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Abstract

We investigate learning in a setting where each period a population has to choose
between two actions and the payoff of each action is unknown by the players. The popu-
lation learns according to reinforcement and the environment is non-stationary, meaning
that there is correlation between the payoff of each action today and the payoff of each
action in the past. We show that when players observe realized and foregone payoffs, a
suboptimal mixed strategy is selected. On the other hand, when players only observe
realized payoffs, a unique action, which is optimal if actions perform different enough, is
selected in the long run. When looking for efficient reinforcement learning rules, we find
that it is optimal to disregard the information from foregone payoffs and to learn as if

only realized payoffs were observed.
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1 INTRODUCTION

Imagine the simple decision problem in which every period individuals in a population have
to choose between two alternatives. The payoff of these two alternatives is not know by the
players. What is more, the payoff of the alternatives could vary over time according to some

distribution also unknown for the players.

This decision problem is faced by many of us in our everyday lives: whether to buy a PC
or a Mac, whether to have fruit or a cake as a dessert in a restaurant, or whether to watch an
action movie or a romantic movie at the theater. Although oblivious of the payoff we will get
from making these choices, we might have some information that can help in choosing the
better alternative. This information could have been obtained, for instance, from our own

experiences in the past or via word-of-mouth communication.

In this paper we study how the choices made by a population evolve in the setting just
described. The model we present has two major features about how players learn and about
how the payoffs change. First, players learn according to reinforcement, whereby actions that
where successful in the past are more likely to be chosen. Second, the underlying distribution
determining the payoff of each action is non-stationary. This means that the payoff today of
a given action depends on the payoff it yielded in the past. In particular, we consider the
case in which payoffs depend deterministically on the state of nature. The state of nature
changes following a Markov chain. Hence, the probability of being at a given state tomorrow
depends on which state we are in today. Players are ignorant of this fact; they simply observe

that the payoff of available actions changes over time.

In the learning literature, as well as in the economic literature in general, randomness
determining the outcome of certain events or actions is almost always assumed to follow a
stationary i.i.d. process. This assumption is clearly made for the sake of technical simplicity,
as real life phenomena, such as financial markets, gambling, population biology, statistical
mechanics, etc., quite often follow non-stationary processes. To our knowledge, only Ben-
Porath et al. (1993) and Rustichini (1999) deal with the evolutionary properties of models

where nature follows a non-stationary process.

Ben-Porath et al. (1993) present an evolutionary model that is framed within a changing
environment. They study two types of environments: one in which the change is deterministic
and another in which the changes in environment follow a Markov chain. In their model,
players’ actions are subject to random mutations. They characterize the mutation rate that

maximizes population growth in the long run.

Rustichini (1999) presents a paper that focuses on the optimality of two different pop-

ulation dynamics within a Markovian environment. In his model, the environment changes



according to a Markov chain, and for any state in the chain there is a unique action that
maximizes payoff. Rustichini (1999) studies the optimality properties of linear and exponen-
tial (logit) adjustment process when players have infinite memory. An adjustment process or
learning rule is simply a map between information and strategies. Rustichini (1999) considers
two different informational settings about payoffs of actions. In one of these settings players
observe the performance of all the actions (realized and foregone payoffs are observed), while
in the other they only observe the performance of the action chosen (only realized payoffs are

observed).

As in Rustichini (1999), we consider two informational settings: one in which both realized
and foregone payoffs are observed and another in which only realized payoffs are observed.
There are two main differences between Rustichini’s work and ours. First, we consider a very
general set of learning rules instead of only two specific rules. Second, and most importantly,
in our setting players don’t use the whole history of past payoff realizations. Instead, as pre-
scribed by reinforcement, players learn using the information they have from their most recent
payoff experiences. The reason why we are interested in a setting where players have limited
memory is that empirical and theoretical literature in psychology and economics agrees that
limited memory is a better assumption for modeling human behavior than infinite memory

(see for example, Rubinstein (1998), Hirshleifer and Welch (2002) and Conlisk (1996)).

As already mentioned, the learning rules considered in this paper have the property of
being reinforcing. According to reinforcement learning, actions that were more successful
today are more likely to be adapted for tomorrow. Reinforcement has been found to be
one of the main driving forces of human behavior in repeated decision problems. For some
detailed expositions on reinforcement learning and its relationship with real life behavior the
reader is referred to Roth and Erev (1995), Erev and Roth (1998) and Camerer and Ho
(1999).

When both realized and foregone payoffs are observed, reinforcement is translated into
being more likely to play tomorrow the action that was better today. For this setting, we use
a generalization of the best response behavior that we call the Stochastic Better Response.
Under the Stochastic Better Response, the probability of playing tomorrow a given action
increases if and only if today that action was better than the other one. The magnitude of
the change in probabilities of playing either action depends on the specific functional form
used. The Stochastic Better Response is a very general learning rule that allows players
to respond to the magnitude and not just the ordering of payoffs of each action. Note
that the Stochastic Better Response is a different concept from the Stochastic Better Reply
Dynamics (Josephson (2007)). The Stochastic Better Reply Dynamics are the dynamics for

the evolution of strategies resulting when players use the better response, which is a particular



case of the Stochastic Better Response.

When foregone payoffs are not observed, players can not directly compare the perfor-
mance of both actions within the same time period. In this case, players reinforce (possibly
negatively) the action they played. How much they reinforce this action will depend on the
payoff achieved. We use a general case of the Cross (1973) learning rule that also generalizes
the rules in Borgers et. al. (2004) (BMS, henceforth). We call this rule the General Rein-
forcement Rule. Note that players could use the General Reinforcement Rule even if they
observe foregone payoffs. While this implies that players are disregarding information, we

will show that it may be optimal to do so.

Under the Cross Learning Rule, players increase the probability of playing the action just
played by the payoff yielded by that action. An interesting result shown by Borgers and Sarin
(1997) is that a population that plays according the Cross Learning Rule exhibits a behavior

that converges to replicator dynamics.

The rules in BMS can incorporate aspiration levels (exogenous or endogenous): in other
words, if the payoff of the action chosen is higher than the aspiration level, then the probability
of playing that action increases for the next period. On the other hand, if the payoff achieved
by the action chosen is smaller than the aspiration level, then the probability of playing that
action decreases for next period. The rules in BMS are linear on payoffs. We relax this by

allowing for any increasing function on realized payoff.

In the case where foregone payoffs are observed, we show that the continuous time limit of
the evolution of strategies converges to a situation where every period every action is played
with a constant probability bounded away from 1. The specific value of the probability by
which each action is played at every period will depend on two things: first, the difference
in payoffs between the two actions and the specific form of Stochastic Better Response used,
and, second, on the probabilities that the limiting distribution of the Markov chain for states
puts on each state. The behavior found in this setting is a generalization to what is know
as probability matching. Under probability matching, if an action is best a fraction = of
the time, then in any given period it is played with probability x. The best reply matching
behavior is clearly suboptimal. While some experimental papers report that this behavior is
observed in real life (see, for example, Rubinstein (2002), Siegel and Goldstein (1959)), there
does not seem to be consensus as to whether probability matching is in fact present in the

behavior of real life agents (see, for instance, Vulkan (2000) and Shanks et. al. (2002)).

The results found in this informational setting are also closely related to the findings by
Kosfeld et. al. (2002). They study a setting where a finite set of players repeatedly play a

normal-form game. Players adapt their strategies by increasing the probability of playing a



certain action only if this action is a best reply to the actions played by the other agents.
Hence, the rule they use is a particular case of the Stochastic Better Response in which the
magnitude of payoffs is irrelevant for the updating of strategies. Our setting is also different
from theirs in that players do not play against other players but against nature and in that
we consider a general class of rules instead of only one. Kosfeld et. al. (2002) find that the
continuous time limit of the system converges to a best-reply matching equilibrium. In a
best-reply matching equilibrium each player plays an action with a probability that is equal
to the probability that this action is a best response to the actions of the other players. The
probability matching behavior found in this paper for games against nature is the equivalent
to the best-reply matching equilibrium found in Kosfeld et. al. (2002). In Section 5.1 this

issue is discussed in more depth.

In our second informational setting, when foregone payoffs are not observed, we show that
the population may end up playing a suboptimal action. The population surely selects the
action that has higher average payoff only if the difference between the average payoff of the
two actions is high enough. Hence, the system may lock-on to a suboptimal action. In this
respect, our work extends Ellison and Fudenberg (1995) results to a general set of learning

rules and an environment that may not be stationary.

Our results are rounded off by characterizing the efficient rules for both informational
settings. A striking result is that when foregone payoffs are observed, it is optimal to ignore
the extra information conveyed by the payoff of the action not chosen. That is, players are
better off by learning using the General Reinforcement Rule, which only uses the information
of the realized payoff. This is due to the fact that observing foregone payoffs leads players to
adopt the action that is best today but may be not the best in the long run. That is, players
are ”distracted” by observing the performance of all the actions. When foregone payoffs are
not observed, we show that if players use learning rules that diminish the magnitude of payoffs,
that is, that have very cautious and show slow learning, then the population learns the optimal
action. These results from are in contrast to those of Rustichini’s (1999). In Rustichini (1999),
when the population uses the exponential rule (fast learning) the best action is selected only
in situations where foregone payoffs are observed, whereas if populations uses the linear
rule (slow learning) best action is selected only in situations where foregone payoffs are not
observed. Here, instead, we find that under reinforcement learning it is optimal to disregard

foregone payoffs and to exhibit slow learning in both informational settings.

This paper’s contribution to the literature is twofold. Our first contribution to the lit-
erature is the introduction new techniques for dealing with correlated states of nature. As
mentioned, very few papers have studied the situation in which the future realization of the

state of nature depends on its past realizations. Most papers on learning consider either that



the environment does not change or that it changes independently of past realizations. This
is due to the technical difficulties involved in dealing with correlated realizations of states. In
this paper we show how these difficulties can, at least partially, be overcome. The proofs for
the result for the Stochastic Better Response demonstrate how dependent randomness can
be dealt with by showing that for any possible realization of states of nature, the position
of the system in the future can be approximated by the differences in speed of convergence

towards each action.

The proof of the result for the case where foregone payoffs are not observed extends Ellison
and Fudenberg’s (1995) result to the case where the distribution of payoffs is not stationary.
We show that the behavior of a system that evolves according to a Markov Chain can be
approximated by the behavior of a system in which the probability of each state occurring is

independent and equal to the limiting distribution of the Markov Chain.

Our second contribution is the extension of the knowledge about stimulus response learn-
ing models and evolutionary models. The differences in the behavior of the population under
the two informational settings are very intriguing and of interesting application for real life
situations. For instance, why can inferior technologies come to dominate the market? A
well known example is that when the video format VHS took over from the superior format
Betamax. The model can explain that if the two technologies are not too different in terms
of performance, the stochastic evolution of nature can lead the population to lock on the
suboptimal choice forever. In the example with video formats, during the first months after
the release of both technologies, Betamax tapes could not hold an entire movie. This caused
the population to slowly adopt the VHS format. Omnce the true potential of Betamax was

revealed, it was too late, consumers had already locked on the inferior technology.

The rest of the paper is organized as follows. Section 2 presents the model. The two
informational settings are introduced in Section 3. Results are developed in Section 4. Section
5 presents a discussion and a deeper comparison of this work with the existing literature.

Finally, Section 6 concludes.

2 THE MODEL

Consider a continuum of identical players of measure 1. Every period t = 0,1,... players
in the population have to choose between action 1 or action 2. The payoff of each player at
time ¢ depends on her action and on the current state of nature s* € {1,...,m}. If a player
chooses action i and the state equals j then she gets a payoff m;; € [0,1] with ¢ € {1,2}
and j € {1,...,m}. Note that the payoff of each player does not depend on the actions

played by others but only on her own action and the state of nature. We assume there is



no weakly dominant action. That is, there exists no i € {1,2} such that m;; > 7_;; for all
Jj € {1,...,m}. Without loss of generality we assume that for some h < m, m; > my; for
Jj < h and mg; > my; for j > h. That is, in the first h states action 1 yields at least the same
payoff as action 2. In the remaining states, action 2 yields more payoff than action 1. Finally,

we define 7; as the vector of payoffs of action 1 and action 2 in state j, m; = (w1, m2;).

The sequence of states of nature {s'}2°, follows a discrete Markov process P with m > 2
states. The probability of transiting from state i to state j is given by 6;; € [0,1]. We assume
the Markov chain to be irreducible and aperiodic. Hence, if 6;; = 0 for some ¢,j € {1,...,m}
then there exists a sequences of states ki, ko, ..., k, € {1,...,m} with n < m such that
Oiker Oy kos - - » Ok, # 0. We define A € [0,1]™ as the limiting distribution of the Markov
chain P where )\; is the weight the limit distribution puts in state ¢. An environment is

defined then by the payoff vectors together with a transition matrix, {(m1,...,7m), P}.

A strategy is the probability of playing each action at a given period. We denote by
ot € [0,1] with ¢ € {1,2} and ¢t € {0,1,...} the probability of playing action i at time

t. Define o* = (0},03) € [0,1] as the strategy that maximizes payoff in the long run.

Formally, for any (1, 2) € [0, 1] we have that

m m
Z )\j (O‘Tﬂ'lj + 0;77'2]‘) > Z )\j (5’17T1j + 5’27[‘2]') .
j=1 Jj=1

Since we are dealing with a continuum of population, Law of Large Numbers applies and
we have that of is also the fraction of players playing action ¢ at time ¢. In an abuse of
notation, throughout the paper we will refer to o} as both the probability for a single player

of playing action i at time ¢ and the fraction of the population playing action ¢ at time t.

Note that given our setting, the sequence o; = {0!}{°, is an irreducible and aperiodic
Markov process on [0, 1] for ¢ € {1,2}. The aim of the paper is to characterize, if it exists,

the invariant distribution of such process.

The timing within each time period works as follows. First, players choose actions ac-
cording to their strategies. Then, nature decides the state. Third, payoffs are realized and
players observe their payoff and possibly forgone payoffs. The possibility of observing fore-
gone payoffs depends on the informational setting being considered. Finally, players update

their strategies.

When updating their strategies, players use the following information: their strategy at
the beginning of the period, the action they played and the payoff they got and possibly the
payoff the other action would have yielded (foregone payoffs). Formally, a learning rule is a
function b : [0,1)% x {1,2}% x [0,1]? — [0, 1]2. That is, a function that maps three arguments,

strategies for the present period, action played and payoff gotten and action not played and



foregone payoff, into the strategies for the following period. The functional form of b will

depend on the specific learning rule under consideration.

3 INFORMATIONAL SETTINGS

3.1 FORGONE PAYOFFS ARE OBSERVED

When both realized and foregone payoffs are observed, players best respond to the environ-
ment by increasing the probability of playing at the next period the action that was most
successful at the present period. We use a generalization of the best response behavior that

we call the Stochastic Better Response.

t+1|j

i

t

We write o to denote the value of af“ given that at period ¢ the state of nature, s*,

was j. The Stochastic Better Response is defined by

) ol abuf(my) i miy > my
ot —olpf(rj) otherwise,

where ;1 > 0 is a learning speed parameter. The function f : [0,1]?> — [0, 1] maps the payoff
of the action that yielded higher payoff and the payoff of the other action into a number
between 0 and 1. This function is interpreted as the probability of adopting or learning the
action that was best given today’s state of nature. The only requirement on f is that it
must be weakly increasing in the payoff of the action that yielded higher payoff and weakly
decreasing in the payoff of the other action. That is, f is weakly increasing (decreasing) in m;;
only if mj; > (<)m—;5. We set f(m;) = 0 if and only if 7m1; = my;. In other words, we assume
that the population does not change strategies if and only if both actions yielded the same
payoff. The function f could also be a constant. In the case where the function f is constant
and equals 1, the learning rule is equivalent to the standard best response in which players
show inertia with probability 1 — u (as in Samuelson (1994) and Kosfeld et. al. (2002)).

The intuition behind the Stochastic Better Response is the following. In each period, all
players observe the payoff of the action chosen and the payoff of the other action. Then every
player updates her strategy in the following way. The probability of playing action 4 in the
next period is increased if and only if action i yielded higher payoff than the other action
in the current period. The increase in the probability of playing action ¢ will depend on the

difference in payoffs between the two actions.

A different interpretation of this same rule uses the fact that o; can be considered as the
fraction of population playing action ¢ deterministically. Under this interpretation, at every

period, players that did not play the best action will change their actions (best response to



the environment) with some probability. The probability of changing action depends on the
difference in payoff between the two actions. The Stochastic Better Response is an individual
learning rule because actions played by other players have no effect on the updating of the

one’s own strategy.

As an example, we can look at two possible ways of writing the Stochastic Better Response.
In the first one below, payoffs enter exponentially in the function f.

(1)

¢ e™2j _e™1j

e™lj —e™2j . ) )
) 01 + o5y Ty iy >
j= .
o] — Uluiﬁﬂre@ﬂ otherwise

A second example could be the following, where only the payoff of the best action at the

current period enters in f and f is linear.

t

t gt i s ,
ot = o1 + oppumyy i my > o
1 i = :
ot — olpmy; otherwise

3.2 FOREGONE PAYOFFS ARE NOT OBSERVED

When foregone payoffs are not observed, players have no means of directly comparing the
performance of both actions within the same time period. In this case, players reinforce
(possibly negatively) the action they played. How much they reinforce this action will depend
on the payoff achieved. We use a general case of the Cross (1973) learning rule that also

generalizes the rules in BMS. We call this rule the General Reinforcement Rule.

Let Jf+1|kj be the probability by which a player plays action 7 at time ¢ + 1 given that
action k was played at time ¢ and state at time ¢, s*, was j. The General Reinforcement Rule
is defined by

Ut+1|1j = 054‘059(7%)7
U§+1|2j = Ui—afg(ﬂzj),

and similarly for o5"'|;; and o4t![2;. The only assumption we make in g : [0,1] —
[—1,1] is that it must be weakly increasing in its argument. If g(m;;) = m;; then we have
the Cross Learning Rule. For the rules in BMS we have that g(m;;) = A;j + Byjm; for
given A;; € R and B;; € R for i € {1,2} and j € {1,...,m}. BMS show that setting
Ai; = —min{l — 09, 0¥}/ max{1 — 09,00} and B;; = 1/max{1 oV,09} for all i, j results
in the best monotone rule. A rule is defined to be monotone if the expected probability of
playing the action that is best given today’s state increases. A rule is said to be the best
monotone rule if the expected increase in playing the best action from one period to another

is highest among all monotone rules. Since BMS study a setting in which the evolution of



nature follows a stationary distribution, the action that is best today is the action that is
best at every period. In our setting the action that is best today may not be the best action
tomorrow due to the Markovian evolution of the states of nature. This particular difference

will have important consequences in the optimality properties of the rules in BMS.

4 RESULTS

4.1 RESULTS - FOREGONE PAYOFFS ARE OBSERVED

Before going to the formal results, we present a small discussion on the behavior of the system
under the Stochastic Better Response. First, note that the biggest difference in the behavior
of the two rules that we consider lies in the way they behave when o; is close to the corners
(0 and 1). In particular, under the Stochastic Better Response the corners are not absorbing

while the opposite occurs under the General Reinforcement Rule.

Assume for this short discussion that there are only two states of nature. Under the
Stochastic Better Response, the speed at which a player adopts an action slows down as the
probability of playing that action increases. That is, consider that action 1 is played with
a high probability and that today action 1 yielded a higher payoff than action 2. Then the
increase in the probability of playing action 1 will be small. On the other hand, consider
that action 1 is played with a small probability and today action 1 yielded higher payoff than

action 2. In this case the probability of playing action 1 next period increases sharply.

Figure 1 shows the movements of the probability of playing action i (¢;) as a response to
an action being better than the other in the current period. As above, assume that an action
is played with a high probability. Then the increase in playing that action in case it yielded
a higher payoff than the other action at the present period is low.

Figure 1: Stochastic Better Response

Action 1 better than action 2

T AN T N T oy
FUMUUW\K_/;

Action 2 better than action 1

As one could possibly guess already, the Stochastic Better Response will not converge
to any of the corners. To study convergency, we consider the limit case when pu, which

can be viewed as the size of the changes in o;, gets arbitrarily small. Once such a limit is

10



taken, the Stochastic Better Response converges to a single point. This issue can be seen
much more clear by looking at Figure 2, where a simulation is conducted. The specific
learning rule used is given by equation 1. The value of the parameters is set to m = 2,
w11 = 0.5, 112 = 0.3, m91 = 0.1, 199 = 0.6 and 612 = 021 = 0.3. The initial value o1 was set to
oY = 0.5. The figure depicts the same simulation, the same random seed, for two situations:

one in which p =1 and another in which p = 0.05.

Figure 2: Simulation - Stochastic Better Response
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By studying the behavior of the system when p is made arbitrarily small we are char-
acterizing the continuous time limit of o;. When p is taken to zero the adjustment in the
strategies is made arbitrarily small while keeping constant the speed at which the environ-
ment changes. For other papers that use this continuous time limit approximation in settings
somewhat different from ours see, for example, Borgers and Sarin (1997) and Benaim and
Weibull (2003).

The following proposition characterizes the convergence of (o1, 02) under the Stochastic
Better Response when p is arbitrarily small. Later in this section we present a sketch of the

proof. The formal proof is contained in the Appendix.

Proposition 1. Define

Zji”ljZsz Ajf(ﬂ-j)
>t A f ()

For any € > 0 there exists a i > 0 such that if p < i then

o=

P (lim |0} — 5 > <) =0.
t—o0

11



The interpretation of the result is the following. For simplicity of the exposition let us
focus on the evolution of the variable o; and assume again that there are only two states
of nature. The point & corresponds to the situation where an increase in o} due to action
1 yielding higher payoff at time ¢ than action 2 would be equivalent to the decrease in o}
from action 2 yielding more payoff than action 1. That is, with m = 2, & is the o} is such
that ‘a§+1|1 - O‘H = |a§+1|2 — Jﬂ. In Figure 1, the point ¢ would be such that the size of
the arrows (or jumps) towards the left from a given point ¢! is the same as the size of the
arrows towards the right from this same point . Hence, & is the point where the marginal

movements towards action 1 and towards action 2 are equalized.

One can easily check that 6 < 1, so it will never be the case that the best action in the
long run is played with probability 1. For the general case where the Markov chain has m
states, action 1 is strictly better than action 2 if and only if 37" | Ajmi; > 3770 Ajma;; this
inequality holds in the simulation in Figure 2. However, for that simulation we have that
6 = 0.57. That is, in the long run at any given period action 1 is played with probability of
0.57. This behavior is clearly suboptimal as if 35", Ajmi; > Y700, Ajma; then the of that

maximizes payoff in the long run is ¢* = 1.

Let us now look at a sketch of the proof. To studying the convergence of the sequence
o1 we first show that it suffices to study the convergence of a sequence y = {yt};ﬁi, for ¢
large enough, which evolves in a world with just 2 states of nature and symmetric transition

matrix.

First, define the sequence 61 = {67}5°, as (ﬁ = a{ and recursively for ¢ > #

;

ot +abpf(m) with probability A

il ot + 6Luf(mn) with probability Ap,
oy =

ot —otuf(mpyr)  with probability Apyq

ot —otuf(mm)  with probability A,

Then we have that for any given t > {,
P (|Bo(t) — Eo(@})] > £) = 0. 2

Hence, the expected value of both o; and 61 converge in probability to the same value. This
is because the transition matrix P is irreducible and aperiodic. Now define the sequence

Y= {Z/t};’ii as yf = (5’1{ and define recursively

S = Yyt +2(1 —yhp > jimy;>ma; S (L) with probability 1/2
yt—2ytu ijj <ma; A; f(IL) with probability 1/2

12



Note that the variable y evolves according to the expected movement in the long run of
the variable &1. Tt can be easily seen that y* = &% implies Fy(y'*!) = Eo(64""). Hence, since
y7E = 6’{, the distribution of both y* and &¢ is aperiodic and both Eo(yfﬂ) and E0(6§+1) are
linear in their arguments, we can state that Ey (y”k) = Eo(&tﬁk ) for any k € IN. Moreover,
we have that for any t > f, equation 2 must hold. Hence, we have that for any ¢ > 0 and

t > 1,

P (|Eo(01) — Eo(y")| > ) = 0.

Furthermore, by making p arbitrarily small we make the variance of both random variables
y' and o to shrink to zero. Thus, their limiting distribution puts weight on a single point.
In other words, ¥ and o1 must converge in probability to a fixed value y and & respectively.
Since Eo(y*) converges to Eo(af‘Hg ) for all £ € IN, we must have that y = &. Hence, instead
of studying the convergence of the variable o1 we focus on the convergence of the variable y.

This is more formally stated in Lemma 2 in the Appendix.

Note now that the point y' = &, with ¢ as defined in Proposition 1, solves the equation

v 20—y Y NfE) =y =2t Y Nf().

j:7r1j27r2j j:7l'1j<7T2j
Define the sequence y; = {y'i}fft as follows

: ytoifyt >
Y1 = - .
& otherwise

Hence, we have that Eg(y") < Eo(y}) for all t > ¢. Note that Eo(yi™) < Eo(y!). Therefore,
y1 is a super-martingale with lower bound &. Thus, by the martingale convergence theorem,

y1 converges in probability to &. This implies that for ¢ large enough, Fy(y!) < 5.

Define now the sequence y, = {yé};’it as follows

)y ity <
Y2 = - .
0 otherwise
Therefore, we have that Eo(y') > Eo(yb) for all t > £. Note that Fo(yi™) > Eo(yb). Hence,
12 is a sub-martingale with upper bound &. Thus, by the martingale convergence theorem,

yo converges in probability to &. This implies that for ¢ large enough, Ey(y!) > &.

Hence, we know that for ¢ large enough, Ey(y') < & and Ep(y') > 7. This implies that for
all t > £, Eqg(y?) = 6. Since the variance of y shrinks to zero as u is made arbitrarily small,
we have that y converges in probability to ¢ as u is made arbitrarily small. Combined with
the fact that y converges in probability to o1, this implies that o; converges in probability

to o.
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4.2 RESULTS - FOREGONE PAYOFFS ARE NOT OBSERVED

We recall that the probability by which a player plays action ¢ at time ¢ + 1 given that action

k was played at time ¢ and state at time ¢ was j is denoted by af+1| k; and given by

oty = of +adg(my),
U§+1|2j = U’i - Ufg(ﬂzj)
Hence, a§+1| j» which is the probability of playing action 1 at time ¢ + 1 given that state

was j, equals o} + ohg(m;) if action 1 was played at time ¢ and o} — o g(ma;) if action 2 was
played at time ¢. Action i with i € {1, 2} is played at time ¢ with probability of. Hence, since

we are dealing with a continuum of players, we can use Law of Large Numbers to state that
A I A S N t i1
o1 = otoy i+ o507 2y

This can be rewritten as

Thus, it follows that
oty =0} (14 (1—0}) [g(miz) — g(7—i5)]) - (3)

Note that if we set g(m;;) = m;j, as in the Cross Learning Rule, the resulting law of motion
for o; is the discreet time version of the Replicator Dynamics. That is, if g(m;;) = m;; then
we have that

t+1
7

oty = ol +o}(my— loimj+olm_yj]) .

The General Reinforcement Rule behaves completely differently to the Stochastic Better
Response. Under the General Reinforcement Rule, the changes in the variable af become
smaller as o! gets closer to either bound. For example, consider that action 1 is played with
a high probability. Then the change in o; will be small independently of whether action 1
yielded higher payoff than action 2 or the other way around. Figure 3 shows the movements

of o1 under the General Reinforcement Rule as a response to the environment.

As we see, the process will spend almost no time in intermediate values of ;. This will
allow us to draw our conclusions from analyzing only the behavior of ¢; in the neighborhoods
of its bounds. In this respect, our analysis will partially rely on the approach by Ellison and
Fudenberg (1995).
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Figure 3: General Reinforcement Rule
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Figure 4: Simulation - General Reinforcement Rule
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Figure 4 shows a simulation for the General Reinforcement Rule for the case where
g(m;j) = m;; and with the same parameters as the ones used in Figure 2. The figure plots the

result of the same simulation performed with two different random seeds.

It can be seen that the General Reinforcement Rule quickly converges to a situation in
which all the population plays the same action a fraction 1 of the time. An interesting
thing to note is that the action selected by the General Reinforcement Rule does not coincide
necessarily with the action that is best in the long run. The simulation on the right-hand side
shows a situation in which the General Reinforcement Rule converges to a situation where
all players in the population are playing the suboptimal action. As we will see, this is the

result of the two actions performing not too differently in terms of payoffs in the long run.

The following proposition, whose proof is presented in the Appendix, characterizes the

convergence of the sequence o7.

Proposition 2. Define v; = 1+ g(m1j) — g(m2;) and v; = 1+ g(me;) — g(m1;) and consider
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the two inequalities:

Z)\jlog'yj > 0, (4)
j=1
> Ajlogq; > 0. (5)
j=1

1. If both (4) and (5) hold then lim;_, o 0% does not exist.
2. 1If (4) holds but (5) does not then lim;_.o, o} = 1.
3. If (5) holds but (4) does not then lim;_,o ot = 0.

4. If neither (4) nor (5) hold then lim;_.o, 0% has full support over {0,1}.

Since o9 = 1 — o1 the convergence of the sequence oy follows for the proposition above.
An important fact revealed by proposition above is that the process may fail to converge to
the best action. Consider for simplicity the Cross Learning Rule, where g(7;;) = m;;. Action
1 is weakly better than action 2 in the long run if and only if Z;n:1 AjT1j > Z;n:1 Ajmo;. This
condition can be rewritten as E;nzl Ajv; > 1. However, even if ZTZI Ajv; = 1 holds, it may
still happen that Z;n:l Ajlogv; < 0 holds and hence o1 may not converge to 1. To make this
point more clear consider the case in which m = 2 and Ay = Ao = 0.5. That is, there are
only two states of nature and both states are equally likely in the long run. The following
corollary characterizes the convergence of o1 in this case when action 1 is better in the long

run than action 2.
Corollary 1. Assume g(m;;) = mj, m =2, Ay = Ag = 0.5 and 711 + m12 > 71 + 2.
- Ifﬂ'n + 19 — W91 — Mg — (71'11 - 71'21)(7['22 — 7T12) > 0 then limt_>oo o1 = 1.

- Otherwise, lim;_,oc 01 has full support over {0, 1}.

Proof. We can rewrite inequalities (4) and (5) from Proposition 2 for the case with m = 2
and A1 = Ay = 0.5 as follows:

logy1 +logye > 0 (6)

log41 +logd2 > 0. (7)

The conditions (6) and (7) can be rewritten as 7172 > 1 and 4192 > 1. These in turn can

be rewritten as

11 + M2 — w1 — w2 — (w1 — m21)(me2 — m2) > 0, (8)

o1 + mMog — M1 — M2 — (M1 — m21)(me2 — m12) > 0. (9)
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It can be easily seen that equation (9) is never holding. Hence, by Proposition 2, if the
inequality (8) holds then we have that lim; .., 01 = 1, whereas if (8) does not hold we have

that lim; .~ o1 has full support over {1,2}. O

For the process to select the best action, the two actions need to perform significantly
differently. That is, having action 1 better than action 2, w11 + w12 — ™91 — meg > 0, is not

enough for the process to select the best action.

Now we present the intuition for the proof of Proposition 2 for the case where g(m;;) = 7;;.

The proof of Proposition 2 relies partially on the analysis by Ellison and Fudenberg (1995).

In Ellison and Fudenberg (1995), the realization of states of nature is independent of past
values of states. In order to be able to apply Ellison and Fudenberg’s analysis to our setting,
we proceed as follows. Given that the transition matrix P is irreducible and aperiodic, the
state of nature many periods ahead is independent of the state of nature today. This means
that by the law of large numbers, we can take the probability of each state being realized
many periods ahead as the limiting probability placed on it by the Markov chain. Therefore,
for the rest of the exposition we consider that the realization of states is independent of past

values. For a formal proof the reader is referred to Lemma 4 in the Appendix.

Assume, for the simplicity of the exposition, that there are only two states of nature. Let
1 — p be the probability by which state 1 occurs. Since the process spends almost no time
at its intermediate values, it suffices to examine the convergence of the variable o; when it
is close to its boundary values (0 and 1). To make the exposition clearer, we focus on the
sequence o2 = 1 — 0. Imagine that oy is arbitrarily close to 0. Then we can rewrite (3) as

follows:
o5t = vj0h + o(oh) (10)

where v; = 1+ g(ma;) — g(m1;) for j € {1,2} and o(0}) is a term of order higher than o and
hence is negligible when o3 is arbitrarily small. Without loss of generality we can assume

that w11 > 791, which implies 712 < m92. Then we can rewrite (10) as

w1, ) mobFo(ah) if iy > oy
) ’.7 - t t .
Y205 + o(ch) otherwise

Since 11 > mo1 and w2 < w2 we have that v9 > 1 > 1 > 0. Finally, note that m; > my;

with probability 1 — p and m1; < m2; with probability p.

The sequence o9 converges to 0, or o1 converges to 1, if and only if the sequence x =

{x'}9°, with 2! = log o} converges to —oo. The process for z when o} is close to 0 can be
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approximated by

S logy; + ! with probability 1 — p '
logye + 2! with probability p

Therefore, Ey(z'*1) = (1 — p)logy1 + plog~z + z'. Hence, if (1 — p)logy: + plogyz > 0
then Ey(x'*!) > 2!, which implies that x is a sub-martingale. Thus, by the Martingale
Convergence Theorem, if (1 — p)log~y; + plogvys > 0 then z cannot converge to —oo and

hence o2 cannot converge to 0. Which implies that o; does not converge to 1.

Ellison and Fudenberg’s (1995) result is presented here for the readers’ convenience.

Lemma 1 (Ellison and Fudenberg (1995)). Let 2* be a Markov Process on (0,1) with
1 y12t +o(2)  with probability 1 — p
2T = .
22t + o(2z)  with probability p
Suppose that v1 <1 < 7.
(a) If |
p__ _log(n)

1—p~  log(y2)

then zt cannot converge to 0 with positive probability.

(b) If
p__ _log(m)
1—p = log(y2)’

then there are 6 > 0 and € > 0 such that if V<6 then P (limt_,oo 2t = 0) > .

(c) If
p__ _log(n)
1-p log (1)’

there is a Z > 0 such that for all z° >0 and all t € {0,1,...}, P(zt < 2) = 0.

4.3 EFFICIENT LEARNING RULES

We say that a learning rule is efficient if it is able to select to optimal action in the long run.
An interesting result is that if foregone payoffs are observed, then it is optimal to disregard

this information and to act as if only realized payoffs were observed.

When players observe the performance of both actions they can be “distracted” towards
the suboptimal action by the Markov chain. This is because even if the population plays

the optimal action with a high probability they can still observe the performance of the
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suboptimal action. Hence, since the suboptimal action is the best action for some states
of nature, randomness can constantly lead some players in the population to adopt the
suboptimal action for many periods in time. Thus, the continuous time limit of the process
converges to a situation in which the suboptimal action is played with a positive probability.

This is formally proven in the next proposition.

Proposition 3. Under the Stochastic Better Response, for some € > 0 there exists no f :

[0,1]2 — [0,1] such that for all the environments ({m1, ..., mm}, P) we have that |61 —o}| < €.

Proof. Assume, without loss of generality, that Z;”:l Ajmy > ZTzl Ajmoj. Hence, we have
that o] = 1.

The proof goes by contradiction. Assume that for all € > 0 there exists a function
f :[0,1]2 — [0,1] such that for all the environments ({r1,..., 7}, P), |61 — of| < e.
This can be rewritten as follows: there exists a sequence of functions f = {f,}22, with
fn 210,112 — [0,1] for all n > 0 such that for all the environments we have that
;LI%T}LIEO@(fn) =07 =1,

where 71(f,) is the value of 61 associated with the function f,.
The limit above holds if and only if

T > )\fn T
lim lim E]' CEUL R ) = ()
e—0n—o0 Zj:mj<7r2j Ajfn(ﬂj)

holds.

Take now an environment E = ({m,m2}, P) where 0 < my; < 72 and m;; = 0 for all
i # j. We could consider more general environments but that will only complicate the
exposition leaving the logic of the proof unchanged. P is such that action 1 is the optimal
one in the long run. That is, given 71 < w2 and m;; = 0 for all ¢ # j, P is such that
Z?:l Ajmy; > 232':1 Ajma;. In this situation, equation (11) implies that

lim lim A1 fn(m1)

e—0n—oo 1 — Alfn(ﬂ-Z) - (12)

Given that the transition matrix P is irreducible we have that A\; € (0,1). Thus, we must

have that (12) holds if and only if the following limit holds.

lim lim In(m) =
e—0n—oo fn(ﬂ'g)

(13)

However, given that w11 < w22 and 7;; = 0 for all i # j, we have that f,(m1) < f,(m2) for
all n > 0. Hence, the sequence f is such that equation (13) cannot hold for the environment

FE, a contradiction. O
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The logic behind the proof is that if a learning rule makes the population to select the
optimal action in a given environment E’, then the rule must magnify the payoffs of each
action. This can be seen in equation (11), where, according to the learning rule, payoffs are
magnify to infinity. However, if this is the case, an environment E can be found such that
there is a very rare state for which the payoff of the suboptimal action is much bigger than
the payoff of the optimal action for that state. In this situation, the learning rule that make
the population to select the best action for environment E’ will fail to do so in environment
E.

When only realized payoffs are observed, a different force operates. Once the population
is almost always playing the optimal action, it is very difficult for players to take notice of
the periods in which the suboptimal action is giving more payoff than the optimal action. A
drawback for the population under this informational setting is that if both actions perform
not too differently in terms of payoffs, the population may lock on the suboptimal action

forever. However, a learning rule can be designed such that this inefficiency is avoided.

The next result states two important features about efficiency rules under the General
Reinforcement Rule. The first one is that if learning is sufficiently cautious in that the
magnitude of payoffs is diminished then the population will select the optimal action. The
second important feature is that how cautious the learning has to be depends on how big the
difference in the long run average payoff of both actions is. The more both actions differ in
terms of long run performance, the more cautious the learning has to be. This implies that
while a learning rule that is very cautious may not be able to make the population to select
the best action, this will only happen in environments where the two actions perform very
similarly in the long run. Hence, when cautious learning is exhibited, the possible loss in

payoff from not selecting the best action is small.

Proposition 4. Under the General Reinforcement Rule, assume g : [0,1] — [—1,1] is given
by

9(mij) = wm
where

v 1+4e — 1+ 8
o 4e

for some € > 0. If | 25 Ajmij — 2251y Ajmaj| > €, then we have that limyoo 0] = o7

Proof. Assume, without loss of generality, that Z;”:l AjT1j > Z;nzl Ajmoj. Hence, we have
that of = 1. Moreover, given the inequality |37 Ajmi; — 370, Ajma;| > €, we must have

that 377" Aj(emi; — wme;) > ae for all x> 0.
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Using the first order Taylor series for the logarithmic function around 1 we get that
log(1 + zmyj — xmo;) = xmyj — xmej + Ri(1 + xmyj — xm;),

where Ri(1 + zmj — xmy;) is the remainder term and = > 0. Using the Lagrange form we
can rewrite the remainder term as

—1/y?
9

R1(1+.%'7T1j—1'ﬂ'2j): (1+x7r1j—x7r2j—1)2,

where y lies between 1 and 1+ xm; —x7m;. We can bound the absolute value of the remainder

term in the following way:

1/(1—z)?
\R1(1+x7rlj—x7r2j)| < /<2x>
562

2(1 —x)?

(l’TFlj — ZL‘7T2j)2

IN

Moreover, we have that

log(1+ zm; —amy;) = amy — xmy; + Ri(1 4 xmy; — xmay)

> XM — T — ‘Rl(l + xmy; — xﬂ'gj)| .

This can be rewritten as

m m
Z)\jlog(l—l—xﬂlj—xﬂgj) Z Z)\j (21‘7T1j—.1‘71'2j - ]R1(1+x7rlj —1'7T2j)‘)
j=1 j=1

.%'2

> XE— —/—5.
2(1 — x)?
If we take x > 0 to be the minimum solution to the equation

x2

B S —
R TF I Pl
we get that
1+4e — 1+ 8¢
z = . (14)
4e
Thus, setting = > 0 as in equation (14) yields
m
Z )\j log Yio > 0. (15)

j=1

Similar arguments show that

m m
Z)\j log(l—a:mj—i-xﬂgj) < —Zx\jxﬂ'lj — xmj + |R1(1 —:ZZTrlj—i-l’ﬂ'Qj)’
Jj=1 J=1

.CC2

< —.’IJ&—FW.
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Hence, setting again x > 0 as in equation (14) yields

Z)\j log% < 0. (16)
j=1

Finally, combining inequalities (15) and (16) with Proposition 2 we get that if g(m;;) =
xij, where we set x > 0 as in equation (14), and if | 3272 Ajmi; — D21, Ajma;| > €, then we

have that lim;_, o} = o}. O

Note that if we set g(m;;) as in Proposition 4, then lim._g g(m;;) = 0. That is, a rule
that makes the population able to select the best action in all the environments must exhibit

arbitrarily slow learning.

5 DISCUSSION

A way of enriching the model could be by adding idiosyncratic perturbations to payoffs.
This could be done by adding €, to each payoff 7;;. ep¢ are normally distributed zero mean
random variables that are independent across players h and time t. Since the rules we consider
under both scenarios can treat payoffs in a non-linear way, it is not true that the process
will converge to the same values as compared to the case without noise. The reason is the
same as why, for instance, E(z?) # E ((z +¢)?) with E(e) = 0. However, it can easily be
verified that adding noise makes no difference to our results for all the learning rules that
treat payoffs linearly. Rules that treat payoffs linearly include the standard best response and
the bernoulli best response, for the case where foregone payoffs are observed, and the Cross

Learning Rule and the rules in BMS, for the case where foregone payoffs are not observed.

One might argue that if players had means of comparing the payoff of the same action
across different time periods, they could recall different payoff realizations over time and have
significantly more information about the world they are living in. However, as showed by
Rustichini (1999) in a setting very similar to ours, even if players had infinite memory and

could make this comparison, it is not true that they will learn the best action for sure.

5.1 RELATING OUR RESULTS FOR THE STOCHASTIC BETTER RESPONSE WITH
KOSFELD ET. AL. (2002)

Kosfeld et. al. (2002) present a setting where a finite set of players play a normal-form game.
Each period players update their strategies myopically in the following way. They increase

the probability of playing an action if and only if that action is a best response to the action
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played by the other players. If there are many actions that are a best response, the increase
in probability is shared equally among the actions that are a best response. Formally, let
ot(j) be the probability by which player j plays action i at time ¢. Define s_; as the actions
played by all the players but j. Finally, let B;(s—;) be the set of actions that are a best
response for player j to s_; and let |Bj(s—;)| be the cardinality of B;(s—;). The evolution in

the strategies of every player j is governed by

o) = { (1= w)of(G) +u/|Bj(s—j)| if s; € Bj(s—) a7

(1 — p)at(y) otherwise,

7
where p € (0,1) is exogenously given.

Comparing this rule with the Stochastic Better Response there are two points worth
noting. First, the rule in Kosfeld et. al. (2002) is a particular case of the Stochastic Better
Response. Second, and most importantly, in our model players play against nature and not
against themselves. Hence, in Kosfeld et. al.’s (2002) setting, players best respond to the

actions of other players while in our setting players best respond to the actions of nature.

Kosfeld et. al. (2002) show that the continuous time limit of their process, when pu is
made arbitrarily small, converges to a so-called Best-Reply Matching Equilibrium. In a Best-
Reply Matching Equilibrium, for every player, the probability of playing a given action is
equal to the probability by which that action is a best response given the strategies of the
other players.

Their result and our result for the Stochastic Better Response have the same intuition
behind them and in some situations are equivalent. Given that in our setting there are only

two action we can rewrite (17) as follows.

t

¢ to i .
ol = o] +oop if m; > maj
1y = .
ol —otp  otherwise

In Proposition 1 we proved that the sequence oy defined above converges in probability

to

ZjﬂrljZ?sz Aj

2?21 J
= > N

Jimyj 2w

Q>

That is, of, which is the probability of playing action i, converges to the limiting proba-
bility that action ¢ is a best response to the environment. Hence, the population strategies

match the nature’s strategies, exactly as predicted by the Best-Reply Matching Equilibrium.
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In our results for the Stochastic Better Response we consider a much bigger set of rules
than do Kosfeld et. al. (2002). In particular, Kosfeld et. al. (2002) only consider one rule.
However, for the specific rule used by Kosfeld et. al. (2002), their results and ours come from
two different settings, as in their setting players play against each other while in our setting

players play against nature.

6 CONCLUSIONS

In this paper we investigated learning within an environment that changes according to a
Markov chain and where players learn according to reinforcement. The payoff of each possible
action depends on the state of nature. Since transition between states follows a Markov Chain,
there is correlation between today’s state and tomorrow’s state of nature. We studied two
different scenarios, one in which realized and foregone payoffs are observed and another in
which only realized payoffs are observed. Our contribution to the literature relies on the
fact that we studied reinforcement learning in a setting where the realization of the state of

nature is correlated with the past.

The literature has focused on the study of learning only in a setting where the realization
of states (or the shocks to payoffs) is independent of its past values. The reason for this is

the technical complexities involved in dealing with the correlated realization of states.

There are several questions left for further research. For the case where foregone payoffs
are observed, we only characterized the asymptotic distribution when the learning step goes
to zero. For the case where foregone payoffs are not observed we are unable to quantify the
probabilities of reaching each endpoint where the process does not converge deterministically

to a single point.

The present piece of work explores learning in two very general scenarios but there are
other settings that could be of interest. For instance, how does local interaction affect learning
when the environment changes according to a Markov chain? What if there are non-stochastic
idiosyncratic payoff differences among players? Our paper also tried to shed some light on
the techniques that could be used for dealing with such environments. We expect that in the

future more papers dealing with non stationary environments will appear.

REFERENCES

1. Ben-Porath, E., Dekel, E. & Rustichini, A. (1993): “On the Relationship between
Mutation Rates and Growth Rates in Changing Environment”. Games and Economic
Behavior 5 (4), 576-603.

24



10.

11.

12.

13.

14.

15.

. Benaim, M. & Weibull, J. (2003): “Deterministic Approximation of Stochastic Evolu-

tion in Games”. Econometrica 71 (3), 873-903.

. Borgers, T., Morales, A. & Sarin, R. (2004): “Expedient and Monotone Learning

Rules”. Econometrica 71 (2), 383-405.

. Borgers, & Sarin, R. (1997): “Learning Through Reinforcement and Replicator Dy-

namics”. Journal of Economic Theory 77, 1-14.

. Camerer, C. & Ho, T. H. (1999): “Experienced-Weighted Attraction Learning in Nor-

mal Form Games”. Econometrica 67 (4), 827-874.

. Conlisk, J. (1996): “Why Bounded Rationality?”. The Journal of Economic Literature

34, 669-700.

. Cross, J. (1973): “A Stochastic Learning Model of Economic Behavior”. The Quarterly

Journal of Economics 87, 239-266.

. Ellison, G. & Fudenberg, D. (1995): “Word-of-Mouth Communication and Social Learn-

ing”. The Quarterly Journal of Economics 110 (1), 93-125.

. Erev, I. & Roth, A. (1998): “Predicting How People Play Games: Reinforcement Learn-

ing in Experimental Games with Unique, Mixed Strategy Equilibria”. The American
Economic Review 88 (4), 848-881.

Fudenberg, D. & Harris, C. (1992): “Evolutionary Dynamics with Aggregate Shocks”.
Journal of Economic Theory 57, 420-441.

Hirshleifer, D. & Welch, 1. (2002): “An Economic Approach to the Psychology of
Change: Amnesia, Inertia, and Impulsiveness”. Journal of Economics €& Management
Strategy 11 (3), 379-421.

Kosfeld, M., Droste, E. & Voorneveld, M. (2002): “A Myopic Adjustment Leading to
Best Reply Matching”. Games and Economic Behavior 40, 270-298.

Rubinstein, A. (1998): ”Modeling Bounded Rationality”. The MIT press, Cambridge,

Massachusetts.

Rubinstein, A. (2002): “Irrational Diversification in Multiple Decision Problems”. Fu-
ropean Economic Review 46, 1369-1378.

Rustichini, A. (1999): “Optimal Properties of Stimulus Response Learning Models”.
Games and FEconomic Behavior 29, 244-273.

25



16.

17.

18.

19.

20.

Roth and Erev (1995): “Learning in Extensive-Form Games: Experimental Data and
Simple Dynamic Models in the Intermediate Term”. Games and Economic Behavior
8, 164-212.

Samuelson, L. (1994): “Stochastic Stability in Games with Alternative Best Replies”.
Journal of Economic Theory 64 (1), 35-65.

Shanks, D., Tunney, R. & McCarthy, J. (2002): “A Re-examination of Probability
Matching and Rational Choice”. Journal of Behavioral Decision Making 15, 233-250.

Siegel, S. & Goldstein, D. A. (1959): “Decision Making Behavior in a Two-Choice
Uncertain Outcome Situation”. Journal of Experimental Psychology 57 (1), 37-42.

Vulkan, N. (2000): “An Economist’s Perspective on Probability Matching”. Journal of
Economic Surveys 14 (1), 101118.

APPENDIX

PROOF OF PROPOSITION 1

We begin by proving the following lemma.

Lemma 2. For any ¢ > 0 there exists a fi > 0, t(¢) > 0 and a sequence y = {yt};’ii given by

yjE = U{ and recursively for t >t

S = { v+ 21—y Ejm]zmj i f(mj)  with probability 1/2
v+ 2yt Zjlﬂ1j<7r2j A f(m5) with probability 1/2

such that for any pu < i we have that

P (tlim ot — yt| > 5) ~0.

Proof. In the main text we defined h < m as the minimum natural number such that m; > ma;

for j < h and ma; > my; for j > h. For any given € > 0 define now the sequence 1 = {6{};’;(5

)

~t(e) t(e)

as 0q

= o1 and recursively for t > #(e)

;

ot + obuf(m) with probability Ay

ol +obuf(mp) with probability Ap,

At

A1
g =
! o4 —6tuf(mpy1)  with probability Apiq

ot —otuf(mm) with probability A,

26



Fix £(¢) to be the minimum natural number such that for any given t > #(e),
P (|Eo(ot) — Eo(6h)] > ¢) =0. (18)

The existence of such £(¢) is guaranteed by the fact that the transition matrix P is irreducible
and aperiodic and by the Perron-Frobenius theorem applied to P. In an abuse of notation,

from now on we will simply write £ to denote #(e).

Since Ej is linear in both &% and y', we have that for all ¢t > £, 6} = y* if and only if
Eo(641) = Eo(y'). Thus, given that y' = 6%, that Ej is linear in both 6% and y' and that

the distribution of both y and &7 is aperiodic, we have that
Eo(y"*) = Eo(61™) (19)

for all kK € IN.

Given the definition of y and equations (18) and (19) we must have that for any € > 0
and any t > {,

P (|Eo(0}) — Eo(y'™)| > €) =0. (20)

Given the specification of o; and the definitions of 61 and y, as p gets arbitrarily small,
the variance of o1, 61 and y gets arbitrarily small as well. Formally, for any € > 0 there
exists a 1 > 0 and a ¢t > £ such that for any pu < /i and k € IN we have that Vart(afrk) <e¢g,
Vary(51F) < e and Var (y*) < e.

Assume that o1 does not converge in probability to y. As u goes to zero the variance of
both o1 and y goes to zero. Hence, both variables will converge in probability to a single
point. That is, for all § > 0 there exists 71, 4, it > 0 and ¢ € IN such that for all u < f
and t > ¢, P(|o} — 51| >6) = 0 and P (Jyi —y| > &) = 0. This can also be rewritten as
P (|Eo(c}) — &1 > 0) =0 and P (|Eo(y}) — y| > 6) = 0.

If &1 # g, them we must have that exists a v > 0 and a ¢t € IN such that
P (|Eo(ot™) = Bo(y™) > 7) >0

for all k € IN, which contradicts equation (20). Hence, given that P (o} — 51| > ) = 0,
P (|y’i —qg| > (5) = 0 and &1 = ¥, we must have that for any € > 0 there exists a ji such that
for all u < i,

P(nm ot — 4| >5) —0.
t—o00
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In the next lemma we establish that y converges in probability to &.

Lemma 3. For any € > 0 there exists a ft > 0 such that for any p < i we have that
P(lim lyt — 5| >s) ~0.
t—o0

Proof. First, note that the point ' = &, with & as defined in Proposition 1, solves the
equation

vl =y DY Nfm) =y -2t DY Nf(m).

Jimj 2ma; Jim1j <ma;
Define now the sequence y; = {yf};’j ; as follows

; ytoifyt>o
U1 = N .
o  otherwise

Hence, we have that Eo(y') < Fo(y}) for all ¢ > . Note that if y* > & then we have that
Eo(y*) < Eo(y'). This implies that Eo(yit) < Eg(y}) for all 4% > & and Eo(y'™!) = Eo(y?)
for yt = &. Therefore, y; is a super-martingale with lower-bound &. Thus, by the Martingale
convergence theorem, lim; o y! exists. Given that Eo(yiﬂ) < Eo(y}) for all ¢ > & and
Eo(yt™h) = Eo(y}) for ¢t = &, we must have that lim; ..oy, = &. This implies that y

converges in probability to &.

Define now the sequence ya = {y5}°°; as follows:

. yt ifyt <&
Y1 = - .
o  otherwise

Hence, we have that Fy(y’) > Eo(y}) for all t > #. Note that if y < & then we have that
Eo(y*™) > Eo(yt). This implies that Eo(yst!) > Eo(yb) for all y4 < & and Fy(y5™) = Eo(yh)
for y§ = 6. Therefore, y, is a sub-martingale with upper-bound &. Thus, by the Martingale
convergence theorem, lim; o y4 exists. Given that Eo(yéﬂ) > FEoy(yb) for all y§ < & and
Eo(ys™) = Eo(yb) for ¢t = &, we must have that lim; . y5 = &. This implies that ys

converges in probability to &.
Hence, we have that for any ¢ > 0 exists a i such that for all p < fi,
P(hm Iyt — 5| >.€> =0
t—o0
P(mw%—a>ﬁ = 0.
t—o00
We know, given the definition of y, that for any ¢ > 0 there exists a ft > 0 and a t > ¢
such that for any p < 2 and h > t we have that Var(y'™") < . This, together with the fact

that Eo(y') < Fo(y}) and Eo(y') > Eo(yt) for all ¢ >t implies that for all ¢ > max{f,} we

must have that lim;_.., y* = &. This implies that y converges in probability to &. O
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Now we are able to prove the result in Proposition 1.

Proof of Proposition 1. We know from Lemma 2 that o1 converges in probability to y. From
Lemma 3 we also know that y converges in probability to 6. Hence, we must have that o

converges in probability to . This is the result of the Proposition. O
PROOF OF PROPOSITION 2

Whenever o is arbitrarily close to 0 we have that

ol = ot (1 + g(may) — g(m1;)) + o(ah).

Define v; = 1+ g(m2;j) — g(mi;) for all j € {1,...,m}. Hence, given that g is increasing,
we have that v; < 1 < ~; if and only if my; > mo; and m; < mp;. We can approximate the

equation for the evolution of the sequence o; when o! is arbitrarily close to 0 as follows:
t+1) . _ ¢
o |j =501

Lemma 4. For any &% € (0,1) and any £ > 0 there exists a 0% < &% and a k € N such that
fork >k
P (|oft — o1t > 2) =0,

where &f% = Ui—’—k and
710?”“ with probability A1
5'§+k+1 _ .
’yma?k with probability A\,
for k > k.

Proof. Given that the transition matrix P is irreducible and aperiodic and that the number of
states is finite, we have the standard result that the empirical distribution of states converges
to the limiting distribution of states. This can be rewritten as: for any § > 0 there exists a
k(8) € IN such that for k > k(9),

d

We have seen before that if of is arbitrarily close to 0 we can write oit!|j = v;0%. In

k
2= Iqst=j} _

>\,
E+1 J

> 5) =0 (21)

for all j € {1,...,m}.

other words, for any x > 0 there exists a 51(k) € (0,1) such that if o} < 51(k) then
P (o1l o] > ) =0
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for all j € {1,...,m}. This result can also be expressed as follows. For any x > 0 and any

k € IN there exists a 1(x) € (0,1) such that if o} < 71(x) then

P (’a§+’f+1| i fyja?k‘ > k) =0. (22)

Hence, we have the following two facts. First, the probability of a state being realized a
sufficiently far way number of periods converges to the limiting distribution of the Markov
chain. Second, that a§+1| j behaves as ;0! if of is sufficiently small. Then, for k sufficiently
large and o sufficiently close to 0 we have that for all j € {1,...,m}, a‘i+k+1 = fyjofrk with
probability A;. In other words, combining the results in equations (21) and (22) we can write
that for all € > 0 there exists a k(¢) € IN and 1(g) € (0,1), such that for all k& > k(g) and
ol < 71(g) we have that

P (|of™ — o1t > 2) =0,

where (ﬁ“} = a?rE and
’ylaﬁk with probability A;
&llf+k+1 _ .
’ymai"'k with probability A,
for k > k. O

Lemma 5. The sequence o1 cannot converge to 0 if

> Ajlogy; > 0.
j=1

There is a positive probability that the sequence ot converges to 0 if

m

Z Ajlogy; < 0.

j=1
Proof. Reasoning as in the proof of Lemma 1 in Ellison and Fudenberg (1995), the sequence
o1 can converge to zero if and only if the sequence y = log o1 can converge to —oco. Using again
the proof from Lemma 1 in Ellison and Fudenberg (1995) and Lemma 4 in this appendix,

the sequence y can converge to —oo only if 27:1 Ajlogv; < 0. The result follows. 0

To study the situation in which the process is arbitrarily close to 1, we proceed as follows.
First, we define w' = 1 — o!. Then we apply the analysis above to the variable w’. Define
4j = 1+ g(m2;) — g(m1;). Then we have that for all € > 0 there exists a k € N and w € (0,1)

such that for all k£ > k and w! < @ we have that

P (‘w”k — u?t'”“‘ > 8) =0,
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t+k

where wtt* = w!tF and

Arwtt*  with probability A\
wt-‘rk’-ﬁ-l _ .

Amw!™®  with probability A,
for k > k.

An analogous to Lemma 5 when o? is close to 1 is the following:

Lemma 6. The sequence o1 cannot converge to 1 if

> Ajlogd; > 0.
j=1

There is a positive probability that the sequence o1 converges to 1 if

> " Ajlogd; < 0.
j=1

Summing up the results from lemmas 5 and 6 the result in Proposition 2 follows.
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