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Abstract

This paper reexamines results of Konrad and Lommerud (2000). They
construct a two-stage game model of the family. We prove that their result
crucially depends on their linear payoff function and obtain an opposite result
if the interaction within the family is represented by a non-linear function; that
is, the interaction exhibits strategic complementarity.
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1 Introduction

Since the seminal paper of Becker (1981), many papers have examined issues on
resource allocation within the family (See for example, Chiappori (1988) and Chi-
appori (1992)). In these works, it is postulated that the family maximizes a joint
“welfare function”. On the contrary, Konrad and Lommerud (2000) construct a
two-stage game model of the family. In their model, educational investments are
non-cooperatively undertaken in the first stage of the two-stage game prior to mar-
riage, which means human capital investment by family members; that is, husband
and wife. After marriage (in stage 2), their supply decisions of public goods are
determined.! Using this model, they derive important implications concerning the
private provision of family public goods.? First, in their proposition 1, they show
that at the non-cooperative Nash equilibrium, a joint increase in contributions to
the public good is a Pareto improvement. Second, in their proposition 2, they show
that in the non-cooperative equilibrium, a joint decrease in education investment is
a Pareto improvement.

Although Konrad and Lommerud’s results have important implications for under-
standing the nature of private provision of public goods within the family, their result
crucially depend on their assumption on the functional form of the family members’
payoff function. They adopt a linear payoff function, which eliminates any strategic
interaction within the family. Although the assumption of the linear functional form
is admissible for analyses of a benchmark case, linearity fails to capture strategic in-
teraction in models of household production. For example, in the case of child rearing,
husbands and wives can play different roles. An increase in provision of child rearing
by husband raises efficiency or productivity of child rearing by his wife. This inter-

action is known as strategic complementarity.®> Their linear functional form cannot

'For another example of the model of the family, it is useful to see the overview of Bergstrom
(1997).

2Example of the family public good are child rearing, cleaning house, and well-being parents.

3See Bulow, Geanakoplos, and Klemperer (1985) as for the strategic complementarity.



take account of this kind of relationship in the family. By considering this strategic
complementarity in the family, we prove an opposite result that in Proposition 2 of
Konrad and Lommerud (2000).

The remainder of this paper is organized as follows. Section 2 is divided into
two subsections. Section 2.1 analyzes the stage 2 outcomes. Section 2.2 derives the

education choices in stage 1. Section 3 concludes this paper.

2 The Model

In this section, we construct a two—stage game & la Konrad and Lommerud (2000)
by taking account of the strategic interaction within the family. Following Konrad
and Lommerud (2000), we consider the family, consisting of two agents (a husband

and a wife) denoted by i = f, m. Each agent has the following payoff function:
@, oy

59 — Wi

5 5 Wi i€ {f,m}andi#j. (1)

uw; = x; + G(g5, Gm) —

Here G(g¢, gm) is the payoff from providing public good. It is given by

G(97,9m) = 95 — 697 + Gm — 09 + VG$ Grm, (2)

where g; and g, show the provisions of public goods of agents 7 = f, m. We assume
that the parameter v takes a positive value. This indicates that the relationship
between agents within the family exhibits strategic complementarity. If 6 = v = 0,
the payoff function is the same as Konrad and Lommerud (2000). Further, z; is the

individual’s consumption of private goods and is determined as follows:

€T; = wi(y _gi)7 i € {fv m} (3)

where w; is the labor market wage to be determined below, and y is ¢’s maximum
time available for working in the labor market and for contributions to the public
good. Thus, (y — g;) measures the labor supply of agent i. Apart from reducing the

time available for labor market activities, contributing to the public good has some



“psychic” cost that is measured by a convex cost function, a(g;) = $97,4 € {f, m} and
(o > 0). If an agent makes an effort to have the education, it leads to higher education
level of the agent and also brings the higher wage rate. Therefore, the wage rate
also indicates the education level. We assume that the marginal cost of education is
positive and increasing; that is, the education cost is given by b(w;) = gwf Jie{f,m}
and (8 > 0).

We consider the following two—stage game. In stage 1, each agent simultaneously
chooses his or her education level. In stage 2, taking the choice of education levels
in stage 1 into account, each agent simultaneously determines how much time he
or she devotes to activities that contribute to the family public good. We seek the
Nash equilibrium of the stage 2 game given an education choice (wy, w,,) in stage 1.
Having solved this problem contingent on given educational choices, we derive the

stage 1 subgame perfect Nash equilibrium choices of labor market productivities.

2.1 Stage 2 outcomes

In this subsection, we calculate the non-corporative Nash equilibrium with taking the
education levels wy and w,, as given. The wife maximizes her own utility given the
provision of public good by her husband, and vice versa. The first—order conditions
of these problems are given by

8ui N
99 B

The first and last terms in the second equation of (4) show the marginal cost from the
provision of family goods and the second to fourth terms show the marginal benefit.

Equations (4) define the reaction functions of the agents as follows:

1
gi = a+25(1+vgj —w;), 4,5 € {f,m}andi# j.



Following Konrad and Lommerud (2000), we assume that 1 — w; > 0. The slopes of

these reaction functions are given by

aﬂ]i_ i . . .
g, o+ 20 ie{f,m} and i # j.

This implies that the reaction curves of the agents are upward sloping. It should
be noted that there is no reaction function in Konrad and Lommerud (2000). Their
reaction curve can be depicted as a horizontal line.

When the education levels of the agents change, the reaction curves shift. We can
calculate these shifts as follows:

8gf o 1 8gm 1

dw; a+20 Ow,  a+25

Consequently, an increase in education level raises the opportunity cost of the provi-
sion of family goods, and thus decreases the contribution to family public good.

To guarantee an interior solution, we assume the following:
Assumption 1 v < 20

Solving (4), we obtain the second-stage Nash equilibrium ¢ € (0,y) depending
on the levels of education that the agents choose in the first-stage:

(1 —ws)(a+20) 4+ (1 — wy)y

e )
. (1= wp)(a+26) + (1 —wy)y
gm(wf7wm) - (Oé + 26)2 o ,}/2 ! : (6)

We examine how the second-stage Nash equilibrium depends on the levels of ed-
ucation. From equations (5) and (6), it is clear that dg;/0w; < 0,09}/0w,, <
0,0g, /0w, < 0 and Jg;,/Ows < 0.

Now we turn to characterizing the efficient outcome. We define the social welfare

as SW =>"

u; for simplicity. The efficient allocation must satisfy the following

i=j,m
first—order conditions:

oSW
09

= —w; +2(1 —20g; +v9;) —agi =0, 4,5 € {f,m} and i # j. (7)



The first and last terms in the second equation of (7) show the marginal cost from
the provision of family goods and the second and third terms also show the marginal
benefit. Solving (7), we obtain the efficient outcomes gf € (0,y) in the stage 2 as

follows:

(2 —wyp)(a+46) + (2 — wy,)2y
(v a0y — (27

(2 — wp) (o +45) + (2 — wy)2y
(a+40)% — (27)?

(8)
(9)

g?(“’f: Wny) =

I (W, Wy =
We can compare the Nash equilibrium with the efficient outcome as follows:

Proposition 1 For a given level of education, in the non-cooperative Nash equilib-

rium, a joint increase in contributions to the public good is a Pareto improvement.

Proof.

c—g = L ala a o
00 = i @ e G (02 40 20320 4)

+ wi[20% + (30 +4) (407 = 7%)] + ws[29(457 = 91)] + a2y (2 = wy) ) > 0,

i,j € {f,m} and i # j.

Thus we have gf > g/. =

The intuition of this result is as follows. In the efficient allocation, the agents
maximize the joint utility function, the opportunity cost of the provision of family
goods at the efficient outcome is smaller than that of Nash equilibrium regime, thus
the agents have incentives to increase the provision of family goods at the efficient
outcome. This results is similar that in Proposition 1 of Konrad and Lommerud

(2000).

2.2 The educational choice

In this subsection, we consider the choice of education levels in stage 1. The equi-
librium choice depends on whether behaviors in stage 2 are characterized by non-

cooperative mode or by cooperative mode. We consider these cases respectively.

5



First, we consider the case where agents behave non—cooperatively in stage 2.
Taking the second stage equilibrium allocation into account, the wife maximizes the

following her own utility given the education level by her husband, and vice versa.

U = Wi [y - g;'k (wfv wm)] + g; (wf7 wm) - 69: (wfv wm>2 + g; (wf’ wm) - 59; (wfv wm>2

* * a 6 .. . .
+ ’Ygf(wfy wm)gm(wfv wm) - Egz (wfv wm)2 - 5103, 5] € {f’ m} and ¢ 7é J- (10)
where g/ (wy, wy,) is given by (5) and (6). The educational choice, w; that maximizes

(10) is depends on w; and is determined by the following first-order condition:

Mwy, wy,) = S

ag; (wf: wm)

=y—g; (wf’ W) +[1 = 269;<wf7 wy,) + 79:(wf, Wy, )] ‘ — Bw;

ow;
_ o (- wi)(a+26) + (1 —wj)y
B (a + 20)2 — 42
(1 —wy)(a+26) + (1 —w;)y (1 —w)(a+20)+ (1 —w,)y
+<1_25 (o +20)% — 2 L (o 4 26)2 — A2 )
<_(2+a>2_72)_5wi:07 i,j € {f,m}, and i # j. (11)

The necessary condition is classified into three parts. The first and second terms in
the second equation of (11) show the marginal benefit from the education, the third
term shows the strategic effects. As can be seen in the previous subsection, please
note that the payoff function (2) exhibits the strategic complementarity in a family.

We have the sufficient conditions of the form

a+26 ary?

T (w: w:) = —
e wy) = =04 o s Y a0 = 2

5 <0 i € {fim} andi £
(12)

where I (w;, w;) = 0T /Ow;.
To guarantee the sufficient condition and that w; has an interior solution, we

assume the following:

Assumption 2

ﬁ>maX{(a+25)3—2572 a+ 46 }

(@ + 207 =P la+ 80P — @1



The sufficient condition is satisfied due to Assumption 2. Thus, we can obtain
the following reaction functions defined by I'(w;, w;) = 0,i € {f,m}.
o, = L@ +20)” =Py + ar(a + 20)w; — (a +20 +7)[(a + 20)* + v(a = 7)]
e 2920 — (a4 260)3 + B(a + 29)? — 2)? ’
ij € {f,m}, and i # j.(13)

Because of Assumption 2, the reaction curves of husband and wife become upward
sloping.

Solving (13), we get the Nash equilibrium of the two stage game as follows:

. _ [(@+20) =Py — (@ +20 +7)[(a +20)* +v(a—7)] .
Y = @+ 20) — P+ 27— (a+ 207 —ar(a+ 20) L€ Umk (1)

Next, let us consider the efficient outcome. The efficient education levels are

derived by choosing the wage rate that maximizes the following:

SW = wily — g (wy, wn)] +w;ly — g5 (wy, wn)]

+ 2[9;(10]‘: Wyy) — 59;(wf7 wm)2 + gr (W, wi) — 695, (wy, wm)2
e € a € /8 « e ﬁ
+ 795w, win) g (W5, W] = S 95 (wy, w)? = 5%2 59 (g, wm)? = 5“’;2"

i,j € {f,m} and i # j (15)

where ¢f(wy, wn,),7 € {f,m} is defined by (8) and (9). The necessary conditions are

given by
ie oOSW .
I (w;, wy) = ow,s =y —g; — Pw;
_y - Bt T QW)Y 5o e {f.m) and i # (16)

(o +46)2 — (27)?
The first and second terms in the second equation of (16) show the marginal benefit
and the third term shows the marginal cost. The sufficient conditions are satisfied
due to Assumption 2; that is,

ore(w;, w;) a+ 40
Ow;  (a+40)? — (27)?

Fife(wi;wj) = - /6 < 07 IL,J € {f’ m} and [ 7é]
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From (16), we have the following condition:

, hjeffymy, i#g (17)

7

_ 2qw; + [(a 4 46)? — (29)%]y — 2(ar + 46 + 2)
a Bl(a+40)* = (27)%] — (o + 40)

Solving (17), we obtain the efficient wage levels as follows:

e — L@+ 49)° — (29)%]y — 2(a + 49 + 29)
FT Blla+ 407 — (29)] — (a+ 45 +2y)

i€{f.m}. (18)
Proposition 2 Suppose that the following inequality holds:
1—af — (26 —~)y >0,

Then, a joint increase in education investment is a Pareto improvement.

Proof.
wi —w; =
(o + 26 +7)(a + 46 + 29)[(02 + a(46 — ) + (7 — 26)?]

[1-aB— (59| >0,
i,j € {f,m},

X

where X = {B[(a + 46)% — (29)%] — (@ + 46 + 29) HB[(a + 26) — 72 + 209 — (a +
29)3 —ay(a+26)} > 0. Thus, if 1 —aB+ (20 —7)y > 0. =
Proposition 2 holds when « is sufficiently small. When v = § = 0, the subgame

perfect Nash equilibrium (13) and the efficient allocation (18) are respectively rewrit-

ten as w; = zzj, i € {f,m} and w§ = %, i € {f,m}. By comparing these
values, we have w; > w¢, i € {f,m}. This result is that of Konrad and Lommerud
(2000). In contrast, when v > 0 and ¢ > 0, we have the opposite result that in
Proposition 2 of Konrad and Lommerud (2000). Their proposition states that agents
acquire higher education levels at the non—cooperative equilibrium than those at the
efficient outcome. When the relationship between husband and wife exhibits strate-

gic complementarity, the agents acquire lower education levels at the non—cooperative

equilibrium than those at the efficient outcome.

8



We can consider the policy of educational subsidy. Consider a subsidy z on educa-
tional expenditure, this subsidy changes the cost function fw?/2 to (1 —z)Bw?/2,i €
{f,m}. This subsidy decreases marginal cost of education and increases education
level. Thus a subsidy on education expenditure is a Pareto improving. This policy
is also contrary to Konrad and Lommerud’s proportional tax policy on education

expenditure.

3 Conclusion

This paper extends the model of Konrad and Lommerud (2000). We prove that their
result crucially depends on the functional form of the family members’ linear payoff
function. The linearity fails to capture strategic interaction in models of household
production. By considering the strategic interaction in the family, we prove an op-

posite result that in Proposition 2 of Konrad and Lommerud (2000).

References

BECKER, G. S. (1981): Treatise on the Family. Harvard University Press, Cam-
bridge, MA.

BERGSTROM, T. (1997): “A Survey of Theories of the Family,” in Handbook of
Population and Family Economics, ed. by Rosenzweig, M.R., and O. Stark, eds.,
vol. 1. North-Holland.

Burow, J. 1., J. D. GEANAKOPLOS, AND P. D. KLEMPERER (1985): “Multimarket

Oligopoly: Strategic Substitutes and Complements,” Journal of Political Economy,
93(3), 488-511.

CHIAPPORI, P.-A. (1988): “Rational Household Labor Supply,” FEconometrica,
56(1), 63-90.

(1992): “Collective Labor Supply and Welfare,” Journal of Political Econ-
omy, 100(3), 437-67.

KoNRAD, K. A., anp K. E. LOMMERUD (2000): “The bargaining family revisited,”
Canadian Journal of Economics, 33(2), 471-487.



