgdug h{whqvlyh irup jdph zlwk d frpprq sulru1 Lq wkhlu
h{dpsoh wkh vxuo| w|sh wEj� kdv sulru suredelolw| f�b1 Wkh| vkrz wkdw rqo| wkh
htxloleulxp zkhuhe| hdfk w|sh fkrrvhv � vdwlv�hv wkhlu �lqwxlwlyh fulwhulrq1� Khuh
zh uhsodfh wklv frpprq sulru dvvxpswlrq zlwk wkh zhdnhu uhvwulfwlrq wkdw +lw lv
frpprq eholhi wkdw, wkh sulru suredelolw| dvvljqhg e| sod|hu 2 wr wEj� lv pruh
wkdq DfI1 Ixuwkhpruh/ zh dovr dvvxph wkdw +lw lv frpprq eholhi wkdw, sod|hu 2*v
srvwhulru suredelolw| ri wkh vxuo| w|sh wEj� lv kljkhu diwhu revhuylqj � +ehhu,
wkdq diwhu revhuylqj ' +txlfkh,1 Wkxv wkh uhvwulfwhg vhw ri eholhiv iru sod|hu 2 lv

{2 '
q
>2 G >2EwEj��: �*2c >2EwEj�m'� 	 >2EwEj�m��

r
+zh xvh reylrxv deeuhyldwlrqv iru pdujlqdo suredelolwlhv,1 Wkhuh duh qr uhvwulf0
wlrqv rq sod|hu �*v +�uvw rughu, eholhiv1

^Lqvhuw Iljxuh 5 derxw khuh`

Lw lv hdv| wr vhh wkdw erwk txlfkh dqg ehhu duh E�c{�0udwlrqdol}deoh iru erwk
w|shv158 Exw wkh vhfrqg uhvwulfwlrq rq eholhiv lpsolhv wkdw li 2 �jkwv diwhu � kdv
ehhu vkh dovr �jkwv diwhu � kdv txlfkh1 Wklv lq wxuq lpsolhv wkdw/ dffruglqj wr
dq| E�c{�0udwlrqdol}deoh eholhi/ d �jkw diwhu ehhu lv ohvv olnho| wkdq d �jkw diwhu
txlfkh=

x�E�c{� ' i>� G >�Es m �� � >�Es m '�j�
Vlqfh wkh rqo| uhdvrq iru d vxuo| w|sh wr kdyh txlfkh lv wr ghfuhdvh wkh sure0
delolw| ri �jkw/ d vxuo| w|sh zlwk E�c{�0udwlrqdol}deoh eholhiv kdv ehhu/ klv
suhihuuhg euhdnidvw1 Rq wkh rwkhu kdqg/ lw pdnhv vhqvh iru d zlps zlwk E�c{�0
udwlrqdol}deoh eholhiv wr irujr klv suhihuuhg euhdnidvw +txlfkh, krslqj wr dyrlg d

58Qrwh wkdw lq d wzr0shuvrq jdph/ li 	l+4>�, @ 	l/ wkhq 	m+n . 4>�, @ 	m+n>�, iru n rgg/
m 9@ l/ dqg 	l+n . 4>�, @ 	l+n>�, iru n hyhq1 Wkhuhiruh zh pd| frqvlghu rqo| rqh sod|hu dw
hdfk vwhs1
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�jkw1 Dw wklv srlqw zh kdyh wr glvwlqjxlvk ehwhzhhq zhdn dqg vwurqj udwlrqdol}0
delolw|1 Dffruglqj wr zhdn udwlrqdol}delolw|/ li sod|hu 2 lv d sulrul fhuwdlq wr revhuyh
ehhu +d E2c{�0udwlrqdol}deoh sulru eholhi,/ khu eholhiv frqglwlrqdo rq txlfkh duh
xquhvwulfwhg1 Wkhuhiruh zhdn udwlrqdol}delolw| kdv qr ixuwkhu ehkdylrudo lpsolfd0
wlrqv1 Rq wkh rwkhu kdqg/ vwurqjo| E2c{�0udwlrqdol}deoh eholhiv uh hfw d iruzdug
lqgxfwlrq frqglwlrq= txlfkh lv d E2c{�0udwlrqdol}deoh fkrlfh iru d zlps/ exw qrw
iru d vxuo| w|sh/ khqfh ehhu lv vxuh hylghqfh wkdw sod|hu � lv d zlps1 Ixuwkhu0
pruh/ wdnlqj lqwr dffrxqw wkdw iru doo E2c{�0udwlrqdol}deoh eholhiv >2EwEj�� : �*2
dqg >2E�mwEj�� ' �/ zh pxvw kdyh >2EwEj�m�� � >2EwEj�� : �*21 Wklv lpsolhv
wkdw wkh xqltxh vwurqjo| {0udwlrqdol}deoh vwudwhj| iru sod|hu 2 lv ��jkw diwhu
txlfkh/ grq*w �jkw diwhu ehhu1� Wr vxppdul}h=

x2E2c{� ' i> 5 x2E�c{� G >2EwE/��m�� ' �c >2E�mwEj�� ' �jc

P2E4c{� ' P2E�c{� ' i_ li �/ s li 'j�
Jlyhq wklv/ wkh rqo| vwurqjo| {0udwlrqdol}deoh fkrlfh iru d zlps lv ehhu1

P�E4c{� ' P�Eec{� ' iEwE/�c ��c EwEj�c ��j�

Wkxv/ txlfkh lv qrw udwlrqdol}deoh iru hlwkhu w|sh dqg |hw wkh �ehvw udwlrqdol}d0
wlrq� ri wklv phvvdjh lv wkdw lw pxvw kdyh ehhq vhqw e| d zlps1

6171 Uhvxowv

617141 Jhqhudo Surshuwlhv

Lw lv zhoo0nqrzq wkdw hyhq iru zhoo0ehkdyhg g|qdplf jdphv zlwk d frqwlqxxp ri df0
wlrqv wkh vwudwhjlf irup sd|r� ixqfwlrqv qhhg qrw eh frqwlqxrxv ru phdvxudeoh dqg
khqfh wkh vhtxhqwldo ehvw uhvsrqvh fruuhvsrqghqfhv o�Ew�c >

�� +� 5 �, qhhg qrw eh
zhoo0ehkdyhg1 Zh �uvw surylgh vlpsoh frqglwlrqv rq wkh �ixqgdphqwdov� lpso|lqj
wkdw wkh fruuhvsrqghqfhv o�E�c �� duh qrqhpsw|0ydoxhg dqg xsshu0khplfrqwlqxrxv1
Wkhq zh vkrz wkdw/ li wkh odwwhu surshuwlhv duh vdwlvl�hg dqg { +h{wudqhrxv uh0
vwulfwlrqv rq eholhiv, lv �uhjxodu/� zhdn dqg vwurqj {0udwlrqdol}delolw| duh zhoo0
ehkdyhg1

Gh�qlwlrq 6161 D jdph

K ' k�c EX���M� c E����M� cKWE��c E����M�l
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lv vlpsoh li X lv frpsdfw dqg hlwkhu +d, � lv �qlwh ru +e, � lv frpsdfw dqg iru
vrph lqwhjhu A /
+e4, K kdv A vwdjhv +wkdw lv/ hyhu| whuplqdo klvwru| � kdv ohqjwk �E�� ' A ,/
+e5, iru hyhu| w 5 X dqg � 5 KEw�/ li �E�� 	 A � � wkhq �Ewc �� lv �qlwh1

Fohduo|/ �qlwh jdphv dqg lq�qlwho| uhshdwhg jdphv zlwk d �qlwh vwdjh jdph
duh vlpsoh1 Vljqdolqj jdphv zlwk d �qlwh phvvdjh vsdfhv duh vlpsoh li �2 dqg X
duh frpsdfw1 Vljqdolqj jdphv zlwk d frqwlqxxp ri phvvdjhv duh qrw vlpsoh1

Ohppd 6171 Iru hyhu| vlpsoh jdph P lv frpsdfw dqg/ iru hdfk sod|hu �/ o�E�c ��
lv dq xsshu0khplfrqwlqxrxv/ qrqhpsw|0ydoxhg fruuhvsrqghqfh1

Hyhq lq vlpsoh jdphv/ wkh vhw ri +zhdno| ru vwurqjo|, {0udwlrqdol}deoh sur�ohv
pd| eh hpsw| ehfdxvh wkh h{wudqhrxv uhvwulfwlrqv rq eholhiv uhsuhvhqwhg e| {
pd| frq lfw zlwk frpprq fhuwdlqw| ri udwlrqdolw| +ru vwurqj eholhi lq udwlrqdolw|,1
Exw zh fdq rewdlq d vlpsoh h{lvwhqfh uhvxow dqg rwkhu uhjxodulw| surshuwlhv iru
wkh fdvh zkhuh { rqo| uhsuhvhqwv uhvwulfwlrqv rq wkh pdujlqdo sulru eholhiv derxw
wkh rssrqhqw*v w|sh +h{lvwhqfh uhvxowv zlwk d pruh jhqhudo vhw ri uhvwulfwlrqv rq
eholhiv fdq eh rewdlqhg iru vshfl�f prghov> vhh Vhfwlrq 8,1 Iru dq| vxevhw � ri
d surgxfw vhw f � t dqg iru dq| suredelolw| phdvxuh > rq � ohw surmf� dqg
pdujf> uhvshfwlyho| ghqrwh wkh surmhfwlrq ri � rq f dqg wkh pdujlqdo ri > rq
f/ wkdw lv/

ThL�
f
� ' i% 5 f G <+ 5 tc E%c +� 5 �j

E4@h}
f
>�E.� ' >EiE%c +� 5 � G % 5 .j�/ . � f +phdvxudeoh,1

{ lv uhjxodu li/ iru hdfk sod|hu �/ {� lv qrqhpsw| dqg forvhg/ dqg wkhuh lv d vhw
� � {EX3�� vxfk wkdw

{� ' i>� 5 {��EP3�� G 4@h}X
3�
>�E�mP3�� 5 �j�

Wkh iroorzlqj sursrvlwlrqv duh mrlqwo| suryhg lq wkh Dsshqgl{ +vhh surri ri Sursr0
vlwlrq :14,=

Sursrvlwlrq 6181 Vxssrvh wkdw { dqg {� duh uhjxodu/ P lv frpsdfw/ o�E�c �� lv
qrqhpsw|0ydoxhg dqg xsshu0khplfrqwlqxrxv dqg {� � E{��� iru hyhu| sod|hu �1
Wkhq iru hyhu| sod|hu � dqg doo & ' fc �c ���c4/
+d, wkh vhwv `�E&c{� dqg \�{E`�E&c{�� ri zhdno| E&c{�0udwlrqdol}deoh sdluv dqg
eholhiv duh qrqhpsw| dqg frpsdfw/ surmX�

`�E&c{� ' X�>
+e, zhdn E&c{� udwlrqdol}delolw| lpsolhv zhdn E&c{��0udwlrqdol}delolw|= `�E&c{� �
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`�E&c{
��>

+f,`�E4c{��`2E4c{� lv wkh odujhvw phdvxudeoh vxevhw 8��82 � P vxfk wkdw

8� � 82 ' 4�
�
\�

{
E82�

�
� 42

�
\2
{
E8��

�
�

Sursrvlwlrq 6191 Vxssrvh wkdw{ lv uhjxodu/ P lv frpsdfw dqg o�E�c �� lv qrqhpsw|0
ydoxhg dqg xsshu0khplfrqwlqxrxv iru hyhu| sod|hu �1 Wkhq iru hyhu| sod|hu � dqg
doo & ' fc �c ���c4/
+4, wkh vhwv P�E&c{� dqg x�E&c{� ri vwurqjo| E&c{�0udwlrqdol}deoh sdlu dqg eholhiv
duh qrqhpsw| dqg frpsdfw/ surmX�

P�E&c{� ' X�>
+5, vwurqj E&c{�0udwlrqdol}delolw| lpsolhv zhdn E&c{�0udwlrqdol}delolw|= P�E&c{� �
`�E&c{� +wkh lqfoxvlrq krogv dv dq htxdolw| li wkhuh lv rqo| rqh vwdjh,1

Sursrvlwlrq 618 +d, +619 +4,, vd|v wkdw wkhuh lv d zhdno| +vwurqjo|, udwlrqdol}0
deoh vwudwhj| iru hdfk sd|r�0w|sh1 +e, vd|v wkdw zhdn udwlrqdol}delolw| lv prqrwrqh
zlwk uhvshfw wr h{wudqhrxv uhvwulfwlrqv rq eholhiv1 Wklv grhv qrw krog iru vwurqj
udwlrqdol}delolw|1 Lq idfw/ li vwurqjhu uhvwulfwlrqv rq eholhiv pdnh ihzhu klvwrulhv
frqvlvwhqw zlwk vwurqjo| &0udwlrqdol}deoh vwudwhjlhv/ wkh &0iruzdug lqgxfwlrq fulwh0
ulrq dssolhv rqo| wr wklv vpdoohu vhw ri klvwrulhv dqg wkh vhw ri E&n��0udwlrqdol}deoh
sur�ohv qhhg qrw eh vpdoohu1 +f, vd|v wkh wkh vhw ri zhdno| udwlrqdol}deoh sur�ohv lv
wkh odujhvw vhw zlwk wkh �ehvw uhsrqvh surshuw|1�59 Dv dq lpphgldwh frqvhtxhqfh
ri Ohppd 617 dqg Sursrvlwlrqv 618 dqg 619 zh rewdlq wkh iroorzlqj=

Fruroodu| 61:1 Lq hyhu| vlpsoh jdph/ li { lv uhjxodu wkhq +d,/ +f, ri Sursrvlwlrq
618 dqg +4,/ +5, ri Sursrvlwlrq 619 krog1

617151 Udwlrqdol}delolw| dqg Ed|hvldq Htxloleuld

D w|sh lq wkh vhqvh ri Kduvdq|l hqfrghv wkh sod|hu*v sulydwh lqirupdwlrq derxw
wkh h{whuqdo vwdwh ri Qdwxuh +wkh xqnqrzq sdudphwhuv ri wkh jdph, dqg dovr klv
hslvwhplf w|sh/ wkdw lv/ klv lq�qlwh klhudufk| ri eholhiv derxw wkh vwdwh ri Qdwxuh
dqg wkh eholhiv ri rwkhuv1 Dowkrxjk lq wkh vwdqgdug prgho ri d Ed|hvldq jdph
wkhvh klhudfklhv ri eholhiv duh ghulyhg iurp d frpprq sulru rq wkh vhw ri vwdwhv
ri wkh zruog +uhfdoo wkdw d vwdwh ri wkh zruog frpsulvhv d vwdwh ri Qdwxuh dqg dq
hslvwhplf vwdwh iru hdfk sod|hu,/ wklv qhhg qrw eh wkh fdvh lq jhqhudo1 Khuh zh vkrz
wkdw li wkh vhw ri hslvwhplf w|shv lv qrw uhvwulfwhg/ udwlrqdol}delolw| fkdudfwhul}hv
wkh vhw ri rxwfrphv uhdol}hg lq vrph Ed|hvldq htxloleulxp1 Pruh suhflvho|/ zh

59Wkh htxdolw| fdq eh uhsodfhg e| +zhdn, lqfoxvlrq +fi1 Shdufh +4<;7,,1
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suryh dq htxlydohqfh uhvxow uhodwlqj zhdn udwlrqdol}delolw| dqg d zhdn uh�qhphqw
ri Ed|hvldq htxloleulxp iru g|qdplf jdphv ri lqfrpsohwh lqirupdwlrq1 Iru wkh
vdnh ri qrwdwlrqdo vlpsolflw| zh gr qrw frqvlghu dq| h{wudqhrxv uhvwulfwlrq rq
eholhiv/ l1h1 {� ' {��EP3�� iru hdfk �1 Wkhuhiruh zh vxssuhvv dq| uhihuhqfh wr {
lq wkh qrwdwlrq1

Ohw xv �{ dq lqfrpsohwh lqirupdwlrq jdph

K ' k�c EX���M� c E����M� cKWE��c E����M�l

Zh �uvw kdyh wr uhodwh K wr d Ed|hvldq jdph1 Zh gr wklv e| hpehgglqj X lq d
w|sh vsdfh ã od Kduvdq|l1

Gh�qlwlrq 61;1 D Ed|hvldq h{whqvlrq ri K lv d wxsoh

�K ' kKc E.���M� c EA���M� c ER���M�l

zkhuhe| iru hdfk sod|hu � 5 � / +4, .� lv d phwulf vsdfh/ +5, A� � X� � .� lv d
phdvxudeoh vhw vxfk wkdw ThL�

X�
A� ' X�/ dqg +6, R� G A� $ {EA3�� lv d phdvxudeoh

ixqfwlrq1

Dq hohphqw |� ' Ew�c e�� lv dq Kduvdq|l0w|sh dqg e� lv lwv sxuho| hslvwhplf
frpsrqhqw zklfk wrjhwkhu zlwk wkh sulydwh lqirupdwlrq w� ghwhuplqhv wkh hslv0
whplf w|sh R�E|��1 Vlqfh zh duh frqvlghulqj g|qdplf jdphv zh kdyh wr gh�qh
dq dssursuldwh uh�qhphqw ri wkh Ed|hvldq htxloleulxp frqfhsw1 Wkh uh�qhphqw
frqvlghuhg khuh lv d jhqhudol}dwlrq ri Uhq|*v +4<<5, �zhdno| vhtxhqwldoo| udwlrqdo
dvvhvvphqwv1�

Gh�qlwlrq 61<1 D zhdno| shuihfw Ed|hvldq htxloleulxp iru d Ed|hvldq h{whq0
vlrq �K ' kKc E.���M� c EA���M� c ER���M� l lv dq duud| ri ixqfwlrqv EKc }� ' EK�c }���M�
zkhuhe| iru hdfk sod|hu � 5 � /
+4, K� G A� $ 7� dqg }� G A� $ {��EP3�� duh phdvxudeoh ixqfwlrqv/
+5, +zhdn vhtxhqwldo udwlrqdolw|, iru doo Ew�c e�� 5 A�/ K�Ew�c e�� 5 o�Ew�c }�Ew�c e���/
+6, +zhdn frqvlvwhqf|, iru doo |� 5 A� dqg phdvxudeoh vxevhwv �3� � P3�

}�E|�� E�3�mP3�� ' R�E|�� EiEw3�c e3�� 5 A3� G Ew3�c K3�Ew3�c e3��� 5 �3�j� �

Zh vd| wkdw d sur�oh Ew�c r���M� lv uhdol}deoh lq EKc }� li/ iru hdfk �/ wkhuh lv vrph
e� 5 .� vxfk wkdw r� ' K�Ew�c e��1

5:



Wkh skudvh �zhdno| shuihfw� lv gxh wr wkh idfw wkdw wkh htxloleulxp sur�oh
EK�c }���M� rqo| vdwlv�hv zhdn vhtxhqwldo udwlrqdolw| dqg frqvlvwhqf| surshuwlhv1
Wkh zhdn frqvlvwhqf| frqglwlrq +6, lpsolhv wkdw }�E|��E�mP3�E��� lv ghulyhg iurp K3�
dqg R�E|�� iru hdfk klvwru| � zlwk srvlwlyh suredelolw| dffruglqj wr wkh htxloleulxp1
Iru d ghihqfh ri wkh udwlrqdolw| frqglwlrq +5, vhh h1j1 Uhq| +4<<5,15: Wkh iroorzlqj
sursrvlwlrq vd|v wkdw wkh vhwv ri zhdno| shuihfw Ed|hvldq htxloleulxp rxwfrphv
dqg ri zhdno| udwlrqdol}deoh rxwfrphv frlqflgh1

Sursrvlwlrq 61431 5; Vxssrvh wkdw K lv d vlpsoh jdph1 Wkhq
+4, iru hyhu| Ed|hvldq h{whqvlrq �K/ hyhu| zhdno| shuihfw Ed|hvldq htxloleulxp
EK�c }���M� ri �K/ dqg hyhu| sur�oh ri w|shv Ew�c e���M� lq �K/ Ew�c K�Ew�c e����M� lv
zhdno| udwlrqdol}deoh>
+5, wkhuh h{lvwv d Ed|hvldq h{whqvlrq�K dqg d zhdno| shuihfw Ed|hvldq htxloleulxp
EKc }� vxfk wkdw/ iru hyhu| sur�oh j 5 P/ j lv zhdno| udwlrqdol}deoh li dqg rqo| li j
lv uhdol}deoh lq EKc }�1

617161 Udwlrqdol}delolw| dqg Grplqdqfh

Wkh vhw ri zhdno| dqg vwurqjo| udwlrqdol}deoh sdluv fdq eh ixuwkhu fkdudfwhul}hg
iru jhqhulf �qlwh jdphv lq whupv ri grplqdqfh uhodwlrqv1 Zh vd| wkdw d jdph kdv
qr uhohydqw wlh li wkh iroorzlqj krogv= iru hdfk sod|hu � dqg doo sdluv ri rxwfrphv
Ewc ���c Ewc ���� 5 ]/ li wkhuh duh � 5 KEw�/ @�c @�� 5 �Ewc �� vxfk wkdw @�

�
9' @��

�
/

5� iroorzv E�c @�� dqg 5�� iroorzv E�c @���/ wkhq ��Ewc �
�� 9' ��Ewc �

���1 Wklv phdqv
wkdw li sod|hu �/ lpphgldwho| diwhu klvwru| �/ kdv ghwhuplqlvwlf eholhiv derxw wkh
wuxh sdudphwhu w dqg wkh frqwlqxdwlrq ri wkh jdph/ wkhq kh fdqqrw eh lqgl�huhqw
ehwzhhq dq| wzr ihdvleoh dfwlrqv1

D vwudwhj| r� 5 7�Ew�� lv zhdno| grplqdwhg e| pl{hg vwudwhj| 6� 5 {E7�Ew���

5:Hyhq li zh dvvxphg h{shfwhg xwlolw| pd{lpl}dwlrq dw hdfk lqirupdwlrq vhw wkh htxlydohqfh
uhvxow lq wkh wh{w zrxog vwloo krog iru htxloleulxp dqg udwlrqdol}deoh rxwfrphv1 Wkh uhodwlrq wr
Uhq|*v htxloleulxp frqfhsw lv dv iroorzv= +l, D �qlwh Ed|hvldq h{whqvlrq ri d �qlwh wzr0shuvrq
jdph zlwk lqfrpsohwh lqirupdwlrq fdq eh uhsuhvhqwhg dv dq h{whqvlyh irup jdph +zlwk srvvleo|
khwhurjhqhrxv dqg fruuhodwhg sulruv rq wkh vhw ri lqlwldo qrghv,1 +ll, D zhdno| shuihfw Ed|hvldq
htxloleulxp ri wkh �qlwh h{whqvlrq lv uhdol}dwlrq htxlydohqw wr d zhdno| vhtxhqwldoo| udwlrqdo
dvvhvvphqw ri wkh h{whqvlyh irup1

5;Eudqghqexujhu dqg Ghnho +4<;:, suryh d vlplodu sursrvlwlrq iru �qlwh/ vwdwlf +ru qrupdo0
irup, jdphv zlwk frpsohwh lqirupdwlrq1 Vhh Irujhv +4<<6, iru dqdorjrxv uhvxowv derxw remhfwlyh
fruuhodwhg htxloleuld lq jdphv ri lqfrpsohwh lqirupdwlrq1
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Wkh gh�qlwlrq ri vwulfw grplqdqfh lv dqdorjrxv +doo zhdn lqhtxdolwlhv duh uh0
sodfhg e| vwulfw lqhtxdolwlhv,1 Iru dq| jlyhq uhfwdqjxodu vxevhw � � P ohw ZE��
+VE��, ghqrwh wkh vhw ri Ew�c r���M� 5 P vxfk wkdw/ iru hdfk �/ r� lv qrw zhdno|
+vwulfwo|, grplqdwhg iru w� rq �3� dqg ohw VZE�� ' VE�� _ ZEP�1 Wkh lwhu0
dwhg rshudwru VZ? lv gh�qhg lq wkh xvxdo zd|= VZ?E�� ' VZ

�
VZ?3�E��

�
/

zkhuh VZfE�� ' �1 D vxevfulsw R ghqrwhv wkdw zh rqo| frqvlghu zhdn grp0
lqdwlrq e| sxuh vwudwhjlhv1 Wkxv ZRE�� lv wkh vhw ri sur�ohv Ew�c r���M� vxfk
wkdw r� lv qrw zhdno| grplqdwhg iru w� e| dqrwkhu sxuh vwudwhj| rq �3�/ dqg
VZRE�� ' VE�� _ZREP�1 Qrwh wkdw V lv d prqrwrqh rshudwru1 Wkhuhiruh/ dovr
VZ dqg VZR duh prqrwrqh rshudwruv1 ` E&� dqg PE&� ghqrwh wkh vxevhwv ri
zhdno| dqg vwurqjo| &0udwlrqdol}deoh sur�ohv/ zlwkrxw h{wudqhrxv uhvwulfwlrqv rq
eholhiv1 Wkh iroorzlqj sursrvlwlrq h{whqgv uhvxowv suryhg e| Shdufh +4<;7, dqg
Ehq Srudwk +4<<:, wr jdphv zlwk lqfrpsohwh lqirupdwlrq1

Sursrvlwlrq 61441 +d, +fi1 Shdufh +4<;7,, Lq hyhu| �qlwh dqg vwdwlf jdph/

PE&� ' ` E&� ' V&EP�/ & ' �c 2c ��� 1

+e, Lq hyhu| �qlwh jdph zlwk qr uhohydqw wlhv/

PE&� �` E&� � VZ&
REP�/ & ' �c 2c ��� 1

+f, +fi1 Ehq Srudwk +4<<:,, Lq hyhu| �qlwh jdph zlwk qr uhohydqw wlhv/ shuihfw
lqirupdwlrq dqg sulydwh ydoxhv/

PE&� �` E&� ' VZ&EP�/ & ' �c 2c ��� 1

Dq h{dfw fkdudfwhul}dwlrq ri vwurqj udwlrqdol}delolw| fdq eh rewdlqhg xvlqj d
qrwlrq ri lwhudwhg frqglwlrqdo grplqdqfh iru hdfk sd|r�0w|sh1 Wkh fkdudfwhu0
l}dwlrq uhvxow fdq eh hdvlo| dgdswhg iurp Vklprml dqg Zdwvrq +4<<;,1 Wkhvh
fkdudfwhul}dwlrqv ri udwlrqdol}delolw| wkurxjk lwhudwlyh grplqdqfh surfhgxuhv fdq
eh xvhg wr frpsxwh wkh vhw ri udwlrqdol}deoh vwudwhjlhv vroylqj d vhtxhqfh ri olqhdu
surjudpplqj sureohpv +fi1 Vklprml dqg Zdwvrq +4<<;,/ Vhfwlrq 7,1 Wkh frpsx0
wdwlrq dojrulwkp fdq dovr lqfrusrudwh h{wudqhrxv uhvwulfwlrqv rq frqglwlrqdo eholhiv
+Vlqlvfdofkl +4<<:e,,1
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71 Jhqhudol}dwlrqv

Wkh vroxwlrq frqfhswv gh�qhg lq Vhfwlrq 6 iru wzr0shuvrq jdphv zlwk revhuydeoh
dfwlrqv fdq eh h{whqghg wr jhqhudo ?0shuvrq jdphv zlwk lpshuihfw lqirupdwlrq
derxw sdvw dfwlrqv1 Zkloh wkh lqwurgxfwlrq ri lpshuihfw lqirupdwlrq lv frqfhswx0
doo| vwudljkwiruzdug/ frqvlghulqj pruh wkdq wzr sod|huv irufhv d prgholqj fkrlfh
ehwzhhq fruuhodwhg dqg lqghshqghqw eholhiv dqg srvhv wkh sureohp ri surylglqj
d vdwlvidfwru| gh�qlwlrq ri lqghshqghqfh iru frqglwlrqdo suredelolw| v|vwhpv dqg
dq dssursuldwh irupdol}dwlrq ri wkh iruzdug lqgxfwlrq sulqflsoh iru sod|huv zlwk
pxowlsoh rssrqhqwv1 Lq wklv vhfwlrq zh eulh | ghvfuleh krz wr ghdo zlwk wkhvh
sureohpv1 D pruh frpsohwh dqdo|vlv lv surylghg lq Edwwljdool +4<<8,1

Lpshuihfwo| Revhuyhg Dfwlrqv1 Lq d jdph zlwk revhuyhg dfwlrqv wkh vhw
ri sduwldo klvwrulhv K fdq eh uhjdughg dv d frpprq froohfwlrq ri lqirupdwlrq
vhwv iru doo wkh sod|huv1 Lq jdphv zlwk lpshuihfwo| dqg dv|pphwulfdoo| revhuyhg
dfwlrqv hdfk sod|hu � kdv klv rzq froohfwlrq ri lqirupdwlrq vhwv K�/ zkhuhe| d
w|slfdo hohphqw � 5 K� qrz uhsuhvhqwv d +pd{lpdo, vhw ri sduwldo klvwrulhv wkdw
sod|hu � fdqqrw glvwlqjxlvk1 Ri frxuvh/ K� qhhg rqo| frqwdlq wkh lqirupdwlrq vhwv
zkhuh sod|hu � lv dfwlyh1 Lq rughu wr dgdsw wkh dqdo|vlv ri wkh suhylrxv vhfwlrq
wr wklv vlwxdwlrq lw lv vx!flhqw wr uhgh�qh PE�� dv wkh vhw ri ihdvleoh sur�ohv
frqvlvwhqw zlwk dw ohdvw rqh klvwru| frqwdlqhg lq �1 Shuihfw uhfdoo lpsolhv wkdw
PE�� ' P�E���P

3�E�� iru hdfk � 5 K�1 Wkh froohfwlrq E� ri �uhohydqw k|srwkhvhv�
iru sod|hu � lv wkhq gh�qhg dv

E� ' i� � P
3� G <� 5 K�c � ' P

3�E��j
dqg wklv ghwhuplqhv wkh vsdfh ri frqglwlrqdo suredelolw| v|vwhpv {��EP3��1 Jlyhq
wkhvh prgl�fdwlrqv/ wkh rwkhu irupdo gh�qlwlrqv duh yluwxdoo| xqfkdqjhg1

?0Shuvrq Jdphv dqg Lqghshqghqw Eholhiv1 H{whqglqj wkh suhylrxv dqdo0
|vlv wr ?0shuvrq jdphv lv txlwh vwudljkwiruzdug li lw lv dvvxphg wkdw hdfk sod|hu*v
eholhiv frqfhuqlqj wkh w|sh dqg vwudwhj| ri gl�huhqw rssrqhqwv pd| h{klelw fru0
uhodwlrq1 Wkhuhiruh zh frqvlghu khuh rqo| wkh fdvh ri lqghshqghqw eholhiv1

Uhfdoo wkdw lq jdphv zlwk revhuydeoh dfwlrqv wkh vhw PE�� ri ihdvleoh sur0
�ohv frqvlvwhqw zlwk d jlyhq klvwru|2lqirupdwlrq vhw � kdv d Fduwhvldq vwuxfwxuh=
PE�� '

T
�M� P�E��1 Wkh vdph lv wuxh zkhqhyhu � lv dq lqirupdwlrq vhw ri d jdph

zlwk revhuydeoh ghyldwruv1 Iru wkh vdnh ri vlpsolflw|/ zh olplw rxu dqdo|vlv wr wklv
fodvv ri jdphv15< Iru dq| wzr sod|huv � dqg � ohw

E�� ' i�� � P� G <� 5 K�c �� ' P�E��j
5<Iru d pruh jhqhudo dqdo|vlv vhh Edwwljdool +4<<8,1
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eh wkh froohfwlrq ri �vwudwhjlf irup� slhfhv ri lqirupdwlrq derxw sod|hu � wkdw
sod|hu � pljkw rewdlq dqg ohw {���EP�� eh wkh dvvrfldwhg vhw ri �*v pdujlqdo FSV*v
derxw sod|hu �1 D FSV >� 5 {��EP3�� lv lqghshqghqw li wkhuh h{lvwv d yhfwru ri
pdujlqdo FSV*v E>�

��� �'� 5 T� �'� {
���EP�� vxfk wkdw/ iru doo � 5 K�/ >�E�mP3�E��� lv

wkh surgxfw phdvxuh rewdlqhg iurp wkh yhfwru ri pdujlqdo suredelolw| phdvxuhv�
>�
�E�mP�E���

�
� �'�

+fi1 Uìq|l +4<88,/ s 636,1

Dvvxplqj wkdw wkh sod|huv duh udwlrqdo dqg kdyh lqghshqghqw frqglwlrqdo eh0
olhiv dqg wkdw wklv lv frpprq fhuwdlqw| dw wkh ehjlqqlqj ri wkh jdph/ zh rewdlq d
qrwlrq ri zhdn udwlrqdol}delolw| zlwk lqghshqghqw eholhiv1 Wkh irupdo gh�qlwlrq lv
hvvhqwldoo| wkh vdph dv lq Vhfwlrq 5 h{fhsw wkdw qrz lw kdv wr eh dvvxphg wkdw/ iru
hdfk sod|hu �/ wkh uhvwulfwhg vhw ri eholhiv {� frqwdlqv rqo| lqghshqghqw FSV*v163

Ohw xv qrz wxuq wr vwurqj udwlrqdol}delolw|1 Vlqfh zh dvvxph wkdw sod|huv*
frqglwlrqdo eholhiv duh lqghshqghqw/ zh dovr lqfrusrudwh lq wkh gh�qlwlrq ri vwurqj
udwlrqdol}delolw| d sulqflsoh ri lqghshqghqw ehvw udwlrqdol}dwlrq= hdfk sod|hu � dv0
fulehv wr hyhu| rssrqhqw � wkh �kljkhvw ghjuhh ri vwudwhjlf vrsklvwlfdwlrq� frq0
vlvwhqw zlwk �*v revhuyhg ehkdylru lqghshqghqwo| ri dq| lqirupdwlrq derxw rwkhu
sod|huv164 Wkh irupdo/ lqgxfwlyh gh�qlwlrq ri vwurqj udwlrqdol}delolw| +zlwkrxw h{0
wudqhrxv uhvwulfwlrqv rq eholhiv eh|rqg lqghshqghqfh, fdq eh jlyhq dv iroorzv1 Ohw
>�
� ghqrwh wkh pdujlqdo rq P� ri d jlyhq lqghshqghqw FSV >�1
+3, Iru doo � 5 � / Pf

� ' P� dqg

x�Ef� ' i>� 5 {��EP3�� G >
� lv lqghshqghqwj1

+n.4, Iru doo � 5 � / P&n�
� ' 4�Ex

�E&�� dqg

x�E& n �� ' i>� 5 x�E&� G ;� 5 K�c ;� 9' �cP�E�� _ P&
� 9' > , >�

�EP
&
� mP�E��� ' �j1

81 Dssolfdwlrqv

Lq wklv vhfwlrq zh dsso| zhdn dqg vwurqj udwlrqdol}delolw| zlwk h{wudqhrxv uh0
vwulfwlrqv rq eholhiv wr vrph prghov zlwk rqh0vlghg lqfrpsohwh lqirupdwlrq1 Zh
rewdlq uhvxowv derxw uhsxwdwlrq/ glvforvxuh dqg vljqdolqj suhylrxvo| ghulyhg iru
vwdqgdug Ed|hvldq +shuihfw, htxloleuld ri Ed|hvldq jdphv zkhuhe| sd|r�0w|shv
frlqflgh zlwk Kduvdq|l0w|shv1

63Wklv qrwlrq ri udwlrqdol}delolw| +dfwxdoo|/ rqo| wkh �uvw wzr vwhsv lq wkh lwhudwlyh surfhgxuh,
lv xvhg lq Edwwljdool dqg Zdwvrq +4<<:,1

64Edwwljdool dqg Vlqlvfdofkl +4<<:e, surylghv d uljrurxv hslvwhplf d{lrpdwl}dwlrq ri wkh lqgh0
shqghqw ehvw udwlrqdol}dwlrq sulqflsoh1
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8141 Uhsxwdwlrq65

Frqvlghu dq lq�qlwho| uhshdwhg wzr0shuvrq jdph zlwk glvfrxqwlqj dqg rqh0vlghg
lqfrpsohwh lqirupdwlrq derxw ihdvleoh vwudwhjlhv1 Sod|hu 2 grhv qrw nqrz wkh vhw
ri ihdvleoh vwudwhjlhv ri sod|hu �1 Wkh �qlwh ru frxqwdeoh vhw ri vwdwhv ri Qdwxuh X
fruuhvsrqgv wr wkh vhw ri frqfhlydeoh ihdvlelolw| frqvwudlqwv iru sod|hu �1 Ohw wkh
vwdjh jdph eh C ' E��c �2( ��c �2�1 Wkh vhw ri doo +forvhg orrs, vwudwhjlhv iru sod|hu
� lq wkh uhshdwhg jdph lv 7�1 Wkh vhw ri ihdvleoh vwudwhjlhv iru sod|hu �*v w|sh w lv
7�Ew�1 Iru dq| vwdwh ri Qdwxuh w dqg dq| lq�qlwh klvwru| 5 ihdvleoh dw w/ wkh orqj
uxq dyhudjh sd|r� ixqfwlrq iru sod|hu � lv ��Ewc 5� ' E� � B��

S
"

|'� B
|3�
�

��Ek
|E5��/

zkhuh k|E5� ghqrwhv wkh sdlu ri dfwlrqv fkrvhq lq shulrg | dorqj sdwk 5166 Zh duh
jrlqj wr vkrz wkdw/ xqghu plog dvvxpswlrqv/ wzr vwhsv ri zhdn udwlrqdol}delolw|
lpso| wkdw d sdwlhqw dqg xqfrqvwudlqhg sod|hu � h{shfwv wr rewdlq d orqj uxq
dyhudjh sd|r� dssur{lpdwho| dv odujh dv wkh vwdwlf Vwdfnhoehuj sd|r�1

Wkh vwdjh jdph C vdwl�hv wkh iroorzlqj dvvxpswlrqv=

� Sod|hu 2 kdv d vlqjoh0ydoxhg ehvw uhvsrqvh ixqfwlrq �- G �� $ �2 dqg

4�?
6�M{E���

4@ 
@2M�2

�2E6�c @2� � f�

+Wkh grpdlq ri ixqfwlrq �2 lv h{whqghg wr {E���� �2 yld h{shfwhg sd|r�
fdofxodwlrqv1,

� Sod|hu � kdv d sxuh pd{lplq dfwlrq/ l1h1 wkhuh lv vrph �sxqlvklqj� dfwlrq
@�
�
vxfk wkdw

�2E@
�

� c �-E@
�

� �� ' 4�?
6�M{E���

4@ 
@2M�2

�2E6�c @2��

Wkh �uvw dvvxpswlrq lv pdgh rqo| iru vlpsolflw|/ wkh vhfrqg lv pruh vxevwdqwldo1
Ohw

�W� ' 4@ 
@�M��

��E@�c �-E@����

65Wkh prgho frqvlghuhg khuh lv eruurzhg iurp Hydqv dqg Wkrpdv +4<<:,/ zklfk lq wxuq
exlogv rq suhylrxv zrun e| Ixghqehuj dqg Ohylqh +4<;<,1 Wkhvh sdshuv ghulyh d uhsxwdwlrq
uhvxow iru vwdqgdug htxloleuld ri Ed|hvldq prghov zlwk rqh0vlghg lqfrpsohwh lqirupdwlrq1 Vhh
Vrulq +4<<:, iru d xql�hg dqdo|vlv ri uhsxwdwlrq dqg ohduqlqj uhvxowv lq uhshdwhg jdphv zlwk
lqfrpsohwh lqirupdwlrq1

66Qrwh wkdw li � lv �qlwh wkh lqfrpsohwh lqirupdwlrq jdph lv �vlpsoh1� Wkhuhiruh wkh h{lvwhqfh
ri +vwurqjo| dqg2ru zhdno|, �0udwlrqdol}deoh vwudwhjlhv dw hyhu| vwdwh ri Qdwxuh lv jxdudqwhhg
zkhqhyhu � lv �uhjxodu� +vhh Gh�qlwlrqv 616/ 618 dqg Sursrvlwlrqv 619/ 61:,1 Krzhyhu/ �qlwhqhvv
ri � lv qrw qhhghg iru wkh iroorzlqj uhvxow1
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ghqrwh sod|hu �*v vwdwlf Vwdfnhoehuj sd|r� dqg ohw @W� eh d Vwdfnhoehuj dfwlrq/ wkdw
lv/ dq dfwlrq dwwdlqlqj wkh pd{lpxp deryh1 Wkh ehvw uhvsrqvh wr wklv dfwlrq lv
@W2 ' �-E@W��1 Ilqdoo|/ �� ghqrwhv wkh zruvw sd|r� iru sod|hu � lq C1

Wkh ihdvlelolw| fruuhvsrqghqfh 7�E�� vdwlv�hv wkh iroorzlqj dvvxpswlrqv=
� Wkhuh lv d �qrupdo� xqfrqvwudlqhg w|sh wf 5 X vxfk wkdw 7�Ewf� ' 7�1

� Wkhuh lv d �frpplwwphqw� w|sh wW vxfk wkdw 7�Ew
W� ' irW�j zkhuh rW� lv d

vwudwhj| �whdfklqj� sod|hu 2 wr sod| @W21 Vwudwhj| rW� sod|v @W� lq qrupdo
skdvhv dqg lqvwljdwhv sxqlvkphqw skdvhv ri lqfuhvlqj ohqjwk zkhq sod|hu 2
idlov wr sod| @W2 lq d qrupdo skdvh +vhh Hydqv dqg Wkrpdv +4<<:,,1 Pruh
suhflvho| rW� lv ghwhuplqhg e| dq dxwrpdwrq zlwk d frxqwdeoh vhw ri vwdwhv

' ' i�Lh4E&�c��?�t�E&c ��( & ' fc �c ���( � ' fc ���c &jc
zkhuh �Lh4Ef� lv wkh lqlwldo vwdwh> dfwlrq dqg wudqvlwlrq ixqfwlrqv duh jlyhq
e| wkh iroorzlqj wdeoh=

Vwdwh Dfwlrq Wudqvlwlrq

�Lh4E&� @W�
vwd| lq �Lh4E&� li @2 ' @W2/
jr wr ��?�t�E&c &� rwkhuzlvh

��?�t�E&c f� @�� jr wr �Lh4E& n ��
��?�t�E&c ��c � � � � & @�� jr wr ��?�t�E&c � � ��

+�Lh4E&� lv wkh qrupdo skdvh diwhu & ghihfwlrqv dqg ��?�t�E&c �� lv d wkh
sxqlvkphqw skdvh diwhu & ghihfwlrqv dqg zlwk � sxqlvkphqwv shulrgv wr
frph,1

Dv iru h{wudqhrxv uhvwulfwlrqv rq sod|huv* eholhiv/ zh rqo| dvvxph wkh iroorzlqj=

� Iru vrph " 5 Efc �� sod|hu 2 dvvljqv dw ohdvw " sulru suredelolw| wr wkh frp0
plwphqw w|sh wW dqg sod|hu � lv fhuwdlq ri wklv/ l1h1 { ' E{��E72�c{

2E"��
zkhuh

{2E"� ' i>2 5 {�2EP�� G >
2EiEwWc rW��jmP�� � "j�

Dffruglqj wr wkh iroorzlqj sursrvlwlrq/ wzr vwhsv ri zhdn {0udwlrqdol}delolw|
lpso| wkdw d sdwlhqw dqg xqfrqvwudlqhg sod|hu � vkrxog h{shfw +d sulrul, wr jhw
d orqj uxq dyhudjh sd|r� dssur{lpdwho| dv odujh dv wkh vwdwlf Vwdfnhoehuj sd|r�1
Sod|hu � fdq dfwxdoo| dfklhyh wklv orzhu erxqg li kh exlogv xs d uhsxwdwlrq ri
ehkdylqj olnh wkh frpplwwphqw w|sh wW1
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Sursrvlwlrq 8141 Wkhuh lv d srvlwlyh lqwhjhu � '�E�2c B2c "� lqghshqghqw ri B�
vxfk wkdw iru dq| zhdno| E�c{�0udwlrqdol}deoh eholhi D�/

t�T
r�M7�

L�Ew
fc r�c D

�E�m72�� � L�Ew
fc rW�c D

�E�m72�� � E�� B�� ��� n B�� �W�1

Qrwh wkdw Hydqv dqg Wkrpdv +4<<:/ Vhfwlrq 7, suryh dq dqdorjrxv uhvxow
derxw wkh orzhu erxqg wr sod|hu �*v htxloleulxp sd|r�v lq d Ed|hvldq jdph zkhuh
sod|hu � nqrzv wkh eholhiv ri sod|hu 2 derxw klv w|sh w dqg/ lq sduwlfxodu/ nqrzv
wkh sulru suredelolw| dvvljqhg e| sod|hu 2 wr wkh frpplwwphqw w|sh wW1

Vnhwfk ri surri167 Wr suryh Sursrvlwlrq 814 lw lv vx!flhqw wr uhdol}h wkdw
wkh surri surylghg e| Hydqv dqg Wkrpdv grhv qrw xvh wkh ixoo irufh ri wkh iruh0
jrlqj htxloleulxp dvvxpswlrqv/ exw udwkhu uholhv rq wkh iroorzlqj idfwv= +l, sod|hu
2 dvvljqv dw ohdvw " sulru suredelolw| wr wkh frpplwphqw w|sh wW dqg sod|v d
ehvw uhvsrqvh wr klv eholhiv/ +ll, sod|hu � lv fhuwdlq ri +l, dqg dovr sod|v d ehvw
uhvsrqvh wr klv rzq eholhiv1 Ri frxuvh/ wkhvh dvvxpswlrqv duh lpsolhg e| E2c{�0
udwlrqdol}delolw|1 Wkxv/ rqh fdq suryh wkdw iru dq| vwudwhj| frpelqdwlrq ErW�c r2�/
dq| uhdo qxpehu # 5 Efc �� dqg dq| srvlwlyh lqwhjhu &/ sod|hu 2 fdq wuljjhu d
sxqlvkphqw dqg h{shfw zlwk suredelolw| dw ohdvw E� � #� wr eh sxqlvkhg iru ohvv
wkdq & shulrgv iru dw prvw � ' & n *L} "

*L}E�3#�
wlphv +fi1 Ohppd 4 lq Hydqv dqg

Wkrpdv +4<<:,,1 Vxssrvh r2 lv d ehvw uhvsrqvh wr sod|hu 2* eholhiv1 Wkhq/ iru
dq| jlyhq sd|r� ixqfwlrq �2 vdwlvi|lqj rxu dvvxpswlrqv dqg dq| glvfrxqw idfwru
B2/ zh fdq fkrrvh # vpdoo hqrxjk dqg & odujh hqrxjk wkdw r2 idlov wr sod| @W2 dw
prvw g ' & n � wlphv1 Wklv lpsolhv wkdw wkh sdwk lqgxfhg e| ErW�c r2� frqwdlqv
dw prvw � ' E�*2�gEg n �� shulrgv zkhq hlwkhu @W2 lv qrw sod|hg ru sod|hu 2
lv sxqlvkhg +fohduo| � ghshqgv rq "/ �2 dqg B2,1 Wkhuhiruh sod|hu �*v orqj uxq
sd|r� lv dw ohdvw dv odujh dv li kh jrw wkh zruvw sd|r� rq wkh �uvw � shulrgv dqg
wkh Vwdfnhoehuj sd|r� diwhuzdug1

Wkh uhvxow vwdwhg lq Sursrvlwlrq 814 krogv dovr zkhq wW lv d frpplwwphqw
w|sh dozd|v sod|lqj wkh Vwdfnhoehuj dfwlrq dqg wkh vwdjh jdph C kdv �frq lfwlqj
lqwhuhvwv� lq wkh vhqvh ri Vfkplgw +4<<6,1 D vlplodu uhsxwdwlrq uhvxow lv suryhg
e| Edwwljdool dqg Zdwvrq +4<<:, iru jdphv zkhuh d sdwlhqw orqj uxq sod|hu idfhv
d vhtxhqfh ri vkruw uxq rssrqhqwv1

67D frpsohwh surri lv dydlodeoh xsrq uhtxhvw1
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8151 Glvforvxuh68

Frqvlghu d wzr0shuvrq vljqdolqj jdph zkhuh wkh vhqghu/ sod|hu �/ surylghv fhuwl�0
deoh lqirupdwlrq derxw khu rzq w|sh1 Wkh uhfhlyhu/ sod|hu 2/ revhuyhv wkh vhqghu*v
phvvdjh dqg wkhq wdnhv dq dfwlrq d�hfwlqj wkh vhqghu*v sd|r� dv zhoo dv klv rzq1
Iru frqfuhwhqhvv/ wkh vhqghu pd| eh wkrxjkw ri dv d vhoohu/ wkh uhfhlyhu dv d ex|hu1
Wkh vhqghu*v w|sh w 5 X fdq eh wkrxjkw ri dv wkh txdolw| ri wkh surgxfw dqg wkh
uhfhlyhu*v dfwlrq/ @ 5 �/ dv wkh txdqwlw| sxufkdvhg ru wkh wrwdo sulfh sdlg1 Zlwk
wklv lqwhusuhwdwlrq lq plqg wkh iroorzlqj lv dvvxphg=

� Wkhuh lv d �qlwh rughuhg vhw ri vhqghu*v w|shv/ X ' iw�c ���c wgj � dfc �o
+w& 	 w&n�, dqg d frqwlqxxp ri uhfhlyhu*v dfwlrqv �2 ' dfcn4�1

� Wkh vhw ri ihdvleoh phvvdjhv iru hdfk w|sh w 5 X lv

�Ew� ' i6 5 2X G w 5 6j1
� G'

V
wMX�Ew� lv wkh vhw ri srvvleoh phvvdjhv169

� Wkh vhqghu*v sd|r� � G X � �2 $ - lv vwulfwo| lqfuhdvlqj lq lwv vhfrqg
dujxphqw1

� Wkh uhfhlyhu*v h{shfwhg sd|r� �EZc @2� G'
S

w ZEw��Ewc @2� lv vxfk wkdw wkhuh
lv d zhoo0gh�qhg ehvw uhso| ixqfwlrq �- G {EX�$ �2 vdwlvi|lqj wkh iroorz0
lqj zhdn prqrwrqlflw| surshuw|=

Z� 9' Z�� a 4@ 7�RREZ�� � 4�?7�RREZ��� ', �-EZ�� 	 �-EZ��� +814,

+vwdqgdug frqglwlrqv vxfk dv vxshuprgxodulw| ri sd|r� lq Ewc @2� lpso| wkh
zhdn prqrwrqlflw| surshuw| +814,,1

Il{ dq| Ed|hvldq jdph rewdlqhg iurp wklv prgho e| dvvxplqj d vwulfwo| srvl0
wlyh frpprq sulru rq X1 Lw fdq eh vkrzq wkdw dq| Ed|hvldq shuihfw htxloleulxp
pxvw vdwlvi| ixoo glvforvxuh/ wkdw lv/ iru doo phvvdjhv 6c wkh uhfhlyhu*v fkrrvhv
@ ' �-E4�?6� dqg qr w|sh w vhqgv d phvvdjh 6 zlwk 4�?6 	 w1 Ixoo glvfor0
vxuh lv dovr lpsolhg e| vwurqj udwlrqdol}delolw| dvvxplqj wkh iroorzlqj uhvwulfwlrqv
rq frqglwlrqdo eholhiv=

68Wklv prgho ri lqirupdwlrq wudqvplvvlrq lv eruurzhg iurp Jurvvpdq dqg Kduw +4<;3,1 Vhh
dovr Rnxqr0Ixmlzdud hw do1 +4<<3,/ Erowrq dqg Ghzdwulsrqw +4<<:/ Fkdswhu 8, dqg wkh uhihuhqfhv
wkhuhlq1

69Pruh jhqhudoo|/ lw lv vx!fhv wr dvvxph wkdw P lv ulfk lq wkh iroorzlqj vhqvh= ;� 5 �/ <
p 5P+�,/ � @ plqp1
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� Wkh +�uvw rughu, eholhiv ri wkh vhqghu duh xquhvwulfwhg1 Wkh uhvwulfwhg vhw
ri frqglwlrqdo v|vwhpv {2 lv fkdudfwhul}hg e| d plog vnhswlflvp frqglwlrq=
wkh uhfhlyhu qhyhu uxohv rxw wkh orzhvw w|sh frqvlvwhqw zlwk d jlyhq phvvdjh/
wkdw lv/

{2 ' i>2 G ;6 5�c >2E4�?6 m 6� : fj�

Ohw xv frqvlghu wkh �uvw ihz vwhsv lq wkh vwurqj {0udwlrqdol}delolw| vroxwlrq
surfhgxuh1 +4, Iluvw zh holplqdwh doo wkh uhfhlyhu*v vwudwhjlhv wkdw duh qrw vhtxhq0
wldo ehvw uhvsrqvhv wr vrph >2 5 {21 +5, Wkhq zh holplqdwh/ iru hdfk w|sh w/ doo
wkh phvvdjhv 6 5 �Ew� zlwk 6 9' iwj dqg 4@ 6 ' w1 Wkh uhdvrq lv wkdw plog
vnhswlflvp dqg zhdn prqrwrqlflw| lpso| wkdw d udwlrqdo uhfhlyhu zrxog uhvsrqg
zlwk d kljkhu dfwlrq li w|sh w glvforvhg vhqglqj phvvdjh iwj1 +6, Qrz dsso| wkh
udwlrqdol}dwlrq sulqflsoh +iruzdug lqgxfwlrq,= vlqfh qr phvvdjh 6 lv lqfrqvlvwhqw
zlwk vwhsv +4, dqg +5, +lw frxog eh vhqw e| w|sh w ' 4�?6,/ wkh uhfhlyhu pxvw eh
fhuwdlq/ frqglwlrqdo rq hyhu| 6/ wkdw +l, wkh vhqghu lv udwlrqdo dqg +ll, wkh vhqghu
lv fhuwdlq wkdw wkh uhfhlyhu lv udwlrqdo dqg kdv plogo| vnhswlfdo eholhiv1 Wkxv/ e|
vwhs +5,/ wkh uhfhlyhu eholhiv pxvw vdwlvi| >2E4@ 6m6� ' f xqohvv 6 lv d vlqjoh0
wrq> dq| vwudwhj| r2 vxfk wkdw r2E6� ' �-E4@ 6� iru vrph qrq0vlqjohwrq 6 lv
holplqdwhg1 +7, Qrz holplqdwh/ iru hdfk w|sh w/ doo wkh phvvdjhv2vhwv6 frqwdlqlqj
dw ohdvw wkuhh hohphqwv dqg vxfk wkdw w lv hlwkhu wkh kljkhvw ru vhfrqg0wr0kljkhvw
hohphqw ri 6/ ehfdxvh w zrxog lqgxfh d kljkhu uhvsrqvh e| glvforvlqj +wkh dujx0
phqw khuh lv vlplodu wr vwhs +5,,1 Frqwlqxlqj wklv zd| +iru h{dfwo| 2g � � vwhsv,
zh rewdlq wkh iroorzlqj uhvxow=6:

Sursrvlwlrq 8151 Hyhu| vwurqjo|{0udwlrqdol}deoh sur�oh EEEw�c 6��c ���c Ewg c 6g��c r2�
vdwlv�hv ixoo glvforvxuh= iru doo & ' �c ���c g dqg 6 5 � / w& ' 4�?6& dqg
r2E6� ' �-E4�?6�1

Wkh dujxphqw deryh lv vlplodu wr dq lqwxlwlyh �xqudyholqj� dujxphqw xvhg
wr vkrz zk| d shuihfw Ed|hvldq htxloleulxp pxvw vdwlvi| ixoo glvforvxuh +vhh h1j1
Fkdswhu 8 ri Erowrq dqg Ghzdwulsrqw +4<<:,,1 Wkh frpshoolqjqhvv ri wklv dujx0
phqw lv gxh wr lwv lqgxfwlyh vwuxfwxuh1 Exw d uljrurxv surri ri wkh htxloleulxp
uhvxow/ rqh zd| ru wkh rwkhu/ kdv wr surfhhg e| frqwudglfwlrq dqg wkhuhiruh lv ohvv
wudqvsduhqw1

Qrwh dovr wkdw pruh jhqhudo Ed|hvldq h{whqvlrqv ri wkh jlyhq hfrqrplf prgho
+zkhuhe| Kduvdq|l0w|shv dqg sd|r�0w|shv gr qrw frlqflgh, kdyh shuihfw Ed|hvldq

6:D uljrurxv surri lv dydlodeoh e| uhtxhvw dqg fdq dovr eh irxqg lq Edwwljdool +4<<8,1
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htxloleuld zklfk vdwlvi| plog vnhswlflvp/ exw gr qrw vdwlvi| ixoo glvforvxuh16; E|
Sursrvlwlrq 6143/ wklv lpsolhv wkdw zhdno| {0udwlrqdol}deoh vwudwhjlhv qhhg qrw
vdwlvi| ixoo glvforvxuh1 Wklv lv qrw vxusulvlqj vlqfh zhdn udwlrqdol}delolw| grhv
qrw fdswxuh iruzdug lqgxfwlrq uhdvrqlqj dqg udwlrqdol}lqj wkh vhqghu phvvdjh lv
fuxfldo iru wkh surri ri Sursrvlwlrq 8151

8161 Frvwo| Vljqdolqj

Frqvlghu d vwdqgdug jdph0wkhruhwlf yhuvlrq ri Vshqfh*v prgho ri mre pdunhw vlj0
qdolqj zlwk wzr w|shv ri zrunhuv +vhh h1j1 Fkr dqg Nuhsv +4<;:,,1 Sod|hu �/ d
zrunhu ri w|sh w� ru w��/ zlwk f 	 w� 	 w��/ fkrrvhv dq hgxfdwlrq ohyho e 5 dfcn4�

dqg kdv sd|r� ixqfwlrq �Ewc ec �� ' � � }Ee�
w

zlwk } gl�huhqwldeoh/ vwulfwo| lq0
fuhdvlqj/ dqg vwulfwo| frqyh{1 Sod|hu 2/ d �uhsuhvhqwdwlyh �up/� revhuyhv e dqg
fkrrvhv wkh zdjh � 5 dfcn4�1 Sod|hu 2*v sd|r� lv �Ewc ec �� ' �Eew � ��2 dqg
wkxv vkh �udwlrqdoo|� vhwv wkh zdjh htxdo wr wkh vxemhflwyho| h{shfwhg ydoxh ri ew
frqglwlrqdo rq e1

Wkh uhvwulfwhg vhw ri eholhiv iru sod|hu �/ {�/ lv wkh vhw ri +sulru, suredelolw|
phdvxuhv >�E� m 72� 5 {E72� zlwk frxqwdeoh vxssruw1 Dv iru sod|hu 2/ zh dvvxph
wkdw {2 lv wkh vhw ri prqrwrqlf frqglwlrqdo suredelolw| v|vwhpv/ wkdw lv/ wkh vhw
ri >2 vxfk wkdw >2Ew��me�/ wkh frqglwlrqdo suredelolw| dvvljqhg wr wkh kljk w|sh/
lv qrq0ghfuhdvlqj lq e1 Frxqwdelolw| ri vxssruwv lv phuho| d whfkqlfdo dvvxps0
wlrq wr vlpsoli| wkh dqdo|vlv1 Prqrwrqlflw| lv vlplodu wkh �sodxvlelolw|� surshuw|
srvwxodwhg e| Nuhsv dqg Zlovrq +4<;5, lq wkhlu dqdo|vlv ri uhsxwdwlrq dqg hqwu|
ghwhuuhqfh1

Sod|hu 2*v vwudwhjlhv fdq eh uhsuhvhqwhg e| ixqfwlrqv iEe� jlylqj wkh zdjh shu
xqlw ri hgxfdwlrq1 Wkhuhiruh ehvw uhsrqvhv wr eholhiv lq {2 duh lq rqh wr rqh
fruuhvsrqghqfh zlwk wkh vhw ri qrq0ghfuhdvlqj h{shfwdwlrq ixqfwlrqv iEe� zlwk
udqjh dw�c w��o1 Ohw

lE�c{� ' iiE��5 E+n�
dw�cw��o G e�� : e� , iEe��� � iEe��j1

6;Khuh lv d yhu| vlpsoh h{dpsoh= Wkhuh duh wzr Kduvdq|0w|shv iru wkh uhfhlyhu/ w3
5
dqg w33

5
/ zkloh

Kduvdq|0w|shv frlqflgh zlwk sd|r�0w|shv iru wkh vhqghu1 Wkh �lqwhulp� eholhiv duh S4+w35m�n, @ 4
dqg S5+�

nmw3
5
, @ 4@N @ S5+�

nmw33
5
, iru doo n +wkhvh eholhiv duh frqvlvwhqw zlwk d frpprq sulru

zlwk vwulfwo| srvlwlyh pdujlqdo rq �/ wkdw lv/ S +�n> w35, @ 4@N iru doo n,1 Wkh srvwhulru eholhiv
ri w|sh w3

5
vdwlvi| �+plqpmp> w3

5
, @ 4 iru doo p1 Wkh srvwhulru eholhiv ri w|sh w33

5
duh xqlirup=

�+�nmp> w33
5
, @ 4@&p l� �n 5 p1 Hdfk w|sh �n fkrrvhv phvvdjh i�nj dqg/ ri frxuvh/ hdfk w|sh

w5 fkrrvhv d vhtxhqwldo ehvw uhvsrqvh wr �+�m�> w5,1 Wklv d shuihfw Ed|hvldq htxloleulxp zkhuh wkh
vwudwhj| ri w33

5
grhv qrw vdwlvi| ixoo glvforvxuh1
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lE�c{� lv wkh vhw ri sod|hu 2*v E�c{�0udwlrqdol}deoh vwudwhjlhv uhsuhvhqwhg dv frq0
wlqjhqw fkrlfhv ri zdjh shu xqlw ri hgxfdwlrq1 Sod|hu �*v E�c{�0udwlrqdol}deoh
eholhiv duh vxppdul}hg e| khu h{shfwdwlrq ri sod|hu 2*v h{shfwdwlrq ri w frqgl0
wlrqdo rq wkh fkrvhq hgxfdwlrq ohyho e1 Ohw wklv vhfrqg0rughu h{shfwdwlrq +zklfk
frlqflghv zlwk wkh h{shfwhg zdjh shu xqlw ri hgxfdwlrq, eh ghqrwhg e| eiEe�1 Dv0
vxplqj wkdw sod|hu 2 lv d pd{lpl}hu +h{shfwhg orvv plqlpl}hu,/ sod|hu � h{shfwv
wr jhw zdjh eeiEe�/ zlwk eiE�� 5 lE�c{�16< Dw d vxemhfwlyho| rswlpdo fkrlfh ri hgx0
fdwlrq iru w|sh w/ vd| eW/ eiE�� pxvw eh frqwlqxrxv iurp wkh uljkw dqg wkh pdujlqdo
udwh ri vxevwlwxwlrq �-7Ewc eW� ' �

w

_}EeW�
_e

pxvw vdwlvi| wkh �uvw0rughu frqglwlrq

�-7Ewc eW� � eiEeW� n eW � _
eiEeWn�
_e

� +815,

zkhuh _eiEeWn�
_e

lv wkh uljkw0ghulydwlyh ri eiE�� dw eW173
Dv lq wkh suhylrxv vxevhfwlrq/ zh irfxv rq vwurqj {0udwlrqdol}delolw|1 Lq idfw/

lw lv zhoo0nqrzq wkdw pdq| sdwwhuqv ri ehkdylru duh frqvlvwhqw zlwk Ed|hvldq
shuihfw htxloleulxp/ dqg khqfh/ d iruwlrul/ zlwk zhdn udwlrqdol}delolw|/ li qr iruzdug
lqgxfwlrq fulwhulrq lv dssolhg1

^Lqvhuw Iljxuhv 6 dqg 7 derxw khuh`

Lw wxuqv rxw wkdw wkh vhw ri vwurqjo| {0udwlrqdol}deoh vwudwhjlhv ghshqgv rq
krz forvh w� dqg w�� duh wr hdfk rwkhu1 Lq sduwlfxodu/ lw ghshqgv rq wkh uhodwlrq
ehwzhhq wkh iroorzlqj qxpehuv +vhh Iljxuhv 6 dqg 7,=

� eWEw� ' @h}4@ eDf �Ewc ec we�/ w ' w�c w�� +frpsohwh lqirupdwlrq fkrlfh,/

� e�Ew� ' @h}4@ eDf �Ewc ec 	we�/ w 9' ew/
� eEw�� vxfk wkdw �Ew�c eEw��c w��eEw��� ' �Ew�c eWEw��c w�eWEw��� dqg 7eEw��� vxfk wkdw
�Ew��c eEw���c w��eEw���� ' �Ew��c e�Ew���c w�e�Ew����/

� 	eEw��� vxfk wkdw �Ew��c 	eEw���c�-7E	eEw���� � 	eEw���� ' �Ew��c 7eEw��c w��7eEw���1

6<Jlyhq eholhi �5+� m V5, derxw sod|hu 5 zlwk frxqwdeoh vxssruw iv4
5
+�,> ===> vn

5
+�,> ===j dqg fru0

uhvsrqglj vdodulhv shu xqlw ri hgxfdwlrq i&4+�,> ===> &n+�,> ===j/ ohw �n @ �n5+v
n
5 m V5,1 Sod|hu 4*v

h{shfwhg zdjh frqglwlrqdo rq h lv
S

n
�nvn5+h, @ h

S
n
�n&n+h, @ he&+h,1 Vlqfh iru hdfk n/ &n+�,

lv qrq ghfuhdvlqj zlwk udqjh lq ^�3> �33`/ e&+�, pxvw kdyh wkh vdph surshuwlhv1
73Pruh jhqhudoo|/ lw lv wkh uljkw0olpvxs ri wkh lqfuhphqwdo udwlr ri e&+�, dw h�1
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Li w� dqg w�� duh qrw wrr forvh wr hdfk rwkhu/ wkhq 7eEw�� � eWEw���1 Qrwh wkdw
vwulfw prqrwrqlflw| dqg vwulfw frqyh{lw| ri wkh glvxwlolw| ri hgxfdwlrq dqg wkh
vlqjoh furvvlqj surshuw| lpso|

eWEw�� 	 e�Ew�� 	 eEw�� 	 eEw���c

eWEw�� 	 e�Ew��� 	 	eEw��� � eWEw��� 	 eEw����

Sursrvlwlrq 8161 Wkh vhw ri {0udwlrqdol}deoh fkrlfhv ri hgxfdwlrq iru hdfk w|sh
lv dv iroorzv= Li +d, e�Ew��� : 7eEw�� ru +e, e�Ew��� � 7eEw�� � eWEw���/ wkhq hdfk w|sh
w 5 iw�c w��j fkrrvhv wkh vdph ohyho ri hgxfdwlrq dv lq wkh frpsohwh lqirupdwlrq
prgho/ wkdw lv/ eWEw�1 Li +f, 7eEw�� : eWEw���/ wkhq hdfk fkrlfh e 5 d	eEw���c 7eEw��o lv
udwlrqdol}deoh iru erwk w|shv dqg eWEw�� lv dovr udwlrqdol}deoh iru w|sh w�1

Surri1 Dq| hgxfdwlrq ohyho fdq eh mxvwl�hg dv d ehvw uhso| wr vrph eholhi1 Wkxv
P�E�c{� ' P�1 Wklv lpsolhv wkdw P2E&n�c{� ' P2E&c{�c iru & rgg/ dqg P�E&n
�c{� ' P�E&c{� iru & hyhq1 Ohw lE&c{� ghqrwh sod|hu 2*v E&c{�0udwlrqdol}deoh
fkrlfhv ri zdjh shu xqlw ri hgxfdwlrq1 Lq jhqhudo E&c{�0udwlrqdol}deoh eholhiv iru
sod|hu � fdq eh vxppdul}hg e| vrph ixqfwlrq eiE�� 5 lE&c{� jlylqj wkh h{shfwhg
zdjh shu xqlw ri hgxfdwlrq dqg kdylqj wkh vdph surshuwlhv ri sod|hu 2*v E&��c{�0
udwlrqdol}deoh h{shfwdwlrq ixqfwlrqv1 Ohw 7�E&c{c w�� ghqrwh wkh vhw ri vwurqjo|
E&c{�0udwlrqdol}deoh vwudwhjlhv iru w|sh w� ri sod|hu �1 Wkhq

7�E2c{c w
�� ' deWEw��c 7eEw��oc 7�E2c{c w

��� ' de�Ew���c 7eEw���o�

Wr vhh wklv/ �uvw qrwh wkdw iru dq| frqmhfwxuh eiE�� 5 lE�c{� derxw sod|hu 2/ wkh
�uvw rughu frqglwlrq +815, iru w|sh w� lv qhfhvvdulo| ylrodwhg iru hyhu| eW 	 eWEw��
ehfdxvh vwulfw frqyh{lw| ri wkh glvxwlolw| ri hgxfdwlrq/ prqrwrqlflw| ri eiE�� dqgeiEe� � w� lpso|

�-7Ew�c eW� 	 �-7Ew�c eWEw��� ' w� � eiEeW� n eW � _
eiEeWn�
_e

�

Qr hgxfdwlrq e : 7eEw�� fdq eh mxvwl�hg iru w� ehfdxvh/ vlqfh eiEe� � w�� iru doo
e/ w|sh w� zrxog jhw d kljkhu h{shfwhg xwlolw| e| fkrrvlqj eWEw��1 Hyhu| eW 5
deWEw��c e�Ew��o lv d ehvw uhvsrqvh wr wkh E�c{�0udwlrqdol}deoh frqvwdqw frqmhfwxuheiEe� � �-7Ew�c eW� 5 dw�c w��o1 Hyhu| eW 5 de�Ew��c 7eEw��o lv d ehvw uhso| wr wkh
E�c{�0udwlrqdol}deoh frqmhfwxuh

eiEe� ' +
w� �s e 	 eW

w�� �s e � eW
� +816,
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7�E2c{c w
��� lv rewdlqhg lq d vlplodu zd|1 Xvlqj iruzdug lqgxfwlrq dqg prqrwrqlf0

lw|/ wkh E2c{�0udwlrqdol}deoh eholhiv ri wkh �up duh +prqrwrqlf dqg, vxfk wkdw

>Ew�� m e� '
+

f �s e 	 e�Ew���c e � 7eEw��
� �s e � e�Ew���c e : 7eEw��

�

Wkxv rqh rewdlqv

lE�c{� '

+
iE�� 5 lE�c{� G iEe� '

+
w� �s e 	 e�Ew���c e � 7eEw��
w�� �s e � e�Ew���c e : 7eEw��

,
�

Dw wklv srlqw wkh dqdo|vlv pxvw surfhhg rq d fdvh e| fdvh edvlv1 Khuh zh frqvlghu
rqo| fdvh +d,1 Wkh rwkhu fdvhv duh dqdo|}hg lq wkh Dsshqgl{1

Fdvh +d,= e�Ew��� : 7eEw��1 Lq wklv fdvh eWEw�/ w ' w�c w��/ lv wkh xqltxh ehvw
uhso| iru w|sh w wr hyhu| uljkw0frqwlqxrxv frqmhfwxuh eiE�� 5 lE�c{�1 Qrq0uljkw0
frqwlqxrxv frqmhfwxuhv lq lE�c{� hlwkhu kdyh qr ehvw uhso| dw doo ru kdyh eWEw� dv
wkh xqltxh ehvw uhso|1 Wkxv wkh xqltxh vwurqjo| Eec{�0udwlrqdol}deoh dfwlrq iru
w|sh w lv eWEw�/ w ' w�/ w��1 Wkh vwurqjo| {0udwlrqdol}deoh vwudwhjlhv iru sod|hu 2
duh uhsuhvhqwhg e| ixqfwlrqv lq wkh vhw

lE4c{� ' lEDc{� '

+
iE�� 5 lE�c{� G iEe� '

+
w� �s e � eWEw��
w�� �s e � eWEw���

,
�

91 Frqfoxvlrqv

Zh dujxhg wkdw Kduvdq|l*v dqdo|vlv ri jdphv zlwk lqfrpsohwh lqirupdwlrq lv lq
sulqflsoh yhu|  h{leoh/ exw iru uhdvrqv ri wudfwdelolw| prvw ri lwv dssolfdwlrqv wr
hfrqrplf prghov uho| rq txhvwlrqdeoh dqg qrq wudqvsduhqw dvvxpswlrqv derxw
sod|huv* lqwhudfwlyh eholhiv/ vxfk dv wkh frpprq sulru dvvxpswlrq dqg2ru wkh frq0
 dwlrq ehwzhhq sd|r�0w|shv dqg Kduvdq|l0w|shv1 D sulrul/ lw lv riwhq qrw fohdu
zkhwkhu wkhvh dvvxpswlrqv duh fuxfldo1 Exw lq rughu wr uhpryh wkhp dqg |hw
dsso| Kduvdq|l*v dqdo|vlv rqh zrxog kdyh wr ghdo zlwk plqg0erjjolqj Ed|hvldq
jdphv ihdwxulqj d xqlyhuvdo w|sh vsdfh/ l1h1 lqfoxglqj doo wkh frqfhlydeoh lq�qlwh
klhudufklhv ri eholhiv1 Ixuwkhupruh/ xqolnh wkh Qdvk htxloleulxp frqfhsw/ li wkhuh
lv jhqxlqh lqfrpsohwh lqirupdwlrq zh fdqqrw mxvwli| wkh Ed|hvldq htxloleulxp
frqfhsw dv d olplw rxwfrph ri ohduqlqj lq uhshdwhg vwudwhjlf lqwhudfwlrq1
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Lq wklv sdshu zh surylgh d gl�huhqw/ exw uhodwhg phwkrgrorj|1 Wkh sulplwlyhv
ri rxu dqdo|vlv duh wkh vhwv ri frqfhlydeoh sd|r�0w|shv/ wkh +sdudphwulf, sd|r�
ixqfwlrqv dqg wkh ihdvlelolw| fruuhvsrqghqfhv fkdudfwhul}lqj d g|qdplf jdph zlwk
lqfrpsohwh lqirupdwlrq1 Zh pd| dovr wdnh dv jlyhq vrph h{wudqhrxv uhvwulfwlrqv
rq sod|huv* +�uvw rughu, eholhiv/ exw wkhuh lv qr qhhg wr vshfli| d w|sh vsdfh1 Lq
wkh �uvw sduw ri wkh sdshu zh surylgh lqgxfwlyh gh�qlwlrqv ri d zhdn dqg d vwurqj
yhuvlrq ri wkh udwlrqdol}delolw| vroxwlrq frqfhsw1 Zhdn dqg vwurqj udwlrqdol}delolw|
frlqflgh lq vwdwlf jdphv1 Lq g|qdplf jdphv vwurqj udwlrqdol}delolw| lqfrusrudwhv d
iruzdug lqgxfwlrq sulqflsoh/ zhdn udwlrqdol}delolw| grhv qrw1 Wkhvh vroxwlrq frq0
fhswv fdq eh jlyhq d uljrurxv hslvwhplf d{lrpdwl}dwlrq/ zklfk lv rqo| eulh | vxp0
pdul}hg lq wklv sdshu1 H{lvwhqfh dqg uhjxodulw| uhvxowv duh surylghg iru �vlpsoh/�
exw srvvleo| lq�qlwh jdphv1 Htxlydohqfh zlwk lwhudwhg grplqdqfh surfhgxuhv lv
suryhg iru �qlwh jdphv1 Lw wxuqv rxw wkdw/ dv lw vkrxog eh h{shfwhg/ zhdn udwlrqdo0
l}delolw| fkdudfwhul}hv wkh vhw ri doo wkh Ed|hvldq +shuihfw, htxloleulxp rxwfrphv
rewdlqhg e| duelwudulo| dgglqj d w|sh vsdfh ã od Kduvdq|l wr wkh jlyhq prgho1
Zkloh wkh vroxwlrq frqfhswv kdyh ehhq gh�qhg iru jdphv zlwk jhqxlqh lqfrpsohwh
lqirupdwlrq/ wkh| fdq eh phdqlqjixoo| dssolhg wr prghov ri dv|pphwulf lqiru0
pdwlrq ihdwxulqj dq h{ dqwh vwdjh1 Lq sduwlfxodu/ wkh sursrvhg vroxwlrqv pdnh
vhqvh iru jdphv uhsuhvhqwdeoh zlwk wkh �sulru orwwhu| prgho/� surylghg wkdw wkh
vwdwlvwlfdo glvwulexwlrq ri fkdudfwhulvwlfv lq wkh srsxodwlrq ri srwhqwldo sod|huv lv
xqnqrzq1 Lq wkh vhfrqg sduw ri wkh sdshu zh dsso| zhdn dqg vwurqj udwlrqdol}0
delolw| wr vrph hfrqrplf prghov zlwk rqh0vlghg lqfrpsohwh lqirupdwlrq ghulylqj
uhvxowv derxw uhsxwdwlrq/ glvforvxuh dqg frvwo| vljqdolqj1

Wkh sursrvhg phwkrgrorj| kdv vhyhudo dgydqwdjhv zlwk uhvshfw wr wkh wudgl0
wlrqdo rqh1 Iluvw/ wkh lqgxfwlyh vroxwlrq fdq eh frpsxwhg zlwkrxw vshfli|lqj dq
hslvwhplf w|sh vsdfh1 Vhfrqg/ dvvxpswlrqv derxw lqwhudfwlyh eholhiv duh w|slfdoo|
zhdnhu/ pruh lqwxlwlyh dqg wudqvsduhqw1 Wklug/ zh fdq whvw wkh urexvwqhvv ri wkh
uhvxowv ri wkh uhfhlyhg Ed|hvldq wkhru| zlwk uhvshfw wr wkh vshfl�fdwlrq ri wkh w|sh
vsdfh1 Irxuwk/ wkh dssolfdwlrqv vkrz wkdw orrnlqj dw udwlrqdol}deoh rxwfrphv pd|
foduli| vrph dvshfwv ri vwudwhjlf wklqnlqj wkdw duh ryhuorrnhg ru hyhq revfxuhg e|
vwdqgdug htxloleulxp dqdo|vlv1
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:1 Dsshqgl{

:141 Lqfrpsohwh Lqirupdwlrq Jdphv= Ihdvlelolw| Fruuhvsrqghqfh dqg
Wrsrorjlfdo Vwuxfwxuh

Wkh vhwv ri ihdvleoh dfwlrqv iru d jlyhq vwdwh ri Qdwxuh w dqg +ihdvleoh, klvwru| �
duh ghulyhg iurp wkh ihdvlelolw| fruuhvsrqghqfh KWE�� G X$ 2�

W

dv iroorzv=

�Ewc �� ' i@ 5 � G E�c @� 5 KWEw�jc

��Ew�c �� ' i@� 5 �� G <@3� 5 �3�c <w3� 5 X3�c E@�c @3�� 5 �EEw�c w3��c ��j�
Wkh ihdvlelolw| fruuhvsrqghqfh vdwlv�hv wkh iroorzlqj surshuwlhv +uhfdoo wkdw �W lv
wkh vhw ri �qlwh ru frxqwdeo| lq�qlwh vhtxhqfhv ri dfwlrq sur�ohv,=

+4, iru hyhu| � 5 �W dqg w 5 X/ li � 5 KWEw�/ hyhu| lqlwldo vxevhtxhqfh +suh�{,
ri � ehorqjv wr KWEw�/ lq sduwlfxodu/ � 5 KWEw� iru doo w 5 Xc

+5, iru hyhu| lq�qlwh vhtxhqfh �W 5 �" dqg hyhu| w 5 X/ li iru hyhu| �qlwh lqlwldo
vxevhtxhqfh � ri �W/ � 5 KWEw�/ wkhq �W 5 KWEw�c

+6, iru hyhu| w ' Ew���M� 5 X/ � 5 �W

�Ewc �� '
\
�M�

��Ew�c ��c

�Ewc �� ' > li dqg rqo| li iru doo � 5 � / ��Ew�c �� ' >�

Zh hqgrz �W dqg wkh vhw ri rxwrphv ] � X� �W zlwk wkh iroorzlqj phwulfv
_�W dqg _| = Uhfdoo wkdwX� dqg�� duh vxevhwv ri+6� dqg+?� uhvshfwlyho| +� 5 �,1
Ohw _& eh wkh Hxfolghdq phwulf lq +& dqg 6 '

S
�M� 6�/ ? '

S
�M� ?�1 Ghqrwh e|

�E�� wkh ohqjwk ri d klvwru| +�E�� '4 li � lv dq lq�qlwh klvwru|, dqg ohw k|E�� eh
wkh dfwlrq sur�oh dw srvlwlrq | lq klvwru| � +| � �E��,1 Li �E�� � �E���/ wkhq

_�WE�c ��� '
�E��[
|'�

E�*2�|_?Ek
|E��c k|E���� n

�E���[
|'�E��n�

E�*2�|

+wkh vhfrqg vxppdwlrq lv }hur li �E�� ' �E���,/

_|EEwc ��c Ew
�c ���� ' _6Ewc w

�� n _�WE�c ���1
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_�W lv wkh qdwxudo phwulf iru jdphv zlwk glvfrxqwlqj1 Lw fdq eh fkhfnhg wkdw
E�Wc _�W� dqg E]c _|� duh frpsohwh/ vhsdudeoh/ phwulf vsdfhv1

Wkh vhwv ri vwudwhjlhv dqg vwudwhj|0w|sh sdluv duh hqgrzhg zlwk wkh �glv0
frxqwhg� vxs0phwulfv _7�

/ _P�
dqg _Pa

+� 5 � / > 9' a � � / Pa '
T

�Ma P�,=

_7�Er�c r
�

�� '
"[
|'f

E�*2�|
#

t�T
�G�E��'|

_?�Er�E��c r
�

�E���

$
c

_P�
EEw�c r��c Ew

�

�c r
�

��� ' _6�
Ew�c w

�

�� n _7�Er�c r
�

��c

_Pa
Eja c j

�

a� '
[
�Ma

_P�
Ej�c j

�

���

:151 Surriv

Surri ri Ohppd 5141 Ohw 7�E�� eh wkh vhw ri vwudwhjlhv frqvlvwhqw zlwk klvwru|
�1 Fohduo| 7�E�� lv forvhg1 Vlqfh

P�E�� ' iEw�c r�� G r� 5 7�Ew� _ 7�E��jc
zh rqo| kdyh wr vkrz wkdw 7�Ew�� lv xsshu0khplfrqwlqxrxv lq w�1 Vxssrvh wkdw
Ew&� c r

&
� � $ Ew�c r�� dqg r&� 5 7�Ew

&
� � iru doo &1 Wkhq iru doo �� 5 K/ r&� E��� $ r�E�

��
dqg r&� E�� 5 ��Ew

&
� c �

�� iru doo &1 Vlqfh KWE�� lv frqwlqxrxv/ hdfk ��E�c ��� +�� 5 K,
lv dovr frqwlqxrxv1 Wkhuhiruh iru doo �� 5 K/ r�E��� 5 ��Ew�c �

�� dqg r� 5 7�Ew��1

Surri ri Ohppd 6171 Lq d vlpsoh jdph X dqg � duh frpsdfw dqg hlwkhu �
lv �qlwh +fdvh +d,, ru K lv �qlwh +fdvh +e,,1 Li � lv �qlwh/ 7 lv d wrwdoo| erxqghg/
frpsohwh phwulf vsdfh1 Wkhuhiruh 7 lv frpsdfw1 Li K lv �qlwh/ 7 lv wrsrorjlfdoo|
htxlydohqw wr d frpsdfw vxevhw ri d Hxfolghdq vsdfh1 Lq erwk fdvhv P � X� 7 lv
frpsdfw1 E| Ohppd 514 hdfk PE�� lv forvhg/ khqfh frpsdfw1

Zh frqvlghu wkh uhvw ri wkh surri iru fdvh +e, +� frpsdfw/ �qlwh krul}rq/
�qlwh vhwv ri ihdvleoh dfwlrqv wkurxjk wkh vhfrqg wr odvw vwdjh,1 Wkh surri iru
fdvh +d, lv vlplodu1 Vlqfh P�E�� lv wkh judsk ri wkh fruuhvsrqghqfh 7�E�c ��/ wklv
fruuhvsrqghqfh lv qrqhpsw|0frpsdfw0ydoxhg dqg xsshu0khplfrqwlqxrxv1 Qrz zh
vkrz wkdw lw lv dovr orzhu0khplfrqwlqxrxv1 Il{ � 5 K dqg vxssrvh wkdw w&� $ w�
dqg r� 5 7�Ew�c ��1 E| Dvvxpswlrq 3/ hdfk ��E�c ���/ +�� 5 K, lv frqwlqxrxv/ khqfh
orzhu0khplfrqwlqxrxv1 Wkhuhiruh zh fdq �qg d vhtxhqfh ri dfwlrqv E@&�c���

"
&'� vxfk

wkdw @&�c�� $ r�E�
�� dqg @&�c�� 5 ��Ew

&
� c �

��1 Ohw r&� E�
�� ' @&�c�� iru doo �� 5 K1

E| frqvwuxfwlrq r&� 5 7�Ew�� dqg Er&� �
"
&'� frqyhujhv srlqwzlvh wr r�1 Vlqfh K lv
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�qlwh r&� $ r�1 Li �� 9' � lv d suh�{ ri �/ wkhq e| dvvxpswlrq doo ��Ew
&
� c �

�� dqg
��Ew�c �

�� duh �qlwh1 Wkxv/ e| frqwlqxlw| ri ��E�c ���/ ��Ew
&
� c �

�� ' ��Ew�c �
�� dqg

r&� E�
�� ' r�E�

�� iru & odujh1 Wklv lpsolhv wkdw r&� 5 7�Ew
&
� c ��1 Wkhuhiruh 7�E�c �� lv

orzhu0khplfrqwlqxrxv1
Wkh rxwfrph ixqfwlrq lW G P $ ] lv frqwlqxrxv= vxssrvh wkdw Ew&� c r

&
� ��M�

frqyhujhv wr Ew�c r���M� / wkhq iru & odujh r& dqg r lqgxfh wkh vdph dfwlrq sur�oh
wkurxjk wkh vhfrqg0wr0odvw vwdjh dqg lq wkh odvw vwdjh wkh dfwlrq sur�oh lqgxfhg
e| r& frqyhujhv wr wkh dfwlrq sur�oh lqgxfhg e| r1 Wkhuhiruh wkh vwudwhjlf sd|r�
ixqfwlrqv L� ' �� � lW duh dovr frqwlqxrxv dqg +e| frpsdfwqhvv ri P, erxqghg1

Vlqfh 7�E�c �� lv qrqhpsw|0frpsdfw0ydoxhg dqg frqwlqxrxv dqg L� lv frqwlqxrxv
dqg erxqghg/ wkh frqglwlrqdo h{shfwhg sd|r� L� Ew�c r�c >

�E�mP3�E��� lv dozd|v zhoo0
gh�qhg dqg frqwlqxrxv lq Ew�c r�c >

�� dqg wkh fruuhvsrqghqfh

o�Ew�c >
�c �� ' @h} 4@ 

r�M7�Ew�c��
L�

�
w�c r�c >

�E�mP3�E��
�

lv qrqhpsw|0ydoxhg +iru � 5 KEw��, dqg xsshu0khplfrqwlqxrxv lq Ew�c >
��1 E|

d vwdqgdug g|qdplf surjudpplqj dujxphqw lw fdq eh vkrzq wkdw o�Ew�c >
�� lv

qrqhpsw|1 Zh vkrz wkdw o�E�c �� lv xsshu0khplfrqwlqxrxv1 Vxssrvh wkdw Ew&� c >�c&c r&� �$
Ew�c >

�c r�� dqg/ iru doo &/ r&� 5 o�Ew
&
� c >

�c&�1 Vlqfh wkh jdph lv vlpsoh/ iru & odujh r&�
dqg r� suhvfuleh wkh vdph dfwlrq wkurxjk wkh vhfrqg0wr0odvw vwdjh/ zklfk lpsolhv
wkdwKEw&� c r

&
� � ' KEw�c r��1 Wklv dqg xsshu0khplfrqwlqxlw| ri hdfk fruuhvsrqghqfh

o�E�c �c �� +� 5 K, lpso| wkdw/ iru hdfk klvwru| � 5 KEw�c r��/ r� 5 o�Ew�c >
�c ��1

Wkhuhiruh r� 5 o�Ew�c >
��1

Wkh iroorzlqj uhvxow vxppdul}hv Sursrvlwlrqv 618 dqg 6191

Sursrvlwlrq :141 Vxssrvh wkdw { dqg {� duh uhjxodu/ P lv frpsdfw/ o�E�c �� lv
qrqhpsw|0ydoxhg dqg xsshu0khplfrqwlqxrxv dqg {� � E{��� iru hyhu| sod|hu �1
Wkhq iru hyhu| sod|hu � dqg doo & ' fc �c ���c4/
+d, wkh vhwv `�E&c{� dqg P�E&c{� ri zhdno| dqg vwurqjo| E&c{�0udwlrqdol}deoh
sur�ohv duh qrqhpsw| dqg frpsdfw zlwk surmX�

`�E&c{� 'surmX�
P�E&c{� ' X�/

wkh vhwv \�

{E`�E&c{�� dqg x�E&c{� duh qrqhpsw| dqg frpsdfw dv zhoo>
+e, P�E&c{� �`�E&c{�/
+f, `�E&c{� �`�E&c{

��>
+g,`�E4c{��`2E4c{� lv wkh odujhvw phdvxudeoh vxevhw 8��82 � P vxfk wkdw

8� � 82 ' 4�
�
\�
{
E82�

�
� 42

�
\2
{
E8��

�
�
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Surri1 Iluvw qrwh wkdw frpsdfwqhvv ri P dqg uhjxodulw| ri { lpso| wkdw hdfk vhw
{� lv frpsdfw dv zhoo1 Wkhq revhuyh wkdw iru hyhu| phdvxudeoh vxevhw > 9' .3� �
P3� vxfk wkdw ThL�X

3�
.3� ' X3� wkh iroorzlqj krogv=

> 9' i>� 5 {��EP3�� G ;� 5 Kc .3� _ P3�E�� 9' > , >�E.3�mP3�E��� ' �j _{� �

i>� 5 {��EP3�� G >
�E.3�mP3�� ' �j _{� ' \�

{
E.3��(

qrqhpswlqhvv iroorzv iurp phdvxudelolw| dqg wkh idfw wkdw/ vlqfh ThL�X
3�
.3� '

X3� dqg{ lv uhjxodu/ zh duh wdnlqj wkh lqwhuvhfwlrq ri qrqhpsw| vhwv fkdudfwhul}hg
e| orjlfdoo| lqghshqghqw surshuwlhv1 Wkh lqfoxvlrq krogv ehfdxvh P3�E�� ' P3�

dqg .3� _ P3�E�� 9' >1 Wkh odvw htxdolw| lv wuxh e| gh�qlwlrq1 Ilqdoo| qrwh wkdw
+d, / +e, dqg +f, duh wuxh e| gh�qlwlrq iru & ' f1 Dvvxph wkdw +d,/ +e, dqg +f,
krog iru doo & ' fc ���c ?1

+d/ q.4, E| wkh lqgxfwlyh k|srwkhvlv/ wkh dujxphqw deryh lpsolhv wkh vhwv ri
zhdno| dqg vwurqjo| E?c{�0udwlrqdol}deoh eholhiv \�

{
E`3�E?c{�� dqg

x�E?c{� '
?_

&'f

i>� 5 {� G

;� 5 KcP3�E�� _ P3�E&c{� 9' > , >�EP3�E&c{�mP3�E��� ' �j

duh qrqhpsw| dqg frpsdfw1
Vlqfh o�E�c �� lv d qrqhpsw|0ydoxhg/ xsshu0khplfrqwlqxrxv dqgX� lv forvhg/ hdfk

vhw 4�E>
�� '

V
w�MX�

iw�j�o�Ew�c >�� lv qrqhpsw| dqg forvhg dqg fruuhvsrqghqfh 4�E��
lv xsshu0khplfrqwlqxrxv1 Wkhuhiruh wkh vhwv ri zhdno| dqg vwurqjo| E? n �c{�0
udwlrqdol}deoh sdluv

4�
�
\�

{E`3�E?c{��
�

dqg
P�E?n �c{� ' 4

�

�
x�E?c{�

�
duh qrqhpsw| dqg frpsdfw1 Ixuwkhupruh/ qrqhpswlqhvv ri o�E�c �� lpsolhv wkdw
wkhlu surmhfwlrqv rq X� frlqflgh zlwk X�1 Wklv suryhv wkdw +d, krogv iru doo qrq0
qhjdwlyh lqwhjhuv &1 Fohduo|/ frpsdfwqhvv dqg wkh surmhfwlrq surshuw| krog dovr
iru & ' 41 Vlqfh wkh vhtxhqfhv ri zhdno| dqg vwurqjo| E&c{�0udwlrqdol}deoh vhwv
duh qhvwhg/ qrqhpswlqhvv ri

`�E4c{� '
_
&Df

`�E&c{�
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dqg
P�E4c{� '

_
&Df

P�E&c{�

iroorzv iurp wkh �qlwh lqwhuvhfwlrq surshuw| ri frpsdfw vhwv1
+e/ q.4, E| wkh lqgxfwlyh k|srwkhvlv P3�E?c{� � `3�E?c{� dqg erwk vhwv

duh phdvxudeoh dqg qrqhpsw|1 Wkhuhiruh

\�

{
EP3�E&c{�� � \�

{
E`3�E&c{��

dqg

x�E&c{� � i>� 5 {� G ;� 5 KcP3�E��_P3�E?c{� 9' > , >�EP3�E?c{�mP3�E��� ' �j
� \�

{EP3�E&c{���

Wkxv zh rewdlq
P�E?n �c{� ' 4

�
Ex�E?c{�� �

4
�

�
\�

{
EP3�E?c{��

�
� 4

�

�
\�

{
E`3�E?c{��

�
'`�E?n �c{��

Fohduo| wkh lqfoxvlrq krogv lq wkh olplw dv & $41
+f/ q.4, E| wkh lqgxfwlyh k|srwkhvlv dqg sduw +d, `3�E?c{� � `3�E?c{

��
dqg erwk vhwv duh phdvxudeoh1 E| prqrwrqlflw| ri rshudwru 4

�
� \�

uE�� zh rewdlq

`�E? n �c{� ' 4�
�
\�

{E`3�E?c{��
�
�

4
�

�
\�

{
E`3�E?c{

���
�
� 4

�

�
\�

{�E`3�E?c{
���
�
'`�E? n �c{���

+g, +Wkh iroorzlqj dujxphqw lv d vlpsoh jhqhudol}dwlrq ri wkh surri ri Sursrvl0
wlrq 614 lq Ehuqkhlp +4<;7,1, Zh �uvw vkrz wkdw `�E4c{��`2E4c{� frqwdlqv
hyhu| ��{hg vhw� 8��821 E| gh�qlwlrq 8��82 �`�Efc{��`2Efc{�1 Vxssrvh
wkdw 8��82 �`�E&c{��`2E&c{�1 E| sduw +d, hdfk vhw`�E&c{� lv phdvxudeoh1
Wkxv/ prqrwrqlflw| ri wkh rshudwru 4

�
� \�

{
E�� rq wkh Eruho vljpd dojheud ri P3�

+� ' �c 2, lpsolhv

8� � 82 ' 4�
�
\�
{
E82�

�
� 42

�
\2
{
E8��

�
�

4�
�
\�{E`2E&c{��

�
� 42

�
\2{E`�E&c{��

�
'`�E& n �c{��`2E& n �c{��

Fohduo| wkh lqfoxvlrq krogv lq wkh olplw dv & $41 Qrz zh vkrz wkdw`�E4c{��
`2E4c{� lv d ��{hg vhw1� E| sduw +d, `�E&c{� lv phdvxudeoh iru doo & '
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fc �c ���c41 Wkxv prqrwrqlflw| ri 4
�
� \�

{E�� dqg `
3�E4c{� � `

3�E&c{� +& '
fc �c ���, |lhog

4
�
� \�

{ E`
3�E4c{�� � _

&Df

4� � \�
{ E`3�E&c{�� '

_
&Df

`�E& n �c{� ' `�E4c{�1

Wkhuhiruh

4�
�
\�{E`2E4c{��

�
� 42

�
\2{E`�E4c{��

�
�`�E4c{��`2E4c{��

Qrz vxssrvh wkdw j� 5`�E4c{�1 Wkhq wkhuh h{lvwv d vhtxhqfh ri FSVv E>�c&�"&'f
vxfk wkdw iru doo &/ >�c& 5 {�/ >�c&E`3�E&c{�mP3�� ' � dqg j� 5 4�E>

�c&�1 Vlqfh
{��EP3�� lv frpsdfw/ zh pd| dvvxph z1o1r1j1 wkdw >�c& $ >�1 Vlqfh {� lv forvhg/
>� 5 {�1 Ixuwkhupruh/ lw pxvw eh wkh fdvh wkdw >�E`3�E&c{�mP3�� ' � iru doo &
+rwkhuzlvh/ >�c& frxog qrw frqyhujh wr >�, dqg wkxv +e| frqwlqxlw| ri wkh phdvxuh
>�E�mP3��, >�E`3�E4c{�mP3�� ' �1 Vlqfh 4� lv xsshu0khplfrqwlqxrxv/ j� 5 4�E>

��1
Wklv vkrzv wkdw

`�E4c{��`2E4c{� � 4�
�
\�{E`2E4c{��

�
� 42

�
\2{E`�E4c{��

�
1

Uhpdun 61 Wkh wkh surri ri sduw +e, xvhv rqo| wkh idfw wkdw wkh vhwv ri zhdno|
dqg vwurqjo| E&c{�0udwlrqdol}deoh sur�ohv duh phdvxudeoh dqg qrqhpsw|1 Wkh
surri ri sduw +f, uholhv rqo| rqphdvxudelolw| ri wkh vhwv ri zhdno| E&c{�0udwlrqdol}deoh
sur�ohv1

Surri ri Sursrvlwlrq 61431 Uhfdoo wkdw zh duh dvvxplqj qr h{wudqhrxv
uhvwulfwlrqv rq eholhiv1 Wkh vhw ri zhdno| &0udwlrqdol}deoh vwudwhjlhv iru sod|hu � lv
ghqrwhg`�E&� dqg wkh vhw ri FSVv dvvljqlqj sulru suredelolw| rqh wr vrph vxevhw
�3� � P�/ lv ghqrwhg \�E�3��1

+4, Zh vkrz wkdw hyhu| sur�oh uhdol}deoh lq d zhdno| shuihfw Ed|hvldq htxlole0
ulxp EKc }� ri dq| Ed|hvldq h{whqvlrq �K ' kKc E.���M� c EA���M� c ER���M�l lv zhdno|
udwlrqdol}deoh1 Ohw PK

� eh wkh vhw ri uhdol}deoh sdluv jlyhq K/ wkdw lv/

PK
� ' iEw�c r�� G <e�c r� ' K�Ew�c e��j�

E| gh�qlwlrq/

PK
� � P� ' `�Ef�/ }�EA�� � {��EP3�� ' \�E`3�Ef��/ � ' �c 21

7:



Vxssrvh wkdw iru hdfk �/ PK
� �`�E&� dqg }�EA�� � \�E`3�E&��1 Vlqfh EKc }� vdwlv�hv

zhdn vhtxhqwldo udwlrqdolw|/ wkh lqgxfwlyh k|srwkhvlv |lhogv

PK
� � 4�E}�EA��� � 4�E\

�E`3�E&��� ' `�E& n ��/ � ' �c 21

Wkh lqfoxvlrq deryh dqg zhdn frqvlvwhqf| ri EKc }� |lhog

}�EA�� � \�EPK
3�� � \�E`3�E& n ���

dv ghvluhg +qrwh wkdw PK
3� dqg `3�E& n �� duh erwk phdvxudeoh,1

+5, Zh frqvwuxfw d Ed|hvldq h{whqvlrq �K dqg d zhdno| shuihfw Ed|hvldq
htxloleulxp EKc }� vxfk wkdw `�E4� ' PK

� 1 Vlqfh K lv vlpsoh/ Sursrvlwlrq :14 +g,
|lhogv

`�E4��`2E4� ' 4�
�
\�E`2E4��

�
� 42

�
\2E`�E4��

�
1

Wkhuhiruh/ iru hdfk Ew�c r�� 5 `�E4� wkhuh lv d fruuhvsrqglqj eholhi }�Ew�c r�� 5
\�E`3�E4�� vxfk wkdw r� 5 o�Ew�c }�Ew�c r���1 Vlqfh o� lv dq xsshu0khplfrqwlqxrxv
fruuhvsrqghqfh/ zh pd| dvvxph zlwkrxw orvv ri jhqhudolw| wkdw ixqfwlrq }� lv
phdvxudeoh1 �K lv frqvwuxfwhg dv iroorzv= iru hyhu| �/

� .� ' 7�/ A� ' `�E4�/

� iru doo |� 5 A�/ �3� � A3� +phdvxudeoh, R�E|��E�3�� ' }�E|��E�3�mP3��1
E| Sursrvlwlrq :14 +d,/ A� lv qrqhpsw| frpsdfw dqg RoJ�X�

A� ' X�/ � ' �c 21
Wkxv �K lv d zhoo0gh�qhg Ed|hvldq h{whqvlrq ri K1 Ohw K�Ew�c r�� ' r� iru doo
Ew�c r�� 5 A�/ � ' �c 21 K� lv reylrxvo| phdvxudeoh1 Zhdn vhtxhqwldo udwlrqdolw| dqg
zhdn frqvlvwhqf| duh vdwlv�hg e| frqvwuxfwlrq1 Wkhuhiruh �K lv lqghhg d Ed|hvldq
h{whqvlrq ri K dqg EKc }� lv wkh ghvluhg zhdno| shuihfw Ed|hvldq htxloleulxp1

Surri ri Sursrvlwlrq 61441 E| Sursrvlwlrq :14 +e, zh rqo| kdyh wr frqvlghu
wkh uhodwlrqvkls ehwzhhq zhdn udwlrqdol}delolw| dqg grplqdqfh1 Wdnh dq duelwudu|
�qlwh jdph1 Li Ew�c r�� 5 4�E>

��/ wkhq r� lv d ehvw uhso| wr wkh +sulru, eholhi >�E�mP3��
iru w|sh w�1 Wklv lpsolhv wkdw r� fdqqrw eh vwulfwo| grplqdwhg iru w|sh w�1 Wkxv
iru hyhu| uhfwdqjxodu vxevhw � � P

4�E\
�E�2��� 42E\

2E���� � VE���
+d, Li wkh jdph lv vwdwlf/ wkhq lw lv dovr wuxh wkdw

VE�� � 4�E\
�E�2��� 42E\

2E����

7;



+wkh surri fdq eh hdvlo| dgdswhg iurp Shdufh +4<;7/ Ohppd 6,, dqg d vwdqgdug
lqgxfwlyh dujxphqw suryhv +d,1

+e, Li zh dvvxph wkdw wkh jdph kdv qr uhohydqw wlhv/ wkhq ` E�� � ZREP� +wkh
surri fdq eh dgdswhg iurp Edwwljdool +4<<:/ Ohppd 6,1 Wkxv ` E�� � VEP� _
ZREP� ' VZREP�1 Vxssrvh wkdw

` E?� � VZ?
REP��

Wkhq
` E?n �� ' 4�E\

�E`2E?���� 42E\
2E`�E?��� �

VEVZ?
REP�� _ZREP� ' VZ?n�

R EP��

Wklv suryhv vwdwhphqw +e,1
+f, Lq hyhu| shuihfw lqirupdwlrq jdph zlwk sulydwh ydoxhv/ ZREP� ' ZEP�

+Edwwljdool +4<<:/ Ohppd 7, vkrzv wklv uhvxow iru jdphv zlwk shuihfw dqg frpsohwh
lqirupdwlrq/ wkh surri fdq eh hdvlo| dgdswhg wr fryhu wkh suhvhqw pruh jhqhudo
fdvh,1 Wkxv/ li wkh jdph kdv qr uhohydqw wlh/ sduw +e, lpsolhv ` E&� � VZ&EP�
iru doo &174 Vxssrvh wkdw

` E?� ' VZ?EP�

dqg ohw Ew�c r�c w2c r2� 5 VZ?n�EP�1 E| wkh lqgxfwlrq k|srwkhvlv dqg wkh gh�qlwlrq
ri rshudwru VZ/ Ew�c r�c w2c r2� 5 VEP?

�� _ZEP� � P?
�1 Wkxv iru hdfk �/ wkhuh duh

D �c D �� 5 {EP�� vxfk wkdw D �E`3�E?�� ' �/ D �� lv vwulfwo| srvlwlyh dqg r� lv d ehvw
uhvsrqvh wr D � dqg D �� iru w|sh w� +Shdufh +4<;7/ Ohppdwd 6 dqg 7,,1 Frqvwuxfw
>� 5 d{EP�o�� dv iroorzv= iru doo � 5 K/ �3� � P3�E��/

>�E�3�mP3�E��� '
DE�3��

DEP3�E���
c

zkhuh D ' D �/ li D �EP�E��� : f/ dqg D ' D �� rwkhuzlvh1 Lw fdq eh fkhfnhg wkdw >�

lv lqghhg d FSV +>� 5 {��EP3��,/ >�E`3�E?�mP3�� ' � dqg Ew�c r�� 5 4�E>
��1 Wkxv

Ew�c r�� 5`�E?�1

Surri ri Sursrvlwlrq 816 +e,/ +f,1
Fdvh +e,= e�Ew��� � 7eEw�� � eWEw���1 Lq wklv fdvh 7�Eec{c w

�� ' ieWEw��j ^
de�Ew���c 7eEw��o 1 Lq idfw/ dq| hgxfdwlrq fkrlfh e 	 e�Ew��� uhyhdov Sod|hu � dv w|sh w�

dqg fdq eh rswlpdo rqo| li e ' eWEw��1 Wkh odwwhu lv mxvwl�hg e| dq| frqmhfwxuh olnh

74Ehq Srudwk +4<<:/ Ohppd 514, lqghshqghqwo| suryhg wkdw/ lq jhqhulf jdphv zlwk shuihfw
+dqg frpsohwh, lqirupdwlrq/ Z +4, �Z+	,1

7<



+816, zlwk eW : 7eEw��1 Hyhu| fkrlfh eW 5 de�Ew���c 7eEw��o lv mxvwl�hg e| wkh E�c{�0
udwlrqdol}deoh frqmhfwxuh +816,1 7�Eec{c w

��� ' ieWEw���j dv lq fdvh +d,1 Wkxv wkh
rqo| EDc{�0udwlrqdol}deoh vwudwhj| iru sod|hu 2 dqg ESc{�0udwlrqdol}deoh frqmhfwxuh
iru erwk w|shv ri sod|hu � duh jlyhq e| wkh ixqfwlrq

iEe� '

+
w� �s e � 7eEw��
w�� �s e : 7eEw��

�

Wkh ehvw uhso| wr iE�� iru w|sh w lv eWEw�/ w ' w�c w��1
Fdvh +f,= 7eEw�� : eWEw���1 Lq wklv fdvh 7�Eec{c w

�� ' ieWEw��j^ de�Ew���c 7eEw��o dv
lq fdvh +e,/ exw 7�Eec{c w

��� ' d	eEw����c 7eEw��o1 Lq idfw/ e| fkrrvlqj e : 7eEw�� sod|hu
� lv uhyhdohg dv w|sh w��1 Wkxv dq| fkrlfh eW : 7eEw�� lv grplqdwhg e| e 5 E7eEw��c
eW�1 Vlploduo|/ dq| eW 	 7eEw�� pxvw eh mxvwl�hg e| d frqmhfwxuh eiE�� vxfk wkdw
�Ew��c eWc eiEeW�eW� � �Ew��c 7eEw��c w��7eEw���/ l1h1 wkh srlqw EeWc eiEeW�eW� pxvw olh rq ru
deryh wkh w��� lqgl�huhqfh fxuyh wkurxjk E7eEw��c w��7eEw��� +vhh Iljxuh 7,1 Fkrlfhv
eW 5 d	eEw���c eWEw���� duh mxvwl�hg e| E�c{�0udwlrqdol}deoh frqmhfwxuhv

eiEe� '
;A?A=

w� �s e 	 	eEw���
�-7Ew��c eW� �s e 5 d	eEw���c eWEw���o

w�� �s e : eWEw���
�

Fkrlfhv eW 5 deWEw���c 7eEw��o duh mxvwl�hg e| E�c{�0udwlrqdol}deoh frqmhfwxuhv +816,1
Fkrlfhv eW 	 	eEw��� fdqqrw eh mxvwl�hg e| E�c{�0udwlrqdol}deoh frqmhfwxuhv= E| zd|
ri frqwudglfwlrq/ ohw eiE�� eh d E�c{�0udwlrqdol}deoh frqmhfwxuh mxvwli|lqj eW 	 	eEw���1
Vlqfh EeWc eiEeW�� pxvw olh deryh wkh w��0lqgl�huhqfh fxuyh wkurxjk E7eEw��c w��7eEw���/
	wEeW� � �-7Ew��c 	eEw���� +vhh Iljxuh 7,1 �-7Ew��c e� lv vwulfwo| lqfuhdvlqj lq e/
wkxv �-7EeWc w��� 	 �-7E	eEw���c w���1 Wkhvh lqhtxdolwlhv mrlqwo| ylrodwh wkh �uvw
rughu frqglwlrq +815,1

Wkhuhiruh sod|hu 2*v {0udwlrqdol}deoh vwudwhjlhv dqg sod|hu �*v udwlrqdol}deoh
frqmhfwxuhv duh wkh ixqfwlrqv eiE�� 5 lE�c{� vxfk wkdw eiEe� ' w� li e 	 	eEw���/ dqgeiEe� ' w�� li e : 7eEw��/ zklfk lpsolhv wkh wkhvlv1

Uhihuhqfhv

^4` EDWWLJDOOL/ S1 +4<<8,= �Qrq0Htxloleulxp Dqdo|vlv ri Lqfrpsohwh Lqiru0
pdwlrq Jdphv/� Ghsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|1

^5` EDWWLJDOOL/ S1 +4<<9,= �Vwudwhjlf Udwlrqdolw| Rughulqjv dqg wkh Ehvw
Udwlrqdol}dwlrq Sulqflsoh/� Jdphv dqg Hfrqrplf Ehkdylru/ 46/ 4:;05331
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^6` EDWWLJDOOL/ S1 +4<<:,= �Rq Udwlrqdol}delolw| lq H{whqvlyh Jdphv/� Mrxu0
qdo ri Hfrqrplf Wkhru|/ :7/ 730941

^7` EDWWLJDOOL/ S1 dqg G1JXDLWROL +4<<9,= �Frqmhfwxudo Htxloleuld dqg
Udwlrqdol}delolw| lq d Jdph zlwk Lqfrpsohwh Lqirupdwlrq/� lq +S1Edwwljdool/
D1 Prqwhvdqr dqg I1Sdqxq}l/ Hgv1, Ghflvlrqv/ Jdphv dqg Pdunhwv1 Gru0
guhfkw= Noxzhu Dfdghplf Sxeolvkhuv1

^8` EDWWLJDOOL/ S1 dqg P1 VLQLVFDOFKL +4<<;,= �Klhudufklhv ri Frqglwlrqdo
Eholhiv dqg Lqwhudfwlyh Hslvwhprorj| lq G|qdplf Jdphv/� Zrunlqj Sdshu
HFR <;25</ Hxurshdq Xqlyhuvlw| Lqvwlwxwh1

^9` EDWWLJDOOL/ S1 dqg P1 VLQLVFDOFKL +4<<<d,= �Lqwhudfwlyh Eholhiv dqg
Iruzdug Lqgxfwlrq/� Zrunlqj Sdshu HFR <<248/ Hxurshdq Xqlyhuvlw| Lqvwl0
wxwh1

^:` EDWWLJDOOL/ S1 dqg P1 VLQLVFDOFKL +4<<<e,= �Lqwhudfwlyh Eholhiv/ Hslv0
whplf Lqghshqghqfh dqg Vwurqj Udwlrqdol}delolw|/� iruwkfrplqj/ Uhvhdufk lq
Hfrqrplfv/ 86/ Qr 61

^;` EDWWLJDOOL/ S1 dqg M1 ZDWVRQ +4<<:,= �Rq cUhsxwdwlrq* Uh�qhphqwv
zlwk Khwhurjhqhrxv Eholhiv/� Hfrqrphwulfd/ 98/ 69<06:71

^<` EHQ SRUDWK/ H1 +4<<:,= �Udwlrqdolw|/ Qdvk Htxloleulxp dqg Edfnzdugv
Lqgxfwlrq lq Shuihfw Lqirupdwlrq Jdphv/� Uhylhz ri Hfrqrplf Vwxglhv/ 97/
560791

^43` EHUQKHLP/ G1 +4<;7,= �Udwlrqdol}deoh Vwudwhjlf Ehkdylru/� Hfrqrphwulfd/
85/ 43350435;1

^44` EROWRQ/ S1 dqg P1 GHZDWULSRQW +4<<:,= Lqwurgxfwlrq wr Frqwudfw
Wkhru|/ plphr1

^45` ERQDQQR/ J1 dqg N1 QHKULQJ +4<<9,= �Krz wr Pdnh Vhqvh ri wkh Frp0
prq Sulru Dvvxpswlrq Xqghu Lqfrpsohwh Lqirupdwlrq/� zrunlqj sdshu/ Xql0
yhuvlw| ri Fdoliruqld Gdylv1 ^H{whqghg devwudfw lq= L1 Jloerd +hg1,/ Wkhruhwlfdo
Dvshfwv ri Udwlrqdolw| dqg Nqrzohgjh +WDUN 4<<;,/ Prujdq Ndxipdq/ Vdq
Iudqflvfr/ 4<<;/ 47:04931`

^46` EÙUJHUV/ W1 +4<<4,= �Rq wkh Gh�qlwlrq ri Udwlrqdol}delolw| lq H{whqvlyh
Irup Jdphv/� Glvfxvvlrq Sdshu <4055/ Xqlyhuvlw| Froohjh Orqgrq1
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^47` EÙUJHUV/ W1 +4<<7,= �Zhdn Grplqdqfh dqg Dssur{lpdwh Frpprq
Nqrzohgjh/� Mrxuqdo ri Hfrqrplf Wkhru|/ 97/ 59805:91

^48` EUDQGHQEXUJHU/ D1 +4<<5,= �Oh{lfrjudsklf Suredelolwlhv dqg Lwhudwhg
Dgplvvlelolw|/� lq Gdvjxswd/ Jdoh/ Kduw dqg Pdvnlq +hgv1, Hfrqrplf Dqdo|0
vlv ri Pdunhwv dqg Jdphv1 Fdpeulgjh PD= PLW Suhvv1

^49` EUDQGHQEXUJHU/ D1 dqg H1 GHNHO +4<;:,= �Udwlrqdol}delolw| dqg Fru0
uhodwhg Htxloleuld/� Hfrqrphwulfd/ 88/ 46<4047351

^4:` EUDQGHQEXUJHU/ D1 dqg H1 GHNHO +4<<6,= �Klhudufklhv ri Eholhiv dqg
Frpprq Nqrzohgjh/�Mrxuqdo ri Hfrqrplf Wkhru|/ 8</ 4;<04<;1

^4;` FKR/ L1N1 +4<<7,= �Vwdwlrqdulw|/ Udwlrqdol}delolw| dqg Edujdlqlqj/� Uhylhz
ri Hfrqrplf Vwxglhv/ 94/ 68:06:71

^4<` FKR/ L10N1 dqg G1 NUHSV +4<;:,= �Vljqdolqj Jdphv dqg Vwdeoh Htxloleuld/�
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 435/ 4:<05541

^53` GHNHO/ H1 dqg G1 IXGHQEHUJ +4<<3,= �Udwlrqdo Ehkdylru zlwk Sd|r�
Xqfhuwdlqw|/� Mrxuqdo ri Hfrqrplf Wkhru|/ 85/ 57609:1

^54` GHNHO/ H1 dqg I1 JXO +4<<9,= �Udwlrqdolw| dqg Nqrzohgjh lq Jdph Wkh0
ru|/� iruwkfrplqj lq Dgydqfhv lq Hfrqrplfv dqg Hfrqrphwulfv +G1 Nuhsv
dqg N1 Zdoolv/ Hgv1,1 Fdpeulgjh XN= Fdpeulgjh Xqlyhuvlw| Suhvv1

^55` HYDQV/ U1 dqg M1S1 WKRPDV +4<<:,= �Uhsxwdwlrq dqg H{shulphqwdwlrq
lq Uhshdwhg Jdphv zlwk Wzr Orqj0Uxq Sod|huv/� Hfrqrphwulfd/ 98/ 44860
44:61

^56` IRUJHV/ I1 +4<<6,= �Ilyh Ohjlwlpdwh Gh�qlwlrqv ri Fruuhodwhg Htxloleulxp
lq Jdphv zlwk Lqfrpsohwh Lqirupdwlrq/� Wkhru| dqg Ghflvlrq/ 68/ 5::06431

^57` IXGHQEHUJ/ G1 dqg G1N1 OHYLQH +4<;<,= �Uhsxwdwlrq dqg Htxloleulxp
Vhohfwlrq lq Jdphv zlwk d Sdwlhqw Sod|hu/� Hfrqrphwulfd/ 8:/ :8<0::;1

^58` IXGHQEHUJ/ G1 dqg G1N1 OHYLQH +4<<;,= Wkh Wkhru| ri Ohduqlqj lq
Jdphv1 Fdpeulgjh PD= PLW Suhvv1

^59` IXGHQEHUJ G1 dqg M1 WLUROH +4<<4,= Jdph Wkhru|1 Fdpeulgjh PD=
PLW Suhvv1
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^5:` JURVVPDQ/ V1 dqg R1 KDUW +4<;3,= �Glvforvxuh Odzv dqg Wdnhryhu Elgv/�
Mrxuqdo ri Ilqdqfh/ 68/ 65606BB1

^5;` JXO/ I1 +4<<9d,= �Udwlrqdolw| dqg Frkhuhqw Wkhrulhv ri Vwudwhjlf Ehkdylru/�
Mrxuqdo ri Hfrqrplf Wkhru|/ :3/ 40641

^5<` JXO/ I1 +4<<9e,= �D Frpphqw rq Dxpdqq*v Ed|hvldq Ylhz/� Hfrqrphwulfd/
iruwkfrplqj1

^63` KDUVDQ\L/ M1 +4<9:09;,= �Jdphv ri Lqfrpsohwh Lqirupdwlrq Sod|hg e|
Ed|hvldq Sod|huv1 Sduwv L/ LL/ LLL/� Pdqdjhphqw Vflhqfh/ 47/ 48<04;5/ 6530
667/ 7;908351

^64` KDUVDQ\L/ M1 +4<<8,= �Jdphv zlwk Lqfrpsohwh Lqirupdwlrq/� Dphulfdq
Hfrqrplf Uhylhz/ ;8/ 5<406361

^65` NKDQHPDQ/ P1/ P1 SHUU\ dqg S1 UHQ\ +4<<8,= �Lpshuihfw Lqirupdwlrq
zlwkrxw Frpprq Sulru/� plphr1

^66` NUHSV/ G1 dqg U1ZLOVRQ +4<;5,= �Uhsxwdwlrq dqg Lpshuihfw Lqirupd0
wlrq/� Mrxuqdo ri Hfrqrplf Wkhru|/ 5:/ 58605:<1

^67` PHUWHQV M1I1 dqg V1 ]DPLU +4<;8,= �Irupxodwlrq ri Ed|hvldq Dqdo|vlv
iru Jdphv zlwk Lqfrpsohwh Lqirupdwlrq/� Lqwhuqdwlrqdo Mrxuqdo ri Jdph
Wkhru|/ 47/ 405<1

^68` PRUULV/ V1 +4<<8,= �Wkh Frpprq Sulru Dvvxpswlrq lq Hfrqrplf Wkhru|/�
Hfrqrplfv dqg Sklorvrsk|/ 44/ 55:05861

^69` P\HUVRQ/ U1 +4<;9,= �Pxowlvwdjh Jdphv zlwk Frppxqlfdwlrq/� Hfrqr0
phwulfd/ 87/ 656068;1

^6:` RNXQR0IXMLZDUD/ P1/ D1 SRVWHOZDLWH/ dqg N1 VX]XPXUD +4<<3,=
�Vwudwhjlf Lqirupdwlrq Uhyhodwlrq/� Uhylhz ri Hfrqrplf Vwxglhv/ 8:/ 5807:1

^6;` RVERUQH/ P1 dqg D1UXELQVWHLQ +4<<7,= D Frxuvh lq Jdph Wkhru|1
Fdpeulgjh PD= PLW Suhvv1

^6<` SHDUFH/ G1 +4<;7,= �Udwlrqdol}deoh Vwudwhjlf Ehkdylru dqg wkh Sureohp ri
Shuihfwlrq/� Hfrqrphwulfd/ 85/ 435<043831

86



^73` SHUU\/ P1 dqg S1 UHQ\ +4<<<,= �D Jhqhudo Vroxwlrq wr Nlqj Vrorprq*v
Glohppd/� Jdphv dqg Hfrqrplf Ehkdylru/ 59/ 5:<05;81

^74` UDELQ P1 +4<<7,= �Lqfrusrudwlqj Ehkdylrudo Dvvxpswlrqv lqwr Jdph Wkh0
ru|/� lq M1 Iulhgpdq +hg1, Sureohpv ri Frruglqdwlrq lq Hfrqrplf Dfwlylw|1
Gruwuhfkw= Noxzhu Dfdghplf Sxeolvkhuv1

^75` UHQ\/ S1 +4<<5,= �Edfnzdug Lqgxfwlrq/ Qrupdo Irup Shuihfwlrq dqg H{0
solfdeoh Htxloleuld/� Hfrqrphwulfd/ 93/ 959097<1

^76` UÍQ\L/ D1 +4<88,= �Rq d Qhz D{lrpdwlf Wkhru| ri Suredelolw|/� Dfwd Pdwk0
hpdwlfd Dfdghpldh Vflhqwlduxp Kxqjdulfdh/ 9/ 5;806681

^77` VÄNRYLFV/ M1 +4<<:,= �Jdphv ri Lqfrpsohwh Lqirupdwlrq zlwkrxw Frpprq
Nqrzohgjh Sulruv/� plphr/ Lqvlwxwh ri Hfrqrplf Dqdo|vlv/ Edufhorqd1

^78` VFKPLGW/ N1 +4<<6,= �Uhsxwdwlrq dqg Htxloleulxp Fkdudfwhul}dwlrq lq
Uhshdwhg Jdphv zlwk Frq lfwlqj Lqwhuhvwv/� Hfrqrphwulfd/ 94/ 65806841

^79` VLQLVFDOFKL/ P +4<<:d,= �Udwlrqdol}deoh Elgglqj Ehkdylru lq G|qdplf
Dxfwlrqv/� zrun lq surjuhvv/ Vwdqirug Xqlyhuvlw|1

^7:` VLQLVFDOFKL/ P +4<<:e,= Shuvrqdo frppxqlfdwlrq1

^7;` VKLPRML/ P1 dqg M1 ZDWVRQ +4<<;,= �Frqglwlrqdo Grplqdqfh/ Udwlrqdo0
l}delolw|/ dqg Jdph Irupv/� Mrxuqdo ri Hfrqrplf Wkhru|/ ;6/ 49404<81

^7<` VRULQ/ V1 +4<<:,= �Phujlqj/ Uhsxwdwlrq dqg Uhshdwhg Jdphv zlwk Lqfrp0
sohwh Lqirupdwlrq/� zrunlqj sdshu 79:/ Oderudwrluh g*Ìfrqrpìwulh/ Ìfroh
Sro|whfkqltxh/ Sdulv1

^83` WDQ/ W1 dqg V1 ZHUODQJ +4<;;,= �Wkh Ed|hvldq Irxqgdwlrq ri Vroxwlrq
Frqfhswv ri Jdphv/� Mrxuqdo ri Hfrqrplf Wkhru|/ 78/ 6:306<41

^84` ZDWVRQ/ M1 +4<<6,= �D *Uhsxwdwlrq* Uh�qhphqw zlwkrxw Htxloleulxp/�
Hfrqrphwulfd/ 94/ 4<<05381

^85` ZDWVRQ/ M1 +4<<9,= �Uhsxwdwlrq lq Uhshdwhg Jdphv zlwk qr Glvfrxqwlqj/�
Jdphv dqg Hfrqrplf Ehkdylru/ 48/ ;5043<1

^86` ZDWVRQ/ M1 +4<<;,= �Dowhuqdwlqj0R�hu Edujdlqlqj zlwk Wzr0Vlghg Lqfrp0
sohwh Lqirupdwlrq/� Uhylhz ri Hfrqrplf Vwxglhv/ 98/ 8:608<71
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