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A bstyact

B ehabib and Farmer [3] shonad that a single sector gronth macel in the
presence ofinaessing retums 10 sak may dsply an indeteminate equil b
num ifthe danad ad supply aines acss with the “wwagskpes”. W e
greralze thar result o a madel with preferancs that are nansgparabke
in aasumptian ad Bsure. W e proide a simplke analog of the B atebib
Fameraodtan thatwaks in the non sgparabke Gee. 0 uraandiian is essy
1O dak in practice ad it allons Tor equ ibria 1o be indeterminate even
wvwhen demand and supply aunes hae the stendad skpes. W e illstrate
thatequi ibrium Gan be indeterminate Wwhen demand and supply aunes hae
standad skpes ad the degee of inaeesing retums tos@ak is well within
recatestimates by B asu and Fermald [2 [TorU S manuedunng



1 Inoductan

In this pgper we study the anditias uder whidn a singke sectaor gronth
maodel with inareesing retums 10 sake w ll disply an indeterminate equil b
num. Inareatpgper; B athabib and Famer|3]shoned that the codiian
1orequi ibrium 10 be indeterminate in the ae sectiar model with separable
preErenas is that the Bbar supply and demand aunes shauld acss with
te “wagskpes’. 0 urnwak greralizes thar model o the Gse in Whidh
e preberencs ofthe igpresantative agatare nan sgparcble in ansumptian
ad Bsure

T he B enhabib Farmer aanditian is intuitive and can be goplied in prac
e 1o alibrate indeterminate madek or 1o proade an econametric st of
indeterminacy in a struciural econametric madel B ut the assumptiaon that
utility is sgparcbke in casumption ad Bsure is restrictive since rtimplies
that the intertempaoaral elstia ty of substitution musteoual ae. 0 urgeer
alizatian can be gpplied In practice 1o study the exdstence ofindeterminecy
in amudh lrger dess ofmacek. A gusblyy the dess thatwe sty is the
ae most rebvant to business o/cde analysis With represatative agentmad
ek sna 1tis the lxgsst dess of gonvth madek that is asisiattwith the
styized fectthathaurs warked in theU .S. have been staticnary even thaugh
e real wage hes gonn.

B ehabib and Faamerde.. ned the Boarsupply aune tobe the quantity of
Boarsupplied as a Tundian ofthe real wage halding arstanitcosumptian.
W hen prelerencs ae sspardbke in asumptian ad Bsure the aastant
asumptian Ebarsupply aire is identical to a ssaond widely used anapt;
e Fisch Boarsupply aune de.ned as the guantity of Ebarsupplied as a
TUnctian of the real Wwage halding aastant the margnal uti ity oFaonsump-
tian! W hen preBrancs are non separablke the aostartcosumptian Ebor
supply aune is dic ergtt fram the Fisdh Boar supply aune sinee halding
astantthe margnal uti ity oFfansumptian is notthe same as holdingaon
stant tre bel oFfasumptian. W e..nd thatin a model with natsgparable
preErencs the goprapriate anditian Torthe indeterminecy ofecu ibrium is

10 urusage of“Frisd” demand and supply Tnctias olloas B ronning [ and B roan
ing D eatn and Irish [7]who intraduce the de.nitian of a Frisch demand © refer ©
damands in whidh preferencss are intertemparally separebke and the demand fTunctias for
aempaaneas ammadities are eqoressad as a fundion ofaunentpricss and ofttel a
agange muliplier assadated with an intertampaoral budget aastiant. B roaning D eaton
and lrish dte Fisch [11]as tharsauree o the taxm.




that the Fisdh Bbarsupply aune and the Bbardemand aune shauld acss
wrth the “wag skpes”’.

2 Rebdl iteyatue

T heB enhabib Fameraaditiaon Torindeterminecy hes beenwidely artiazed
as bangimplasibk (ss2 Toreamnpk the disassian byh iyegan [1), sSince
e required dagee of retunms o s@Ek is higer then seams aasistattwith
reaEtesstimatss. B asu and Femad [2] Toreampk . nd that the retums
osaEk parameter in U S. manuledunng is not mudh éboe uniity. T his
doservation hes lBd a rumber of authars 10 study altermative gpopraedss in
whidh indeterminecy Gan be dotained mare essl ly. B ahabib and Farmer[4]
..nd thattindeterminacy in muli- ssctormadek does notrequireahich degree
ohnaessing retums o sak, adP el [14 ]is ebke togaerate indetexrminecy
1o reesanebke parameter\valles in a madel ofhome produdctian. 1N a recac
paper; B ehebib and |l ishimura [5 Jshowv thatindeterminecy Gan arise in a
mulli- ssctormadel with costant retunms 10 scake even when exdiarmali ties are
abittarily amall

Pellon ad W alkdmam [13] gearate indeteminecy in an endagenas
agonth madel with assumptias smibrto aus. Thareampk is a Im-
iting Geee ofaurmadel in whidh the sogal ted oy is nearin apital In
this e the equi ibrium dynamics can be reduced o a.. iIstader dic erance
equation in asinge state \variabe. |n aurmaodel in aotrest, the desaiptian
ofFequi ibrium dynamics reguires tho state variabks, as in the standad real
business g/ madel W e show thatt ITae allons Tor nat sgparabke pref
erencs eguilibria may be indeteminate Tor retums osak of 1.03. 0 ur
bner degee of retums 1o sk is 1N ageamentwith recat pant esimates
by B asu and Femald ad it allons 1or indeterminacy 1 aour even When
e danad aune skpes donn ad the aastant casunptian supply ane
skpes w. T heP ellni-W aldman endogenass gonth exampke is abo aon
sstentwith stendard sloped demand and supply aunes, butitreguires that
retums o sEk be egal © 1.665 when the Bbar ebstiaty is calibrated 1
eoLal Boar’s share ofnatiaal income. T his is unrealistically hich.



3 P roduction Tedyology

0 urtsed oy is EBen directly fran B enhabib and Famer [3] W e assume
a ke numbar ofF competitie .. Ims, eech ohwhidh producss a hamagenas
anmadty using a anstant retums 1o scake tsd ooy,

Y = K°L°A @
wherea+b =1 ad A > 0. Eadh..im takes the aggrecate productivity shodk
A a8 gwven. H oneer; A is determined in praciice by the activity of other
.mms. W e madel exiermali ies by the equatiaon

A= RKoe[pb @)

where K ad L daote aerage eaonamy Wide use of cpital and Ebarand
l1>a>a,0>bada+>1.Welmtarshs ©Otecaceweea < 1
sneEevwena = 1 thedyrmamics aofthemaodelbeconeaedmasiaal T hisis
the Gee dfendogenaus gronth alkeedy studied by P ellonil and W aldmamn [13]
In the e ofa > 1 gonth is eplosive and we ruke this autby sssumption.
Substitutingfrom (2) into (1) kacs than epressian Torthe sodal productian
fUnctiat
Y = KoLP. (©))

W e assume that Bctor markets are anpetiinve ad that the Bcars of

productian reE\e .. >ed shares ofnatiaal inaome;

wlL
b= < (&)
a:%, )

where w is the vwage rale and r is the rental ratke both messured in t&ms
of the caasumption good. Fedor shares in natiaal inaome ¢ and b, willl
dizer fran the sadal margnal products, o ad (5, due 1 the edstance of
extermalties in production.

4 The CasumersP rdbEmn

In this sectian, We desaribe the preferacs of the riepresaTiative aasumer.

W e assume thataasumers denve uti ity fron the instartaneas uti ity TUnc

tian

cv(L) il
ljo

U(C, L) = : ©



whereo > 0, 0 6 1, and V (L) is anopecgi\ve stiictly deaessing an
ae Tindiocn banded aoe ttatmagos 0, L | < W eaboassume that
V' (0) is baunded and V (0) > 0. L hes the intexpretatian of the aansumer’s
endonmat of BHsure and we allow Tor the passibi ity (sine aartan smpke
eampks hae this Batuie) that L = 1. TheftndianU (C, L) displys a
astantinterempaal ebstiaty of substitution and gaeralizes the utiity
TUnctian used by B enhabib and Faamer[3}

LH—’V
[ | 1+'77

wvhi Etmaintaining the property thatinaome and substituition e ects exactly
balanae eedh atherin the Boarsupply ecuation. T his prgperty is impartant
sIneE itapturss the Bt that Bbarsupply perpersa is goprodmately sta
taary in the U .S. althaugh the real wage hes gonn atan aerace rate of
1.6 peryearinacitury ofdaia W hen the asumer hes unitekbstiaty
of interempaal substitution the parametery; o, Is ae In tis e iIfthe
iV (L) is gven by;

U(C, L) = InC

)

il

Y

H LH—’V
V(L) =exp s

aur utiity Tuncian éan be shoan (Lsing L H agpitals R ukE) 1 redue
eqguatian (7).
T he representative caasumer maxdmizes the presantvale ofutiity
Z

U (C,L)e*dt
0

subject 1o the budget arstrant
K=(r §8K+wL jC,
the inftial adittan
K(0) = Ko,
ad the “rnoP aw sdanme’ astart
Z

(o)

Q(s,0)(C(s) Fw(s) L(s)) - K(0)

s=0



wherep > 0 is the discountrage 0 < 6 < 1 is the dgpregation rate ad
Z

S

Q (s,t) = e "y

v=t

is theprice cfaunitofasumptan atdatet Tordelivery atdates. Sineethe
individual producass e arstantretunrs 1o sak tedndagess, thereareno
pro.ts in this econany.

5 SoMrgtteCasumersP robkEmadiArnd
ingall arket Ecquilibrium

T osohe the asumer’s prdblem we ce. e the presattvalbe H amilltanian

Ccv ()] il
1l jo

where A is the costatie \variabke
T he..istaderaadtan with respect to asumptian is.

H =

+A[(r i0)K+wL jC)| ®)

A=CV(L)"° @)
and with respectto Bbarsupply is

V' (L)

wh = "7 ik (10)

Substituting () iNto (10) ad using the Bct that the Wwage equak the mar
gnal product of Bbar kecs 1o the static aodiiat
Y V' (L)

whidhis the riegulemantthatcthe necatinve of the ratioofFthe margnal disuti |
ity of Bbarsupply 1o the margnal uti ity ofcasumption shauld be equiated
Ote malwnware
A Ibhg an gotimal path, the shedonvvalle of pital A must doey the
div erantial equatia .
a

A=Ap+6 1), 12)

5



where we have used the .. im’s gotimizing anditian (6) in equatian (12) o
wite the mtal rake a6 a fundion of piral ad Boar: T he ttasvarsality
aodiiaon assadated with this prdolam is represanted by the equatiat

lim e ”*A = 0. ()]

t—o0

T o amalyze the dyrnamics ofF a ampetitive egui ibrium, the Olloning ttas
fomatias make the analysis essler. FHist we divice the pirtal Tomatian
eguation by the bwel ofFpital

iy oc
K K'Y 'K

D e.ning lonarceee Eters )\, [, k, c and y O be Iogarrthims oftha r respectinve
upparcase daradiers, the ao state equatian beaomes:

A=p+6 jae'™", a9
and the pital acomublation eguatian is

k=ev" §6 je " (15)
W ewvwaud like 1O analyze the stabi ity of this par of dic eraial equatias
araud asteedy state. Todothis we must.. ist..nd the steedy state then
dotan eressias Tory and ¢ intems ofthe variablkes A and k.
6 PBgressias ortte Steady Stake

In this section e ue the Bt that

is maotonically inaessing 1o showv that the madel hes a unigue steedy
stale || aotonidty of . (L) ollons fran the sssumptias tatV’ (L) > 0
adV” (L) <0 sinc

£ ) o

Vi) a V(L) V(L)

i
V(L)?

R (L) = > 0.

6



\ otice abothatsinee V' (0) isbaunded and V (0) > 0, 4 (0) is paitive ad
e W ewll use this property belw 1o esteblish edsteae of a unige
steedy state \ale L.

W edaotethe Iogarttims ofsteedy statlearisbbks 1Y, C, K, LgasTy*, ¢*, k™, [* Q.
T 0o showv uniqueress, ...1Istdocse )\ = 0, and sohe equatian (14) ©..nd an
epressantry* §k*:

u,0+6
a

y ik =In 19

Similarly, setling/: = 0, and usingecpatian (16, sohe equatian (15) o gve
anepressantore’ j k*:

M T
¢ jk =1In p+o6(1ia) 17
a
= -
Itollons fion (16§ ad (17) thaty” jc* =In £ > 0 enbeuniqely
determined. Fan the Bbarmarketeguatian (11) we hae
" +In(h(L")) =1log (b) + (" i), (18)

Letf(L*) " log (L*)+In(h(L*)). Sincch (0) is..nite f(0) = §1.Sina2h
isinaessing f (L") isinaessingand f (L*) ! 1 asL*! 1 . Itiolons that
thereis aeand oy ae pasitive \allbe of L'gforyghida (18) holds. Since L
is bandd thaeissane L orvvnidh L* 2 0, L ad hehcee Tray dace
of utlity Tndiaon there is an yppeaer baund an Bbar supply Torvnidh the
equiibrium is interiar: ¢ iven thevalbe of L* ae an ampute [* and gven
tevabess ofy* § £* ady* j ¢ ae @an use the producion Tonaian (3)
sobe Torthe individual vaxiabks *, k*, and ¢*.

7 D yrmamic equilibria

A nequilibiium is atime path Tothestate vanebE £ and the astate variebe
A thatsatis..es the system:

AN = p+6jaey™® 9)
ko= e F §6 e (20)



with the baundary aoditian £ (0) = ko, and the tramsvarsality aoditian
lim et = 0, togetherwith asetof time paths Tor the \ariebks ¢, | and y

t—oo

thatsatisky the Sce aadiias

y = ak+pl D)
¢+log(h(L)) = log(b)+y il 22)
A = jgoc+ (1 jo)log(V(L)). 23

Equatian (21) is the production Tuncian, (22) is the Bbarmarket.. istader
adtan ad (23) is te . st adar adton or ddce of asumption.
Equatias (21), (22) ad (23) cn be witien as asetofgoprodmate inear
equatias by de. ning the parameters

K il
B iL*V,(L*)
L' (L)
S TR (25)
yed te equatias
7 = ak+pl, 29
1+l = §ic @7
A = joe+v(o i), (28)

where tilbe’s danote deviatias from the steedy state
T he parametars v ad v hae relinely smpk intapretatias. Fan
equation (11) itiollons thaty is the share ohwagss relatie 1 aasumptian
sSnas
iL*V' (L") wl”
V(L) — C°
ITwwe combine govemmentand private casumptian, the ratioohwace inaome
O asumptian hes been gpproamately 1 sine 1890 inU S. data I'tiollons
thaty is goproamately egual 1o 1. T he parametery can abko be remared
fron datla 1Tae Ineaizes (11) aroud the steedy state then v wauld be
the skpe oftre aastart casumptian Boarsupply aune.




8 L o@AlD yrmamics

In this sscian, we aalyze the lobal dymamics of the system araud the
unigee steedy state. | e have desaibed the econany by a parofdis erential
equatias in A adk, (19) ad (20) ad by three static equatias in the
aiabks )\, [, y, adc. | dlice .. st that the dynamic equatias (19) ad
0) aefunctias of(y j k) axd(c j k). 0 ur..istteskis toshovthat the
three static equatias 269, (27) ad (28) can be sohved 1o ..nd expressias
r(y jk) ad(c jk) e Tndias of A and k. W e..nd ecct epresias
Tothese variables in the gopadixinwhidwe deme equatian (29) ad ..nd
epldatpaametricepressias Torthe ebmants ofthe matrix ¢ :

=

=

@)

T D

oOr <
=l
T T[N

U sing the notatia .
— b 9
P
¢3 ¢4
we an wie the dynamics of this system araund the steedy state e an
gopraamate Inearsystam:
A A
Pk

wvhere we shawvin the gppendix that the ebbmnatts of J can be wiitlen as.

- im - i
J |a?1 G i£ & ¢ |a%§2 i£ .o
¢ B jgy 2§50 ¢, 22 g, EE§6

a 4 a

: @)

pes @ -
@ ¢ . @)

a a

Sinceae\aiabke ofthis pa rofequatias is predetermined and the other
is freg the system will have a lbally unigle (determinate) egu ibrium when
e steedy state is asaddE; this reguires ae necative riootand ae pasitive
rootofthe matrix J . Indeterminacy ofequi Ebrium aaaurs when both raots
of J are necatine. Sinee the trace of J is egual O the sum of the roots ad
e detarminantis egual o tharproduct, determinecy wauld recuire

Tr(J)<0, Det(J) <0,
and indeterminecy that
Tr(J) <0, Det(J)>0.

g



T o daracterize the aodiias When indeterminecy caaurs as Tunctias of
e paramneters of the madel we esteblish the olloning tho resulis

P rapasitian 1
sign (Det (J)) = sign (n)
were
n"o@Bivil) iv(oil)
P rgpasrian 2
Tr(J)=p+Q, )
were
V1 91 Al -
Q'i(pj;(s) (cil) Bav |p6f6 +d(l+7)o
ad -
d'(a ia)

a

P rook ofboth resuls are gven in the gppadix Inthe aeeveno = 1,
aur madel aligpsss 1o the B enhabib Farmer- [S]madel ad in this cee )
ollpss 15 §1 17 adthe deteminantoflJ is paathvewen g > 1+ as
in B enhabib and Faamer: | olice ako thatT'r (J) is pative when there are
noexeamalties ando = 1 sine intisase T (J) = p. Farsmall cpial
extemaltes honeer; the trace of J beaomes necatinve as soon a6 1) Passss
thraugh zerg from asmall necative numbertoasmall pasitive numbersinae
wheno =1,

(p+9)

Q=1

IT7n is small (doe 1 zaro ad paitive then @ is bge and necatinve ad
fran propaatian 2 it olons that the trace aanditian Tor indeterminecy is
met H exxe wenl > a > o ado = 1, anecsssary ad su¢ dattaditian
or indeteminegy is that there edsts a\ale n* atwnidh the trace of J
switdhes sign. Inthe ase of o = 1 indeterminacy aoours When

d(1+4+7). (€9))

O<n<n =(p+6p d1l+7).
T he aoditias Torindeterminecy when o is notegual o1 are that

10



= = -

Lda+wa+(ain/3nbliﬁ3 > 0, ad

2.1n>0.
In this Gse indeterminacy aaaurs Tanalies of) In the range
- M M 1.
. (pt9) _ _ _ 6o
0<n<n' = ; dl+y)o+(cil) Bivy 1|p+(5

T he reeson Tor the codiion thaty shauld be pasitive is dovas sinee
itimplies that the determinatof J is paitive. Cadtianl is suc aattito
imply a necalive ttaee at the parntwvwhen » acssss 0 fran aboe sinae at
this panty is small ad paaitive and itolloas fron ecuatian (B) that ) is
ke and necatineg hence the traae oF J IS necatie.

Cadtan 1 is satis.ed when ¢ = 1 Tor paitive pital examalties
(d>0) and by attinuty Torvales of 0 doe toae.  In anputatiaal
epaimatts e were bk 1o garerate eampks of indeterminate e ibrna
fonales ofo rangngfram 0 102 althaugh valles of o geaier ten 1 make
It harder o gaerate an indeterminate egui ibrium, sincewhen (o § 1) is
strictly pasitive 7 mustbe brger thaen woud otherwise be the aee Torn O
swrtth sign. 1N auralibrated examples we essi ly dotained indeterminecy Tor
c alittk bharten 1 ad 7 notmudh bigger then b. In aur alibratias,
(B iv( §da/(p+9))) wes typically necative and so both terms of aadi-
o1 ware paitive atthe pantwhere dhanged sign. W e showvbelovthat
aoditian 22is satis..ed Wwhen the skpes ofthe Bbardemand aune and the
Risch Bbarsupply aune acs with the “wag skpes”.

9 TheCaseofBEEdoogas( ronth

0 urresults an indeterminecy are relted 1o the endogenaus gronth maodel oF
Pelln ad W albdmamn [13]who study the Geee of a praductian fincian in
whidh there is a pital extermality butno Boarextiemalty. T he tednology
studied by P ellni and W admam is

i- ¢
Y =F KL K
where K and L are private inputs of pital and Bbarand K is a apital

exdeamalty. F' (X,Y) is astant retunrs 1 sak tedndlgy tetis inearly
honagas in X adY. W hen F is Cdob D augs, this struciure is the

11



Iimtingae ofarmakel ora = 1 ad § = b (no Bbar exiemal tiss).
SineP ellmi and W aldmann donotimpase the assumptian that F' is Cdob
D auges they are bk o investicate the 10k of the elstiaty of substitutian
betneen Ebar and il in productian an indeterminecy of the balenasd
agonth path as well ss aasidaring the roke ofthe ekstiaty ofsubstitutian of
asunmption ad Hsure in utiity.

H anvdoess this model dic erfram aurs? FHirst, the equi ibriaofthe P elloni-
W aldmamn madel are balencad gonth patts that aan be desaibed by a
div erae equatian in a singke stake \variebke. B ehebib and Famer [3]in
tharaignal pgoeralionad Tor this ase; we have ruld itaut by assuming
thata < 1.2 T heaendogenacs gronth versian ofthe macelwi Il spically hae
mulipke balbnad gonth patts in aontrast with aur model in whidh the
steedy state e ibrium is unigue. P elloni and W abdmann asider the eese
with no Bbar exterralities ad they are ebke 1o proe that indeterminecy
oaurs araund any gven balenasd gonth path when o < 1 proaded the
productian TNdian is aaae enaudh. “Caxae enaudt’ meas that the
productian fonctian in intansive Tam hes a Exge necative ssaod dematine
ad itis egunalait o the asssumptian that epital and Boar are strag
amplimats3

A haugh the balenced gonth versian of the madel is interesting the
magnituce ofthe Gpital exiemal ies thatare requl red Torendagenaus gronth
are exttame. ITae albraies the private pradudian fundiaon wsing Bctor
shares ofF 1/3 O gpital ad 2/3 1o Ebar the aggrecaie tedrolgy in the
Pelln W aldman vaersan of the model wauld have inaessing retunms o
the sodal pradudtion functian of5/3. W e think that this is enpircally im-
plksbe. T he assumption that Bbar and casumptian are nanseparcbke
is honever; pleusibke ad there is aasidarable econanetric eMdence ecanst
the assumption oflccanmtmicuti ity oerasumptian. Forthis reesonalkoe
itis worth studying the modelwirth small pital and Bbarextemalies? In

26 eneralizing aurmackel t asider® =1 wauld lgthen aurpgperand acd k.

3In aurmadel with Boar extermalities, indeterminecy can coureitter ord, < 1| or
r¥ _ 1 althouch itis still true that indeterminecy is mae likely or the ese of bw
%. W e restrict aursehes 1 a Cdob D augiess ted ooty because we hape 1o show thaie
indeteminecy can arise in mackek that are alibrated in a vway that can be aampared
directly with stendard real business o/ce eaanamies most ohwhidh usss aCdob D augies
production tedyology: T he P ellni-W albdmann results suggest that indeterminacy would
be mae likely if tednology ware calibrated as a CES produdtian fonctian with inputs
thatare complimants rather then substitutes.

4In relted econametric wark Farmer and 0 hanian [10] have estimated a structural
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relted wark R doertoP erll [14 Jhes shonn thatta madel with hame praduc
1N an gernerate indeterminecy with a low degree of retunrs tosak ad
Boarsupply aurves with “stendard skpes”. P eri’s warkis essatially a tho
sectormaockel inwhidh ane sectorproducss anamarketed good. 0 urresults
are generated In the standard ane sectormaocel and Tor this resson they are
ofindegpendantintersst

10 Thel aboril arketad Inceterminecy

T he indeterminecy aodiian of B enhabib and Famer (that BEbar denad
mustskope up mare steeply then Bbarsupply) hes been widely artiazed as
empincally implusibe. (Seeforeampk thedisassianbyh iyegar [1). In
this ssctian, we showv that this counter intutive resultis not necsssary Tor
inceterminacy in the mare ganeral Gese ofnan separablke preferaas ad we
rekbie aur aaditias Tor indeterminecy 1 the skpes of Bbar damad ad
supply anes. 0 urman resultis that the B enhebib Famer [3] aodiian
that Ebardemand and supply aunves atcss with the “wagshkpes” greral

izes o the non sgparable ese  butthe aonectaonagptof Bbarsupply is the
Risch Boar supply aune; de.ned as Boar supply as a Tunction of the real
waoe hading aastant the margnal uti ity oFcasumption.

10.1 SeparabEU tty
W heno = 1 the utiity TUncian is Iogarrttmic and the determinentof J is
pasitive when
Bil>y
Inthis ee the Fisch Bbarsupply aunead the aastant aansumptian Boar
supply aune are idaical and gven by
In (w) = c+7l,
ad the Bbardanand auneis
In (w) = castatt+ ak + (8 1 1)l

madel aftheU .S . eanany and usaed the resuls thatwe disass in this paper oinesticate
e hypothesis that that the U S. eaonamy is well desaibed by a ae sector madel with
an indeteminate balbnasd gronth path. 1N aotrast o the work by Farmerand 6 uo[9 ]
Famer and 0 henian [107]..nd eMdance egairst indeterminecy. T harwak ielies in part
an the greralized B enhebib Faamer aonditian thattwe daxinve belonv
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Sine the skpe of the Bbar supply aune is v and the skpe of the Boar
dmad aineis § j 1, anecsssary aandiian orindeterminecy is that the
skpe ofthe Bbardemad aune is lgerthen the skppe ofthe Boorsupply
are.

102 N anSeparabke U tkity

In the mare geral Gse When intertemparal substitution dicers from ag
the necssary anditian Torindeterminecy is thaty > 0 whidh implies, rear
rangng the ce.nittan ofy), that

(il

Bal>——9v+n.
g

Inthis ee the Fisch Bbarsupply auneand the aastant aansumptian Boar
supplyanedoer. A neargpprodamatian o the FHisdh Bbarsupply aine
in the neigbahood ofthe steedy state iig'\enty T
il
—(“U' S+ 1 34
Ifaesubstitutes Tor)\ fran eguatian (28) intoequatian (34) ae dotars the
astantasumptian Boarsupply aune;
In(w) = astant + ¢+ vl, )

whidhis idattical (Uup toaastat®) O thesgparcdbkecee. T he Bbardeamand
amneis

In (w) :crrslantil/\Jr
o

In (w) = aastent+ ak + (8 i 1)L (€3]
\ otice thatin ganeral the necsssary condiion Torindeterminecy thatn > 0,
implies that the Boa-demand aune and the Fisdh Boarsupply aune acss
with the wrag skpes. Sinee the aoet dentof/ in the Aisch Boarsupply
ane dpends nthesign of (o § 1), indeterminacy may oaurin the mae
ageeral madel when the Bbardamand aune skpes doan. T his may aaaur;
Toreanpk ifo < 1 ad g j 1 (the skhoe of Bboa-rdemad) is necatinve but
geglerten (v (o j 1) /o) ++ (theskpe oFAisch Bbarsuoply). | ole that
in this cse the Fisdh Boarsupply aune woud skpe donn ako
Equatian () skpes wp Torally > 0 (a necssay anditian Tor baoth
asumptianand Hsure tobe namal goook). 1'tiolions that, when themadel
is geeralized o allovTardiz eing degress ofintertemparal substitution, the
Boardamand aune ad the aastantarsumptian Boarsupply aune may
retum o tha rtadticgal skpes esenwhen the steedy state is indeteminate.
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Parameter Vale D eaiptian

p 006 dscontrae

o 1 et dentofrelte risk agsian
a 03 Goral share

m 1 retums o sake

y 0 EBbarebstiaty

1) 010 deredatian rae

Tabk1l: BaxdmakCase

11 A N urmerncal BEBanpke

In this sectian, we aampare the dyrnamic praperties ofthe model Torallerma
e parametenales. ' e begn with abaxdmakaceegveninTabEl, in
whidh the madel hes separabe preferencs and no extermali ties.

T he returms 10 scake parameter; m is relled oo and o by theequatias.

a = am
8 = bm

In the bandmark s the trace of the Jaadbian matrx is p whidh is
paitive ad indeterminecy Ganotaar:. InTabke 2, in arsst we \ary
te dgee ofreturs tosakEfron 1 ©1.9. W henm, reades 1.43, thereisa
bifircatian in the system fran astabke ssddipanttoasnk A tths pant
themadel dsplays an indeterminate steedy state and is Gpable ofgenerating
business Fuciuatias driven purely by animal spints as in thewark ofFarmer
ad( uo[8] Todotan anpkx rooks (Farmerad ( uo argue thakt this is
required to mimic the U S. data) the retunms 1o scake parameter must be
inaeesed still rther 10 1.48. B ecause reEt anpircal estimatess (see or
eampk the work by B asu and Fermald [2 ) sugpesst thatan upperband an
e degee of retums tosak inU S. manukectunng is 1.09, the sgparabke
G2 regures an implausibly hich degree of retunms to sk Tor the dala o
be aosistatwith indeterminacy.

INnTabk 3 we Ik ata e where utiity is siditly diceratt fran the
sgparabk g Gse; paa. Gy e Etthe intertenpaal substitution parame
terdrp fran 1 ©0.75. In this Gee we paerfom the same amputatical
eerdsx ad ..nd that the system bifurcates from a stebke seddigpantto a
snkatamudh lonermagituce of returrs toscak 1.03. T hisiswellwithin
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R eturms OS&Ek R ootl Raoot2 | D ynamics
1 0.45 -0.35 | saddigpath
11 -0.4017 0534 | seddigath
12 -0426 0.672 | ssddigath
1.3 -0.4657 1.0807 | seddigpath
14 -0.55 3915 | seddigath
14 -05a% 5833 | saddigoath
14 -05824 12.19 74 | seddigath
143 0.6 -70.2818 sink
144 -0.689 -8.381 sink
145 -0.633 -42227 sink
146 -0.7087 -2.663 sink
147 -0.7843 -18248 sink
148 | -1065+0.0848i -1.065-0.0848i sink
14 | -09076 0341l -090760.3a1i sink
15]-0.7925+ 043441 -0.7925-0.4344i sink
1.6 -0.3+0.4211i -0.3-0.4211i sink
1.7 ] -02714+ 0.34Ri  -0.27140.34i sink
18| -02213+0287i -0.22130.287i sink
19 | -0.1925+ 0.2443 -0.1925-02443i sink

Tabk?2: VaresR eturms ©SaAk Baxdmak Case
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R eturms OS&Ek R ootl Raoot2 | D ynamics
1 -21306 21956 saddigath
101 -283685 30814 | seddigath
1.02 -78212 10.7812 | seddigpath
103| -0253%+ 3316 -0253%-3316 sink
104 | -0.146k 22611 -0.146+226B1i sink
105|-0.1136 18294i -0.113618294i sink
106 -00977+ 157291 -00977-157291 sank
107 |-00883+ 13951 -0.08831.395i sink
1.08 | -0.0821+ 1.2721i -0.0821-1.2721i sink
109 | -00776 11733 -0077611733 sink
11]-00744+ 1.093Bi -0.07441.09 Ri sink
12| -00G7+0.7087i -0.0&7-0.7087i sink
1.3] -0.0581+ 0553i -0.0581-0.55i sink
14| -0056+046%1 -0.056-0.449i sink
15| -0.0555+ 0.392i -0.0555-0.392i sink
1.6| -0.0548+ 0.3622i -0.0548-0.3622i sink
1.7 -0.0544+ 0.31Bi -0.05440.3148i sink
18| -0054+ 02831 -0.0540283i sink
19 | -0.0538+ 025751 -0.0538-02575i sink

Tabke 3 VaiesR etums tOS&E R iskh versan (o = 0.75)

e eanpinally rekbant rage acooding 1o the estimates of B asu ad Fer
nald. W e anducde thatby madifing the uti ity TUncion allovioNnaying
degess ofintertemparal substitutian, ae is able 1o ganerake indetexrminecy
ata mudh bner magniitude of inaessing retums then when the individual
hes Iog preferancss.

12 D isassiaon oftteR esults

A Hhaudh we have shonn that indeterminecy may be asistattwth a bbwv
degee of retums 1o scake; this does not imply thatt the ane sector macel
amadd in this vway Gan be used 1t gernerate business o/des when diven
purely by sunspots in the manner desaibed by Farmerand ¢ uo[8 ] W hen
Boardemand and arstant casumption Ebarsupply aunes atcss with the
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aneticgal skpes, purely sunspot driven business o/diess will ause an

sumptian and emplbymeant 1 moe cuero/dclly; in the daia they ae
prooy/dical T his is the same issue disaussad by B enhebib and Faarmexr [4]in
thartwossctormadel H onever; aurmadel does ked 1o the passibi ity thatt
indeterminacy may provce an addtianal ttaremissian mednenism farshods
aignating in the real ssciar-

Itis abowarth panting aut that © ganerate indeterminecy with a low
degee of retunms tos@ak we dioe the awnature of the utiity fncian
be an the Ineaxrside of lccarittimic preferancss (the parameter Wes dosen
O be snalker then unity). T his antradicts the tpical sssumptian in singke
sscior madek with aostant Boar supply that the aunature paraneter is
gaeger then unity © heb eplan the equity pramium puzk. In debase of
auralbratian, these madek do notadinan ly allow BEbarsupply tovary. |t
is notcdearhovwane shauld mgp aurnan sgparcsbke eamp e into the LNctian;

Cl—o’
- 1l jo

thatis aanmanly studied in this erature.

Fnally, recatwark byl ahin [12 Jan indeterminecy in intematicnal mad
ek ..ncs that gpen pirtal markets make indeterminecy mae kely. L ahin
parnts aut that goen cpital markets breek the ink betineen saings and
inestment and pamit indviduak O snaoth cosumptian thrauch inter
naticnal baronng and lBding therdoy making the represantative gt
behae in a mare risk neutral mamer: 0 urwark an nan separabi kities ex
plats asmibexrthame; the doeris 0 1Oz the s aarseis the aasumer
O iuduatias in asumption.

U

Y

13 Caxdleson

In this pgper; we ganeralized the B enhabib Faamer aandirtian torindetermi-
necy 1O the Gse of nonsgparabke prebrenas. 0 ur aandiian is simpke o
dak in pradice ad itawers a dess of utiity Tunctias that is the mcst
greral dess thatis asistiattwith balbncd gonth. W e found that axae
aealons Tonan sgparabi ities betnean aasumption and Hsure indetermi-
necy No longerrequires thattthe demand aune and the aastantaasumptian
supply aune shaud acss with the wag skpes. Irsteed, the required aon
dtm is that the Bbar danad aune ad the Frisch Bbar supply aune
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shaud acss with naon standard skpes; a aaditian that is smplke o dedk
in precica. B y mears ofF an exampk we shoned thatvwhen the aunature
paramneteran the utiity TUNciaon is setat(.75 in aTassttoavale ofunity
thatwould hod in the Iocartimic Gese indeterminecy can caaurak lieveks of
inaessing returrs as bwvas 1.03.

14 A ppaexx

141 Partl: D emvarng tte EEments of o

T o deme the ebmaits of the matrix ¢, we sole the static equatias (26,
@Nad@8)Tor(y ik) ad(c jk). W estartby rearangngeqatias (29
ad (28) as amatrixsystam in thevariebks (7 § k) ad (¢ j k) whidh beds
teepressiar

10 gikT i3 - 01

00 éik il I+

W ewrte the Eba-marketegu ibriun coditian (27) sgparately in tams of
the same near ambinatias ochwariabkes:

+(1+7)=0 @)

a” A

th

o]

oOr <
1}
v

)

ik

I avvy divide the seaod rovof(37) by o and divide equatian (3) by (1 +7)
odtan

107 §gik> i - 0 1ja~ A~
- ' l - =0 3
01 eik ooty U110 )
£ o oosi -
-1 _1 gy —
iy 1+ ik +1=0 (40)
Salhe equatian (40) for! and substituite into ecuatian ().
. ~ " # . ~ . -
pERT, ;5—'5”1) wg%”n A
O | k o(1+7) o(1+7) i k o 1 k
R earranging "
—_ g— o— ,,,_"‘ l ~ =
o(1+7) 1 + o(1+7) c k o 1 k
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= - ')"\ =
B -
TP

I
oOr <
= o
T T[N

_ + +
A= e ey “1)
o(1+7) o(1+7)

where - .
voAte D0
Inverting the expressian £ 4, (41) it Blbns that the ebmeants of A~ are
gven by . #
SR B R =
Det(4) 2450 1igs

where the ceterminaitof A is

oI+ +yY(eal) iBo — i
adn o ivil) iv(c il oetatthedeterminantofA is necative
when 7 is paitive

® isgven by
#
- - gl—a !0’—1 -
d = _A—IB _ U(l + IY) .o'(li’y) 1 o+ U(lﬁ’y) 1 %}’
= 1 - 1-‘,—1—@ -« 'l,b o—1 ‘I‘ 1 -
U o(1+7) o(1+7) 175

ad the elbmnents oF ¢ are 5

0= i— (@)
n

13 1 13 il) 1
¢2:U( ia)( +7)+(nl04)¢(0| ) i o @



_ 1ty as

3 p )
¢4:U(1+7)+(1iz)(0i1)¢iﬁ0 5

142 Pat2: The EbBrnaits ofJ

To..nd the elemants of the matrix J, we use the de.niias of¢,, ¢,, ¢, ad
¢4, OWTEE eguatias 26 ad (28) in the Tolloning fom:
Jik=¢ )+ ok, @
Eik=0\+ ok ®)
N anwsubstitute these thoequatias into the twodynamiceguatias todotan
teepressias
N = p+6 jaeh oktbo @)
k — €¢15\+¢2I~€+90 i6 ie¢35\+¢41~€+917 (50)
whared, add, ae astaits
00 = y* i k*7
0, = " §k*,
thatdonatint uence thedynamics. L inearizingeguatias (4 ) and (50) keds
o tesystam:
A A
P = J P (1)
where loal infomatian abaut the dyrnamics of the systam is ataned in
tematrixJ. T he ebenatts of J are gven by the eqressiat

~ jaePg, ¢ jae o, ¢
/ f¢1€00 i¢3€91 f¢2€00 i e
U sing the steedy state soltias of 6y = y* § k* axd 6§, = ¢* § k* fran
equatias (169 ad (17) we an wirte this epressian as

i,.s¢ >

whidh is equatian (31) in the text

21



14.3 Pat3 P roofofP rapasitian 1.

W e proe in this ssdian that the Sigh of the determinentofJ dgpends an

te sigh of ), a\arabke that snitdes sigh when the Bbar damand aune

ad the FAisch Bbar demand aunes acss with the “wag skpes’. FHan

eqguation (31) ricolions thatthe determinantof) is gven by the epressiat
31 T

T
Det(J) = a(¢p,d4 i 9993) pto pt0 Ell 1) (2)

The &am, (¢,¢, i $,05), is the deteminatof®. Sinea, (p+ 6/a) and
(p+6(1 ja))/a ae all paitinve the sign of the determinanit of J is the
same as the SIgn ofthe determinantofd .

sign(Det(J)) = sign(¢1¢4 i ¢2¢3) = sign(Det(®)). G3)

W e novw shov that the determinent of ¢ is related 1o the skpes of the
Bbardemand and supply aunes thraugh the tarm ). R ecall e d is de.ned
F= 5

b= jA !B
U sing the properties of the determinarnit of a square matnx
Det(®) = Det( jA ") Det(B),
and sinee the matnx A is ofdmersian tha
Det(®) = ( j1)*Det(A ") Det(B).

T his implies that;

Det(B)
Det(®) = .
UP) = Det(a)
T he deteminantofB is .
Det(B) = 2 4-
o

adsineeweassunel < a < 1 ado > 0, thedetarminatof B is necalive.
T harefare the sign ofthe determinentof® is the qopasite ofthe sigh ofthe
deteminatof A:

sign(Det(J)) = sign(Det(®)) = jsign(DetA).
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B utfian de.nitian of Det (A) , equatian (42) itllons that
sign(Det(A)) = isign(n),
therefore the sign ofthe determinantof J is the same as the Sign ofy).
sign(Det(J)) = sign(n).

Q ED.

144 P art4: P roofFofP yropositian 2.

RAan the de.nitan of the elements of J In ecuatian (Bl) we ean wiie the
traeofJ a&

M 11 M 11
R A R T AR X T e 9
U sing equatias (44) and (46 note that
¢2i¢4: im)
n
and il
oy = il iOﬂ/J(ZI )
U sing these eressias e an renrtie (54) as llons,
Tr(J) = (pt}é)ﬁ i (p+5)t;;v(1+v) i 0 i &V(Un—l)w o5
X Y Z
I aovwite tteepresssias X, Y, ad 7, as Ollons,
X = g(p+6)0 i (Uil)(/)+5)§,
v - i(p+6)0(1+v) . (@ ia)(pt+d)o(l+7)
7 ¢ TR
7 — H@il(p+é) Yo il)(p+o6) | _ ba
= i + 1§
Ui Ui p+0o
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Cdlcting tooether the . st terms of eedh of the epressias Tor X, Y ad
Z aaduwingtede.ntionofnp =0 (f i7vil) iv (o il)weanwitete
sunoftetams X, Y ad Z as

X+Y+Z=(p+6)+Q

9 V1 Sa M -
» (c1l) Biv 1ip+(5 +d(1+v)o

d,@i®7
a

is a messure of the importanae of spital extermalties. Sinee7r (J) = X +
Y+ 7 §jb, weeanwitettetraae ofJ as

Tr(J)=p+@Q
whidh is equatian () inthe text
Q.ED.
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