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A bstract

Benhabib andFarmer[3]showedthatasinglesectorgrowthmodelinthe
presenceofincreasingreturns-to-scalemaydisplayanindeterminateequilib-
rium ifthedemandandsupplycurves crosswiththe“wrongslopes”. W e
generalizetheirresulttoamodelwith preferences thatarenon-separable
inconsumptionandleisure. W eprovideasimpleanalogoftheB enhabib-
Farmerconditionthatworksinthenon-separablecase. O urconditioniseasy
tocheckin practiceand itallows forequilibriatobe indeterminate, even
when demandand supplycurves havethe standard slopes. W e illustrate
thatequilibriumcanbeindeterminatewhendemandandsupplycurveshave
standardslopes andthedegreeofincreasingreturns-to-scaleiswellwithin
recentestimatesbyBasuandFernald[2]forU .S.manufacturing.



1 Introduction
In this paperwestudytheconditions underwhich asinglesectorgrowth
modelwithincreasingreturns-to-scalewilldisplayanindeterminateequilib-
rium. Inarecentpaper, B enhabibandFarmer[3]showedthatthecondition
forequilibrium tobeindeterminateintheonesectormodelwithseparable
preferences is thatthelaborsupplyanddemandcurves shouldcross with
the“wrongslopes”. O urworkgeneralizestheirmodeltothecaseinwhich
thepreferencesoftherepresentativeagentarenon-separableinconsumption
andleisure.

T heBenhabib-Farmerconditionis intuitiveandcanbeappliedinprac-
ticetocalibrateindeterminatemodelsortoprovideaneconometrictestof
indeterminacyinastructuraleconometricmodel. Buttheassumptionthat
utilityis separableinconsumptionandleisureis restrictivesinceitimplies
thattheintertemporalelasticityofsubstitutionmustequalone. O urgener-
alizationcanbeappliedinpracticetostudytheexistenceofindeterminacy
inamuchlargerclass ofmodels. A rguably, theclass thatwestudyis the
onemostrelevanttobusinesscycleanalysiswithrepresentativeagentmod-
els sinceitis thelargestclassofgrowthmodels thatis consistentwiththe
stylizedfactthathoursworkedintheU .S.havebeenstationaryeventhough
therealwagehasgrown.

B enhabibandFarmerde…nedthelaborsupplycurvetobethequantityof
laborsuppliedasafunctionoftherealwage, holdingconstantconsumption.
W hen preferences areseparable in consumptionand leisure, theconstant-
consumptionlaborsupplycurveisidenticaltoasecondwidelyusedconcept;
theFrischlaborsupplycurve, de…nedasthequantityoflaborsuppliedasa
functionoftherealwageholdingconstantthemarginalutilityofconsump-
tion.1 W henpreferencesarenon-separable, theconstant-consumptionlabor
supplycurve is di¤erentfrom theFrisch laborsupplycurve sinceholding
constantthemarginalutilityofconsumptionisnotthesameasholdingcon-
stantthelevelofconsumption. W e…ndthatinamodelwithnon-separable
preferences, theappropriateconditionfortheindeterminacyofequilibriumis

1O urusageof“Frisch” demandandsupplyfunctionsfollowsBrowning[6]andBrown-
ing, D eaton and Irish [7 ]who introduce the de…nition ofa Frisch demand toreferto
demandsinwhichpreferencesareintertemporallyseparableandthedemandfunctionsfor
contemporaneouscommoditiesareexpressedasafunctionofcurrentpricesandoftheL a-
grangemultiplierassociatedwithanintertemporalbudgetconstraint. BrowningD eaton
andIrishciteFrisch[11]astheirsourcefortheterm.
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thattheFrischlaborsupplycurveandthelabordemandcurveshouldcross
withthe“wrongslopes”.

2 R elatedL iterature
T heB enhabib-Farmerconditionforindeterminacyhasbeenwidelycriticized
asbeingimplausible(see, forexample, thediscussionbyA iyagari [1]), since
therequireddegreeofreturns-to-scaleis higherthanseemsconsistentwith
recentestimates. B asuandFernald [2], forexample…ndthatthereturns-
to-scale parameterin U .S. manufacturingis notmuch above unity. T his
observationhasledanumberofauthorstostudyalternativeapproaches in
whichindeterminacycanbeobtainedmoreeasily. B enhabibandFarmer[4]
…ndthatindeterminacyinmulti-sectormodelsdoesnotrequireahighdegree
ofincreasingreturns-to-scale, andPerli [14]isabletogenerateindeterminacy
forreasonableparametervalues inamodelofhomeproduction. Inarecent
paper, BenhabibandN ishimura[5]showthatindeterminacycanariseina
multi-sectormodelwithconstantreturns-to-scaleevenwhenexternalitiesare
arbitrarilysmall.

Pelloni and W aldmann [13]generate indeterminacy in an endogenous
growthmodel, with assumptions similartoours. T heirexample is alim-
itingcaseofourmodelinwhichthesocialtechnologyislinearincapital. In
thiscasetheequilibriumdynamicscanbereducedtoa…rstorderdi¤erence
equationinasinglestatevariable. Inourmodel, incontrast, thedescription
ofequilibriumdynamicsrequirestwostatevariables, as inthestandardreal
business cyclemodel. W eshowthat, ifoneallows fornon-separablepref-
erences, equilibriamaybe indeterminateforreturns-to-scaleof1.03. O ur
lowerdegreeofreturns-to-scaleis inagreementwithrecentpointestimates
by Basu andFernald and itallows forindeterminacytooccurevenwhen
thedemandcurveslopesdownandtheconstantconsumptionsupplycurve
slopes up. T hePelloni-W aldmannendogenousgrowthexampleis alsocon-
sistentwithstandardslopeddemandandsupplycurves, butitrequiresthat
returns-to-scalebeequalto1.66, whenthelaborelasticity is calibratedto
equallabor’sshareofnationalincome. T his isunrealisticallyhigh.
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3 ProductionTechnology
O urtechnologyistakendirectlyfrom BenhabibandFarmer[3]. W eassume
alargenumberofcompetitive…rms, eachofwhichproducesahomogenous
commodityusingaconstantreturns-to-scaletechnology.

Y = K aLbA (1)

wherea+ b= 1 andA> 0 . Each…rmtakestheaggregateproductivityshock
A as given. H owever, A is determined inpracticebytheactivityofother
…rms. W emodelexternalitiesbytheequation

A = ¹K ®¡a ¹L¯¡b: (2)

where ¹K and ¹L denoteaverageeconomywideuseofcapitalandlaborand,
1 > ® > a; ¯ > b;and® + ¯ > 1. W elimitourselvestothecasewhen® < 1
sincewhen® = 1 thedynamicsofthemodelbecomeonedimensional. T hisis
thecaseofendogenousgrowthalreadystudiedbyPelloniandW aldmann[13].
Inthecaseof® > 1 growthisexplosiveandwerulethisoutbyassumption.
Substitutingfrom(2)into(1)leadstoanexpressionforthesocialproduction
function:

Y = K ®L¯: (3)
W eassumethatfactormarkets arecompetitiveandthatthefactors of

productionreceive…xedsharesofnationalincome;

b=
wL
Y

; (4)

a =
rK
Y

; (5)

wherew is thewagerate, and r is therentalrate, bothmeasuredinterms
oftheconsumptiongood. Factorshares in nationalincome, a and b, will
di¤erfrom thesocialmarginalproducts, ® and ¯ , duetotheexistenceof
externalities inproduction.

4 TheConsumer’sProblem
Inthis section, wedescribethepreferencesoftherepresentativeconsumer.
W eassumethatconsumersderiveutilityfromtheinstantaneousutilityfunc-
tion,

U(C ;L) =
[C V (L)]1¡¾ ¡1

1¡¾
; (6)
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where¾ > 0 ; ¾ 6= 1; and V (L) is anon-negative, strictlydecreasingcon-
cavefunction, boundedabove, thatmaps

£
0 ; ¹L

¤
! <: W ealsoassumethat

V 0(0 ) isboundedandV (0 ) > 0 . ¹L hastheinterpretationoftheconsumer’s
endowmentofleisureandweallowforthepossibility(sincecertainsimple
exampleshavethis feature) that ¹L = 1 : T hefunctionU (C ;L) displaysa
constantintertemporalelasticityofsubstitutionandgeneralizes theutility
functionusedbyBenhabibandFarmer[3];

U(C ;L) = lnC ¡ L1+°

1 + °
; (7 )

whilstmaintainingthepropertythatincomeandsubstitutione¤ectsexactly
balanceeachotherinthelaborsupplyequation. T hispropertyis important
sinceitcapturesthefactthatlaborsupplyperpersonisapproximatelysta-
tionaryintheU .S.althoughtherealwagehasgrownatanaveragerateof
1.6% peryearinacenturyofdata. W hentheconsumerhasunitelasticity
ofintertemporalsubstitutiontheparameter, ¾ , is one. Inthis case, ifthe
functionV (L) isgivenby;

V (L) = exp
µ
¡L1+°

1 + °

¶
;

ourutility function can be shown (using L ’H ospital’s R ule) toreduce to
equation(7 ).

T herepresentativeconsumermaximizesthepresentvalueofutility
Z 1

0
U (C ;L)e¡½td t

subjecttothebudgetconstraint:

_K = (r¡±)K + w L¡C ;

theinitialcondition
K (0 ) = K 0 ;

andthe“noPonzi scheme” constraint:
Z 1

s= 0
Q (s;0 )(C (s)¡w (s)L (s))·K (0 )
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where½ > 0 isthediscountrate, 0 < ± < 1 isthedepreciationrate, and

Q (s;t) =
Zs

v= t
e¡r(v)+ ±d v

isthepriceofaunitofconsumptionatdatetfordeliveryatdates. Sincethe
individualproducersfaceconstantreturns-to-scaletechnologies, thereareno
pro…ts inthiseconomy.

5 SolvingtheConsumer’sProblemandFind-
ingaM arketEquilibrium

Tosolvetheconsumer’sproblemwede…nethepresentvalueH amiltonian:

H =
[C V (L)]1¡¾ ¡1

1¡¾
+ ¤ [(r¡±)K + w L¡C ] (8)

where¤ istheco-statevariable.
T he…rstorderconditionwithrespecttoconsumptionis:

¤ = C ¡¾V (L)1¡¾ (9 )

andwithrespecttolaborsupplyis:

w ¤ = ¡C 1¡¾ V 0(L)
V (L)¾

: (10)

Substituting(9 ) into(10) andusingthefactthatthewageequalsthemar-
ginalproductoflaborleadstothestaticcondition:

b
Y
L
= w = ¡C V 0(L)

V (L)
; (11)

whichistherequirementthatthenegativeoftheratioofthemarginaldisutil-
ityoflaborsupplytothemarginalutilityofconsumptionshouldbeequated
totherealwage.

A longanoptimalpath, theshadowvalueofcapital, ¤ mustobeythe
di¤erentialequation:

_¤ = ¤ (½ + ±¡aY
K
); (12)
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wherewehaveusedthe…rm’soptimizingcondition(5) inequation(12) to
writetherentalrateas afunctionofcapitalandlabor. T hetransversality
conditionassociatedwiththisproblem isrepresentedbytheequation:

lim
t!1

e¡½t¤ = 0: (13)

Toanalyzethedynamics ofacompetitiveequilibrium, thefollowingtrans-
formationsmaketheanalysis easier. First, wedividethecapitalformation
equationbythelevelofcapital.

_K
K
=

Y
K
¡±¡ C

K
:

D e…ninglowercaseletters, ¸;l;k;candytobelogarithmsoftheirrespective
uppercasecharacters, theco-stateequationbecomes:

_̧= ½ + ±¡aey¡k; (14)

andthecapitalaccumulationequationis:

_k= ey¡k¡±¡ec¡k: (15)

W ewouldliketoanalyzethestabilityofthis pairofdi¤erentialequations
aroundasteadystate. Todothis, wemust…rst…ndthesteadystatethen
obtainexpressionsforyandcintermsofthevariables ¸ andk.

6 ExpressionsfortheSteadyState
Inthis sectionweusethefactthat:

h (L)´¡V
0(L)

V (L)

is monotonically increasing, toshowthatthemodelhas aunique steady
state. M onotonicityofh (L) follows from theassumptions thatV 0(L) > 0
andV 00(L) < 0 since:

h 0(L) =
£
V 0(L)2 ¡V (L)V 00(L)

¤

V (L)2
> 0:

6



N oticealsothatsinceV 0(0 ) isboundedandV (0 ) > 0 ; h (0 ) ispositiveand
…nite. W ewillusethis propertybelowtoestablish existenceofaunique
steadystatevalueL¤.

W edenotethelogarithmsofsteadystatevariablesfY ;C ;K;Lgasfy¤;c¤;k¤;l¤g.
Toshowuniqueness, …rstchoose _̧= 0 , andsolveequation(14) to…ndan
expressionfory¤¡k¤:

y¤¡k¤= ln
µ
½ + ±
a

¶
(16)

Similarly, setting_k= 0 , andusingequation(16), solveequation(15)togive
anexpressionforc¤¡k¤:

c¤¡k¤= ln
µ
½ + ±(1¡a)

a

¶
: (17 )

Itfollowsfrom(16)and(17 )thaty¤¡c¤= ln
³

½+ ±
½+ ±(1¡a)

´
> 0 canbeuniquely

determined. Fromthelabormarketequation(11)wehave:

l¤+ ln(h (L¤)) = log(b)+ (y¤¡c¤); (18)

L etf(L¤)´log(L¤)+ ln(h (L¤)):Sinceh (0 ) is …nitef(0 ) = ¡1 :Sinceh
is increasingf (L¤) isincreasingandf (L¤) ! 1 asL¤ ! 1 . Itfollowsthat
thereisoneandonlyonepositivevalueofL¤forwhich(18) holds. SinceL¤
is bounded, thereis some ¹L forwhichL¤2

£
0 ; ¹L

¤
andhenceforanychoice

ofutilityfunctionthere is anupperboundon laborsupplyforwhichthe
equilibrium is interior. G iventhevalueofL¤onecancomputel¤andgiven
thevaluesofy¤¡k¤andy¤¡c¤onecanusetheproductionfunction(3) to
solvefortheindividualvariablesy¤;k¤;andc¤:

7 D ynamicEquilibria
A nequilibriumisatimepathforthestatevariablekandthecostatevariable
¸ thatsatis…esthesystem:

_̧ = ½ + ±¡aey¡k (19 )
_k = ey¡k¡±¡ec¡k (20)
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with the boundarycondition k(0 ) = k0 ; and thetransversality condition
lim
t!1

e¸¡½t= 0 ;togetherwithasetoftimepathsforthevariablesc;landy
thatsatisfythesideconditions

y = ®k+ ¯l (21)
c+ log(h (L)) = log(b)+ y¡l; (22)

¸ = ¡¾c+ (1¡¾)log(V (L)): (23)

Equation(21) istheproductionfunction, (22) isthelabormarket…rstorder
condition and (23) is the …rstordercondition forchoice ofconsumption.
Equations (21), (22) and(23) canbewrittenasasetofapproximatelinear
equationsbyde…ningtheparameters

Ã =
µ¡L¤V 0(L¤)

V (L¤)

¶
; (24)

° =
L¤h 0(L¤)
h (L¤)

(25)

toyieldtheequations:

~y = ® ~k+ ¯~l; (26)
(1 + °)~l = ~y¡~c (27 )

~̧ = ¡¾~c+ Ã (¾ ¡1)~l; (28)

wheretilde’sdenotedeviationsfromthesteadystate.
T he parameters Ã and°haverelatively simple interpretations. From

equation(11) itfollowsthatÃ istheshareofwagesrelativetoconsumption
since,

¡L¤V 0(L¤)
V (L¤)

=
wL¤

C
:

Ifwecombinegovernmentandprivateconsumption, theratioofwageincome
toconsumptionhasbeenapproximately1 since189 0 inU .S.data. Itfollows
thatÃ is approximatelyequalto1:T heparameter°canalsoberecovered
from data. Ifonelinearizes (11) aroundthesteadystate, then°wouldbe
theslopeoftheconstantconsumptionlaborsupplycurve.
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8 L ocalD ynamics
In this section, we analyze the localdynamics ofthe system around the
uniquesteadystate. W ehavedescribedtheeconomybyapairofdi¤erential
equations, in ¸ andk; (19 ) and (20) andbythreestaticequations in the
variables ¸ , l, y, andc. N otice…rstthatthedynamicequations (19 ) and
(20) arefunctionsof(y¡k) and(c¡k):O ur…rsttaskistoshowthatthe
threestaticequations (26), (27 ) and(28) canbesolvedto…ndexpressions
for(y¡k) and (c¡k) as functions of¸ andk:W e…ndexactexpressions
forthesevariablesintheappendixinwhichwederiveequation(29 )and…nd
explicitparametricexpressionsfortheelementsofthematrix© :

·
~y¡~k
~c¡~k

¸
= ©

· ~̧
~k

¸
: (29 )

U singthenotation:

© ´
·
Á1 Á 2
Á3 Á 4

¸

wecan write the dynamics ofthis system around the steady state as an
approximatelinearsystem:

· _̧
_k

¸
= J

· ~̧
~k

¸
; (30)

whereweshowintheappendixthattheelementsofJ canbewrittenas:

J´
·
¡aÁ1

¡½+ ±
a

¢
¡aÁ 2

¡½+ ±
a

¢

Á1
¡½+ ±

a

¢
¡Á3

¡£½+ ±
a

¤
¡±

¢
Á 2

¡½+ ±
a

¢
¡Á 4

¡£½+ ±
a

¤
¡±

¢
¸
: (31)

Sinceonevariableofthispairofequationsispredetermined, andtheother
isfree, thesystemwillhavealocallyunique(determinate)equilibriumwhen
thesteadystateisasaddle;thisrequiresonenegativerootandonepositive
rootofthematrixJ. Indeterminacyofequilibriumoccurswhenbothroots
ofJ arenegative. SincethetraceofJ isequaltothesum oftherootsand
thedeterminantisequaltotheirproduct, determinacywouldrequire:

Tr (J)70 ; Det(J) < 0 ;

andindeterminacythat

Tr (J) < 0 ; Det(J) > 0:

9



Tocharacterizetheconditions when indeterminacyoccurs, as functions of
theparametersofthemodelweestablishthefollowingtworesults:

Proposition1

sign (Det(J)) = sign (́ )

where
´ ´¾ (̄ ¡°¡1)¡Ã (¾ ¡1):

Proposition2
Tr (J) = ½ + Q ; (32)

where

Q ´¡(½ + ±)
´

·
(¾ ¡1)

µ
¯ ¡Ã

µ
1¡ ±®

½ + ±

¶¶
+ d (1 + °)¾

¸

and
d ´ (® ¡a)

a
:

Proofsofbothresultsaregivenintheappendix. Inthecasewhen¾ = 1,
ourmodelcollapses tothe Benhabib-Farmer[3]modeland in this case ´
collapsesto¯¡1¡°andthedeterminantofJ ispositivewhen¯ > 1 + °as
inB enhabibandFarmer. N oticealsothatTr (J) ispositivewhenthereare
noexternalitiesand¾ = 1 since, inthiscase, Tr (J) = ½.Forsmallcapital
externalities, however, thetraceofJ becomesnegativeas soonas ´ passes
throughzero, fromasmallnegativenumbertoasmallpositivenumbersince,
when¾ = 1,

Q = ¡(½ + ±)
´

d (1 + °): (33)

If´ is small(closetozero) andpositivethen Q is largeandnegativeand
from proposition 2 itfollows thatthetracecondition forindeterminacy is
met. H ence, when1 > ® > a and¾ = 1, anecessaryandsu¢cientcondition
forindeterminacy is thatthere exists avalue ´¤ atwhich the traceofJ
switchessign. Inthecaseof¾ = 1 indeterminacyoccurswhen

0 < ´ < ´¤= (½ + ±)½¡1d (1 + °):

T heconditionsforindeterminacywhen¾ isnotequalto1 arethat:
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1. d (1 + °)¾ + (¾ ¡1)
³
¯ ¡Ã

³
1¡ ±®

½+ ±

´́
> 0 ;and

2. ´ > 0:

Inthiscaseindeterminacyoccursforvaluesof´ intherange:

0 < ´ < ´¤=
(½ + ±)

½

·
d (1 + °)¾ + (¾ ¡1)

µ
¯ ¡Ã

µ
1¡ ±®

½ + ±

¶¶¸
:

T hereasonfortheconditionthat´ shouldbepositive is obvious since
itimpliesthatthedeterminantofJ is positive. Condition1 is su¢cientto
implyanegativetraceatthepointwhen ´ crosses 0 from above, sinceat
thispoint´ issmallandpositiveanditfollowsfromequation(33)thatQ is
largeandnegative, hencethetraceofJ isnegative.

Condition 1 is satis…ed when ¾ = 1 forpositive capitalexternalities
(d > 0 ) and, bycontinuityforvalues of¾ closetoone. In computational
experimentswewereabletogenerateexamplesofindeterminateequilibria
forvaluesof¾ rangingfrom 0 to2 althoughvaluesof¾ greaterthan1 make
ithardertogeneratean indeterminateequilibrium, sincewhen (¾ ¡1) is
strictlypositive, ¯ mustbelargerthanwouldotherwisebethecasefor´ to
switchsign. Inourcalibratedexamplesweeasilyobtainedindeterminacyfor
¾ alittlelowerthan 1 and ¯ notmuchbiggerthan b. Inourcalibrations,
(̄ ¡Ã (1¡±®= (½ + ±)))wastypicallynegativeandsobothtermsofcondi-
tion1 werepositiveatthepointwhere´ changedsign. W eshowbelowthat
condition??is satis…edwhentheslopesofthelabordemandcurveandthe
Frischlaborsupplycurvecrosswiththe“wrongslopes”.

9 TheCaseofEndogenous G rowth
O urresultsonindeterminacyarerelatedtotheendogenousgrowthmodelof
Pelloni andW aldmann[13]whostudythecaseofaproductionfunctionin
whichthereisacapitalexternality, butnolaborexternality. T hetechnology
studiedbyPelloni andW aldmannis

Y = F
¡¹K L;K

¢

whereK andL areprivate inputs ofcapitalandlaborand ¹K is acapital
externality. F (X ;Y ) is constantreturns-to-scaletechnologythatislinearly
homogenous in X and Y . W hen F is Cobb-D ouglas, this structure is the
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limitingcaseofourmodelfor® = 1 and ¯ = b (nolaborexternalities).
SincePelloni andW aldmanndonotimposetheassumptionthatF isCobb-
D ouglastheyareabletoinvestigatetheroleoftheelasticityofsubstitution
betweenlaborandcapitalinproductionon indeterminacyofthebalanced
growthpathaswellasconsideringtheroleoftheelasticityofsubstitutionof
consumptionandleisureinutility.

H owdoesthismodeldi¤erfromours?First, theequilibriaofthePelloni-
W aldmann modelare balanced growth paths thatcan be described by a
di¤erenceequation in asinglestatevariable. Benhabib andFarmer[3]in
theiroriginalpaperallowedforthiscase;wehaveruleditoutbyassuming
that® < 1.2 T heendogenousgrowthversionofthemodelwilltypicallyhave
multiplebalancedgrowth paths, in contrastwith ourmodelinwhich the
steadystateequilibrium isunique. Pelloni andW aldmannconsiderthecase
withnolaborexternalities, andtheyareabletoprovethatindeterminacy
occurs aroundanygiven balancedgrowthpathwhen ¾ < 1 provided the
productionfunction is concaveenough. “Concaveenough” means thatthe
productionfunctioninintensiveformhasalargenegativesecondderivative
and itis equivalenttothe assumption thatcapitaland laborare strong
compliments.3

A lthough thebalancedgrowth version ofthemodelis interesting, the
magnitudeofthecapitalexternalitiesthatarerequiredforendogenousgrowth
areextreme. Ifonecalibrates theprivateproductionfunctionusingfactor
shares of1=3 tocapitaland 2 =3 tolabortheaggregatetechnology in the
Pelloni W aldmann version ofthemodelwould have increasingreturns to
thesocialproductionfunctionof5=3:W ethinkthatthis is empiricallyim-
plausible. T heassumption thatlaborandconsumption arenon-separable
ishowever, plausible, andthereisconsiderableeconometricevidenceagainst
theassumptionoflogarithmicutilityoverconsumption. Forthisreasonalone
itisworthstudyingthemodelwithsmallcapitalandlaborexternalities.4 In

2 G eneralizingourmodeltoconsider® =1 wouldlengthenourpaperandaddlittle.
3Inourmodel, withlaborexternalities, indeterminacycanoccureitherfor¾ < 1 or

for¾ ¸ 1 although itis stilltruethatindeterminacy is morelikely forthecaseoflow
¾. W erestrictourselves toaCobb-D ouglas technologybecausewehopetoshowthat
indeterminacy can arise in models thatarecalibrated in awaythatcan becompared
directlywithstandardrealbusinesscycleeconomies, mostofwhichusesaCobb-D ouglas
productiontechnology. T hePelloni-W aldmannresults suggestthatindeterminacywould
bemorelikely iftechnologywerecalibratedas aCES production functionwith inputs
thatarecomplimentsratherthansubstitutes.

4In relatedeconometricwork, Farmerand O hanian [10]haveestimatedastructural
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relatedwork, R obertoPerli [14]hasshownthatamodelwithhomeproduc-
tion cangenerate indeterminacywithalowdegreeofreturns-to-scaleand
laborsupplycurveswith“standardslopes”. Perli’sworkisessentiallyatwo-
sectormodelinwhichonesectorproducesanon-marketedgood. O urresults
aregeneratedinthestandardone-sectormodelandforthisreasontheyare
ofindependentinterest.

10 TheL aborM arketandIndeterminacy
T heindeterminacyconditionofB enhabib andFarmer(thatlabordemand
mustslopeupmoresteeplythanlaborsupply)hasbeenwidelycriticizedas
empiricallyimplausible. (Seeforexample, thediscussionbyA iyagari [1]). In
this section, weshowthatthis counterintuitiveresultisnotnecessaryfor
indeterminacyinthemoregeneralcaseofnon-separablepreferencesandwe
relateourconditions forindeterminacytotheslopes oflabordemandand
supplycurves. O urmainresultis thattheB enhabib-Farmer[3]condition
thatlabordemandandsupplycurvescrosswiththe“wrongslopes” general-
izestothenon-separablecase: butthecorrectconceptoflaborsupplyisthe
Frischlaborsupplycurve;de…nedaslaborsupplyas afunctionofthereal
wageholdingconstantthemarginalutilityofconsumption.

10.1 SeparableU tility
W hen ¾ = 1 theutilityfunctionis logarithmicandthedeterminantofJ is
positivewhen

¯ ¡1 > °

InthiscasetheFrischlaborsupplycurveandtheconstant-consumptionlabor
supplycurveareidenticalandgivenby:

ln(w ) = c+ °l;

andthelabordemandcurveis

ln(w ) = constant+ ®k+ (̄ ¡1)l
modeloftheU .S.economyandusedtheresultsthatwediscussinthispapertoinvestigate
thehypothesis thatthattheU .S. economyiswelldescribedbyaonesectormodelwith
anindeterminatebalancedgrowthpath. IncontrasttotheworkbyFarmerandG uo[9 ],
FarmerandO hanian [10]…ndevidenceagainstindeterminacy. T heirworkrelies inpart
onthegeneralizedBenhabib-Farmerconditionthatwederivebelow.
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Sincethe slopeofthelaborsupplycurve is°and the slopeofthe labor
demandcurveis ¯ ¡1; anecessaryconditionforindeterminacyisthatthe
slopeofthelabordemandcurveislargerthantheslopeofthelaborsupply
curve.

10.2 N on-SeparableU tility
Inthemoregeneralcasewhen intertemporalsubstitutiondi¤ers from one,
thenecessaryconditionforindeterminacyisthat´ > 0 whichimplies, rear-
rangingthede…nitionof´, that:

¯ ¡1 > (¾ ¡1)
¾

Ã + °:

InthiscasetheFrischlaborsupplycurveandtheconstant-consumptionlabor
supplycurvedi¤er. A linearapproximationtotheFrischlaborsupplycurve,
intheneighborhoodofthesteadystate, isgivenby:

ln(w ) = constant¡1
¾
¸ +

µ
(¾ ¡1)

¾
Ã + °

¶
l: (34)

Ifonesubstitutesfor¸ fromequation(28) intoequation(34)oneobtainsthe
constant-consumptionlaborsupplycurve;

ln(w ) = constant + c+ °l; (35)

whichisidentical(uptoaconstant)totheseparablecase. T helabordemand
curveis

ln(w ) = constant+ ®k+ (̄ ¡1)l: (36)
N oticethatingeneral, thenecessaryconditionforindeterminacythat´ > 0 ,
impliesthatthelabordemandcurveandtheFrischlaborsupplycurvecross
withthewrongslopes. Sincethecoe¢cientofl intheFrischlaborsupply
curvedependsonthesignof(¾ ¡1); indeterminacymayoccurinthemore
generalmodelwhenthelabordemandcurveslopesdown. T hismayoccur,
forexample, if¾ < 1 and¯ ¡1 (theslopeoflabordemand) isnegativebut
greaterthan(Ã (¾ ¡1)=¾)+ °(theslopeofFrischlaborsupply). N otethat
inthiscasetheFrischlaborsupplycurvewouldslopedownalso.

Equation (35) slopes up forall°> 0 (anecessarycondition forboth
consumptionandleisuretobenormalgoods). Itfollowsthat, whenthemodel
isgeneralizedtoallowfordi¤eringdegreesofintertemporalsubstitution, the
labordemandcurveandtheconstant-consumptionlaborsupplycurvemay
returntotheirtraditionalslopesevenwhenthesteadystateisindeterminate.
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Parameter Value D escription
½ 0.065 discountrate
¾ 1 coe¢cientofrelativeriskaversion
a 0.3 capitalshare
m 1 returnstoscale
° 0 laborelasticity
± 0.10 depreciationrate

Table1: B enchmarkCase

11 A N umericalExample
Inthissection, wecomparethedynamicpropertiesofthemodelforalterna-
tiveparametervalues. W ebeginwithabenchmarkcasegiveninTable1, in
whichthemodelhasseparablepreferencesandnoexternalities.

T hereturns-to-scaleparameter, m isrelatedtoa and® bytheequations:

® = am
¯ = bm

In thebenchmarkcase, thetraceofthe Jacobianmatrix is ½ which is
positive, and indeterminacycannotoccur. In Table2, incontrast, wevary
thedegreeofreturnstoscalefrom 1 to1:9. W henm , reaches1:4 3, thereisa
bifurcationinthesystem fromastablesaddlepointtoasink. A tthispoint,
themodeldisplaysanindeterminatesteadystateandiscapableofgenerating
business‡uctuationsdrivenpurelybyanimalspiritsasintheworkofFarmer
and G uo[8]. Toobtaincomplexroots (Farmerand G uoarguethatthis is
required tomimicthe U .S. data) thereturns toscaleparametermustbe
increased stillfurtherto1:4 8. B ecauserecentempiricalestimates (seefor
exampletheworkbyBasuandFernald[2]) suggestthatanupperboundon
thedegreeofreturns toscale in U .S. manufacturingis 1:0 9 , theseparable
caserequires an implausiblyhighdegreeofreturns-to-scaleforthedatato
beconsistentwithindeterminacy.

InTable3, welookatacasewhereutilityis slightlydi¤erentfrom the
separablelogcase;speci…callywelettheintertemporalsubstitutionparame-
terdrop from 1 to 0:75. Inthis caseweperform thesamecomputational
exerciseand…ndthatthesystem bifurcates from astablesaddlepointtoa
sinkatamuchlowermagnitudeofreturnstoscale, 1:0 3. T hisiswellwithin
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R eturnstoScale R oot1 R oot2 D ynamics
1 0.45 -0.385 saddlepath

1.1 -0.4017 0.5384 saddlepath
1.2 -0.426 0.69 7 2 saddlepath
1.3 -0.4657 1.0807 saddlepath
1.4 -0.55 3.9 15 saddlepath
1.41 -0.5649 5.8338 saddlepath
1.42 -0.5824 12.19 7 4 saddlepath
1.43 -0.6032 - 7 0.2818 sink
1.44 -0.629 -8.381 sink
1.45 -0.6623 -4.2227 sink
1.46 -0.7 08 7 -2.67 63 sink
1.47 -0.7 843 -1.8248 sink
1.48 -1.067 5+ 0.0848i -1.067 5-0.0848i sink
1.49 -0.9 07 6+ 0.3621i -0.9 07 6-0.3621i sink
1.5 -0.7 9 25+ 0.4344i -0.7 9 25-0.4344i sink
1.6 -0.38+ 0.4211i -0.38-0.4211i sink
1.7 -0.27 14+ 0.3432i -0.27 14-0.3432i sink
1.8 -0.2213+ 0.28 7 i -0.2213-0.28 7 i sink
1.9 -0.19 25+ 0.2443i -0.19 25-0.2443i sink

Table2: VariesR eturnstoScale, B enchmarkCase
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R eturnstoScale R oot1 R oot2 D ynamics
1 -2.1306 2.19 56 saddlepath

1.01 -2.8655 3.0814 saddlepath
1.02 -7 .8212 10.7 812 saddlepath
1.03 -0.2535+ 3.316i -0.2535-3.316i sink
1.04 -0.1464+ 2.2681i -0.1464-2.2681i sink
1.05 -0.1136+ 1.829 4i -0.1136-1.829 4i sink
1.06 -0.09 7 7 + 1.57 29 i -0.09 7 7 -1.57 29 i sink
1.07 -0.0883+ 1.39 9 5i -0.0883-1.39 9 5i sink
1.08 -0.0821+ 1.27 21i -0.0821-1.27 21i sink
1.09 -0.07 7 6+ 1.17 33i -0.07 7 6-1.17 33i sink
1.1 -0.07 44+ 1.09 38i -0.07 44-1.09 38i sink
1.2 -0.0617 + 0.7 08 7 i -0.0617 -0.7 08 7 i sink
1.3 -0.0581+ 0.5532i -0.0581-0.5532i sink
1.4 -0.0565+ 0.4619 i -0.0565-0.4619 i sink
1.5 -0.0555+ 0.39 9 2i -0.0555-0.39 9 2i sink
1.6 -0.0548+ 0.3522i -0.0548-0.3522i sink
1.7 -0.0544+ 0.3148i -0.0544-0.3148i sink
1.8 -0.054+ 0.2839 i -0.054-0.2839 i sink
1.9 -0.0538+ 0.257 5i -0.0538-0.257 5i sink

Table3: Varies R eturnstoScale, R iskA version(¾ = 0:75)

theempiricallyrelevantrangeaccordingtotheestimatesofBasuandFer-
nald. W econcludethatbymodifyingtheutilityfunctiontoallowforvarying
degreesofintertemporalsubstitution, oneisabletogenerateindeterminacy
atamuchlowermagnitudeofincreasingreturns thanwhentheindividual
haslogpreferences.

12 D iscussionoftheR esults
A lthoughwehaveshownthatindeterminacymaybeconsistentwithalow
degreeofreturns toscale;this does not implythattheonesectormodel
amended inthiswaycanbeusedtogeneratebusiness cycles whendriven
purelybysunspots inthemannerdescribedbyFarmerandG uo[8]. W hen
labordemandandconstantconsumptionlaborsupplycurvescrosswiththe
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conventionalslopes, purely sunspotdriven business cycles willcausecon-
sumptionandemploymenttomovecountercyclically;inthedatatheyare
procyclical. T his isthesameissuediscussedbyBenhabibandFarmer[4]in
theirtwosectormodel. H owever, ourmodeldoesleadtothepossibilitythat
indeterminacymayprovideanadditionaltransmissionmechanismforshocks
originatingintherealsector.

Itisalsoworthpointingoutthattogenerateindeterminacywithalow
degreeofreturns-to-scale, wechosethecurvatureoftheutilityfunctionto
beonthelinearsideoflogarithmicpreferences(theparameter¾ waschosen
tobesmallerthanunity). T hiscontradictsthetypicalassumptioninsingle
sectormodels withconstantlaborsupplythatthecurvatureparameteris
greaterthanunitytohelpexplaintheequitypremium puzzle. Indefenseof
ourcalibration, thesemodelsdonotordinarilyallowlaborsupplytovary. It
isnotclearhowoneshouldmapournon-separableexampleintothefunction;

U =
C 1¡¾

1¡¾
;

thatiscommonlystudiedinthisliterature.
Finally, recentworkbyL ahiri [12]onindeterminacyininternationalmod-

els …ndsthatopencapitalmarketsmakeindeterminacymorelikely. L ahiri
points outthatopen capitalmarkets breakthe linkbetween savings and
investmentand permitindividuals tosmooth consumption through inter-
nationalborrowingand lending, therebymakingthe representative agent
behaveinamoreriskneutralmanner. O urworkonnon-separabilities ex-
ploitsasimilartheme;thecloseris¾ tozero, thelessaverseistheconsumer
to‡uctuations inconsumption.

13 Conclusion
Inthis paper, wegeneralizedtheB enhabib-Farmerconditionforindetermi-
nacytothecaseofnon-separablepreferences. O urcondition is simpleto
checkinpracticeand itcovers aclass ofutilityfunctions thatis themost
generalclass thatisconsistentwithbalancedgrowth. W efoundthat, once
oneallowsfornon-separabilitiesbetweenconsumptionandleisure, indetermi-
nacynolongerrequiresthatthedemandcurveandtheconstantconsumption
supplycurveshouldcrosswiththewrongslopes. Instead, therequiredcon-
dition is thatthe labordemand curveand theFrisch laborsupplycurve
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shouldcrosswithnon-standard slopes;acondition thatis simpletocheck
inpractice. B ymeansofanexample, weshowedthatwhenthecurvature
parameterontheutilityfunctionissetat0:75 incontrasttoavalueofunity
thatwouldholdinthelogarithmiccase, indeterminacycanoccuratlevelsof
increasingreturnsaslowas 1:0 3.

14 A ppendix
14.1 Part1: D erivingtheElementsof©
Toderivetheelementsofthematrix© , wesolvethestaticequations (26),
(27 )and(28)for(y¡k)and(c¡k). W estartbyrearrangingequations(26)
and(28)asamatrixsystem inthevariables (~y¡~k)and(~c¡~k)whichleads
totheexpression:

·
1 0
0 ¾

¸·
~y¡~k
~c¡~k

¸
+

·
¡̄

¡Ã (¾ ¡1)

¸
~l+

·
0 1¡®
1 ¾

¸· ~̧
~k

¸
= 0 (37 )

W ewritethelabormarketequilibriumcondition(27 ) separatelyintermsof
thesamelinearcombinationsofvariables:

£
¡1 1

¤· ~y¡~k
~c¡~k

¸
+ (1 + °)~l= 0 (38)

N ow, dividethesecondrowof(37 ) by¾ anddivideequation(38) by(1 + °)
toobtain

·
1 0
0 1

¸·
~y¡~k
~c¡~k

¸
+

· ¡̄
¡(¾¡1)

¾ Ã

¸
~l+

·
0 1¡®
1
¾ 1

¸· ~̧
~k

¸
= 0 (39 )

£¡ 1
1+°

1
1+°

¤· ~y¡~k
~c¡~k

¸
+ ~l= 0 (40)

Solveequation(40) for~landsubstituteintoequation(39 ).
·
~y¡~k
~c¡~k

¸
+

"
¡ ¯
1+°

¯
1+°

¡Ã (¾¡1)
¾(1+°)

Ã (¾¡1)
¾(1+°)

# ·
~y¡~k
~c¡~k

¸
+

·
0 1¡®
1
¾ 1

¸· ~̧
~k

¸
= 0

R earranging,
"
1¡ ¯

1+°
¯
1+°

¡Ã (¾¡1)
¾(1+°) 1 + Ã (¾¡1)

¾(1+°)

# ·
~y¡~k
~c¡~k

¸
+

·
0 1¡®
1
¾ 1

¸· ~̧
~k

¸
= 0
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or

A
·
~y¡~k
~c¡~k

¸
+ B

· ~̧
~k

¸
= 0 ;

where

A =

"
1¡ ¯

1+°
¯
1+°

¡Ã (¾¡1)
¾(1+°) 1 + Ã (¾¡1)

¾(1+°)

#
; (41)

B =
·
0 1¡®
1
¾ 1

¸
;

Solvefor(~y¡~k)and(~c¡~k) intermsof~̧ and~k;
·
~y¡~k
~c¡~k

¸
= ©

· ~̧
~k

¸
;

where
© = ¡A¡1B =

·
Á1 Á 2
Á3 Á 4

¸
;

InvertingtheexpressionforA, (41) itfollowsthattheelementsofA¡1 are
givenby

A¡1 =
1

Det(A)

"
1 + Ã (¾¡1)

¾(1+°)
¡¯
1+°

Ã (¾¡1)
¾(1+°) 1¡ ¯

1+°

#
;

wherethedeterminantofA is

Det(A) =
¾(1 + °)+ Ã (¾ ¡1)¡¯¾

¾(1 + °)
´ ¡́
¾ (1 + °)

; (42)

and´ ´¾ (̄ ¡°¡1)¡Ã (¾ ¡1). N otethatthedeterminantofA isnegative
when´ ispositive.

© isgivenby,

© = ¡A¡1B =
¾(1 + °)

´

"
¡ ¯

¾(1+°) 1¡® + (1¡®)Ã (¾¡1)
¾(1+°) ¡ ¯

1+°
1+°¡¯
¾(1+°)

(1¡®)Ã (¾¡1)
¾(1+°) + 1¡ ¯

1+°

#

andtheelementsof© are
Á1 = ¡

¯
´

(43)

Á 2 =
¾(1¡®)(1 + °)+ (1¡®)Ã (¾ ¡1)¡¯¾

´
(44)
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Á3 =
1 + °¡¯

´
(45)

Á 4 =
¾(1 + °)+ (1¡®)(¾ ¡1)Ã ¡¯¾

´
(46)

14.2 Part2: TheElementsofJ
To…ndtheelementsofthematrixJ;weusethede…nitionsofÁ1;Á 2 ;Á3and
Á 4 , towriteequations(26)and(28) inthefollowingform:

~y¡~k= Á1~̧ + Á 2 ~k; (47 )

~c¡~k= Á3~̧ + Á 4 ~k (48)
N owsubstitutethesetwoequationsintothetwodynamicequationstoobtain
theexpressions:

_̧ = ½ + ±¡aeÁ1 ~̧+ Á 2 ~k+ µ0 ; (49 )
_k = eÁ1 ~̧+ Á 2 ~k+ µ0 ¡±¡eÁ3~̧+ Á 4 ~k+ µ1; (50)

whereµ0 andµ1 areconstants

µ0 = y¤¡k¤;
µ1 = c¤¡k¤;

thatdonotin‡uencethedynamics. L inearizingequations(49 )and(50)leads
tothesystem:

· _̧
_k

¸
= J

· ~̧
~k

¸
: (51)

wherelocalinformationaboutthedynamics ofthesystem is contained in
thematrixJ. T heelementsofJaregivenbytheexpression:

J´
·
¡aeµ0 Á1 ¡aeµ0 Á 2¡
Á1eµ0 ¡Á3eµ1

¢ ¡
Á 2 eµ0 ¡Á 4 eµ1

¢
¸
:

U singthe steady state solutions ofµ0 = y¤¡k¤ and µ1 = c¤¡k¤ from
equations(16)and(17 )wecanwritethisexpressionas

J´
·
¡aÁ1

¡½+ ±
a

¢
¡aÁ 2

¡½+ ±
a

¢

Á1
¡½+ ±

a

¢
¡Á3

¡£½+ ±
a

¤
¡±

¢
Á 2

¡½+ ±
a

¢
¡Á 4

¡£½+ ±
a

¤
¡±

¢
¸
:

whichisequation(31) inthetext.
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14.3 Part3: ProofofProposition1.
W eprove, inthis section, thatthesignofthedeterminantofJ dependson
thesignof´, avariablethatswitches signwhen thelabordemandcurve
and theFrisch labordemandcurves cross with the “wrongslopes”.From
equation(31) itfollowsthatthedeterminantofJ isgivenbytheexpression:

Det(J) = a(Á1Á 4 ¡Á 2 Á3)
µ
½ + ±
a

¶µ
½ + ± (1¡a)

a

¶
(52)

T heterm, (Á1Á 4 ¡Á 2 Á3), is thedeterminantof© . Since a, (½ + ±=a) and
(½ + ± (1¡a))=a areallpositive, the sign ofthedeterminantofJ is the
sameasthesignofthedeterminantof© .

sign(Det(J)) = sign(Á1Á 4 ¡Á 2 Á3) = sign(Det(© )): (53)

W enowshowthatthedeterminantof© is relatedtotheslopes ofthe
labordemandandsupplycurvesthroughtheterm ´:R ecallthat© isde…ned
as:

© = ¡A¡1B
U singthepropertiesofthedeterminantofasquarematrix,

Det(© ) = Det(¡A¡1)Det(B );

andsincethematrixA isofdimensiontwo:

Det(© ) = (¡1)2Det(A¡1)Det(B ):

T his impliesthat,

Det(© ) =
Det(B )
Det(A)

:

T hedeterminantofB is
Det(B ) =

® ¡1
¾

;

andsinceweassume0 < ® < 1 and¾ > 0 , thedeterminantofB isnegative.
T herefore, thesignofthedeterminantof© istheoppositeofthesignofthe
determinantofA:

sign(Det(J)) = sign(Det(© )) = ¡sign(DetA):
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Butfromde…nitionofDet(A); equation(42) itfollowsthat:

sign(Det(A)) = ¡sign (́ );

thereforethesignofthedeterminantofJ isthesameasthesignof´.

sign(Det(J)) = sign (́ ):

Q .E.D .

14.4 Part4: ProofofProposition2.
From thede…nitionoftheelementsofJ inequation(31) wecanwritethe
traceofJas:

Tr (J) =
µ
½ + ±
a

¶
(Á 2 ¡Á 4 )+ Á 4 ±¡aÁ1

µ
½ + ±
a

¶
: (54)

U singequations(44)and(46)notethat

Á 2 ¡Á 4 = ¡
¾® (1 + °)

´
;

and
Á 4 = ¡1¡

®Ã (¾ ¡1)
´

:

U singtheseexpressionswecanrewrite(54)asfollows:

Tr (J) = (½+ ±)̄
´ ¡ (½+ ±)¾®(1+°)

a´ ¡ ± ¡ ±®(¾¡1)Ã
´

X Y Z
(55)

N owwritetheexpressions X , Y , and Z , asfollows:

X =
¯
´
(½ + ±)¾ ¡ (¾ ¡1)(½ + ±)

¯
´
;

Y = ¡(½ + ±)¾ (1 + °)
´

¡ (® ¡a)
a

(½ + ±)¾ (1 + °)
´

;

Z = ¡Ã (¾ ¡1)(½ + ±)
´

+
Ã (¾ ¡1)(½ + ±)

´

µ
1¡ ±®

½ + ±

¶
:
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Collectingtogetherthe…rsttermsofeachoftheexpressions forX , Y and
Z andusingthede…nitionof´ = ¾ (̄ ¡°¡1)¡Ã (¾ ¡1)wecanwritethe
sumoftheterms X , Y and Z as

X + Y + Z = (½ + ±)+ Q

where

Q ´¡(½ + ±)
´

·
(¾ ¡1)

µ
¯ ¡Ã

µ
1¡ ±®

½ + ±

¶¶
+ d (1 + °)¾

¸
;

and
d ´ (® ¡a)

a
;

is ameasureoftheimportanceofcapitalexternalities. SinceTr (J) = X +
Y + Z ¡±, wecanwritethetraceofJas

Tr (J) = ½ + Q

whichisequation(32) inthetext.
Q .E.D .
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